


ABBREVIATIONS OF ORGANIZATIONS 

AXAA American Institute of Aeronautics and Astronautics 
AISC American Institute of Steel Construction 
API American Petroleum Institute 
ASCE American Society of Civil Engineers 
ASME American Society of Mechanical Engineers 
ASTM American Society for Testing and Materials 
AWS American Welding Society 
SEM Society for Experimental Mechanics 


ABBREVIATIONS OF UNITS OF MEASURE AND OTHER TERMS 

allow allowable 
av average 
ci critical 

F.S. factor of safety 
ft foot, feet, 
hp horsepower 
Hz hertz (cycles per second) 
in inch, inches 
k kip(s) 
kg kilogram(s) 
kip kilopound (1000 lb) 
ksi kips per square inch 
lb pound(s) (from Latin libra, meaning weight) 
m meter, metre, 1000 mm (millimeters) 

N newton 
NA neutral axis 
Pa pascal 

psi pounds per square inch 
rad radian 

rpm revolutions per minute 
uit ultimate 

yp yield point, yield stress 


ROMAN LETTER SYMBOLS 

gpm bounded by center line of the perimeter of a thin tube 
A area, area of cross section 
Afghj partial area of beam cross-sectional area 
b breadth, width 

c distance from neutral axis or from center of twist to extreme fiber 
d diameter, distance, depth 

E modulus of elasticity in tension or compression 


F force, flexibility, allowable stress (AISC notation) 

/ frequency, computed stress (AISC notation) 

G modulus of elasticity in shear 
g acceleration of gravity 
h height, depth of beam 
7 moment of inertia of cross-sectional area 
J polar moment of inertia of circular cross-sectional area 
K stress concentration factor, effective length factor for columns 
k spring constant, constant 
L length 

M moment, bending moment, mass 
M P plastic moment 

m mass, moment caused by virtual unit force 
N number of revolutions per minute 
P force, concentrated load 

p pressure intensity, axial force due to unit force 
O first or statical moment of area Af gh j around neutral axis 
n distributed load intensity, shear flow 
R reaction, radius 
S elastic section-modulus (i 1 = He) 

S S-shape (standard) steel beam 
s second(s) 

r radius, radius of gyration 
T torque, temperature 
t thicknesss, width, tangential deviation 
U strain energy 

u internal force caused by virtual unit load, axial or radial displacement 
V shear force (often vertical), volume 
v deflection of beam, velocity 
W total weight, work 
W W-shape (wide flange) steel beam 
w weight or load per unit of length 
Z plastic section modulus 


GREEK LETTER SYMBOLS 

a (alpha) coefficient of thermal expansion, general angle 
•y (gamma) shear strain, weight per unit volume 

A (delta) total deformation or deflection, change of any designated function 
e (epsilon) normal strain 

g Theta' slop's an As for elastic curve, angle of inclination of line on body 

k (kappa) curvature 

X (lambda) eigenvalue in column buckling problems 

v (nu) Poisson’s ratio 

p (rho) radius, radius of curvature 

cr (sigma) tensile or compressive stress (i.e., normal stress) 

4) (phi) total angle of twist, general angle 

to (omega) angular velocity 
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This book is an update of two of the auLliui’s eailici texts, Mechanics of 
Materials (Prentice-Hall, Inc., 2nd Ed., 1976) and Introduction to Me¬ 
chanics of Solids (Prentice-Hall, Inc., 1968). It was felt important to sup- 
-Icment the traditional topics with some exposure to newly emerging 
disciplines. Among these, some treatment of the probabilistic basis for 
structural analysis, modest exposure to the matrix methods, and illustra¬ 
tions using the method of finite elements are discussed, further, to con¬ 
form with the more mathematical trend in teaching this subject, more 
rigorous treatment is selectively provided. A few more advanced topics 
have also neen muouuceu. a icsuu, uw*. ^ — 

ecessors. This has an advantage in that the user of this text has a larger 
choice for study, according to needs. Moreover, experience shows that 
the serious student retains the text for use as a reference in professional 
life. 

This book is larger than what can easily be covered in a one quarter 
or one-semester course. Therefore, it should prove useful for a follow¬ 
up course on the subject at an intermediate level. As an aid in selecting 
text material for a basic course that is consecutive,, with no gaps m the 
logical development of the subject, numerous sections, examples, and 
problems marked with a ** can be omitted, To a lesser extent, this also 
applies to material marked with a *. These guides to possibilities for dele¬ 
tion are provided throughout the text. In a few instances, suggestions for 
an alternative sequence in studying the subject are also given. The text 
is carefully integrated by means of cross-referencing. 

It is the belief of the author that the serious student, because of the 
wealth of available material in the text, even in an abbreviated course, 

_i_u i__Coworol illuctrotinnc ran hfi mp.n- 
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tioned in this regard. For example, while the student is studying the al¬ 
lowable stress de.sign of axially loaded members in Chapter 1, a mere 
glance at Fig. 1-26,"showing histograms for two materials, should reveal 
the limitations of such a design. The same is true for the student studying 
thin-walled pressure vessels; even a superficial examination of Fig. 3-24 
suggests why limitations are place by the ASME on the use of elementary 
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formulas for thin-walled pressure vessels. Modest exposure to some ma¬ 
trix solutions and illustrations obtained using finite-element methods 
should arouse interest. Some exposure to the plastic-limit-state methods 
given in the last section of the last chapter warrants attention. In the hands 
of an instructor, these side issues can be discussed in a minimum of time 
and brought in wherever desired. Next, some remarks on the philosophy 
of the subject and issues of possible controversy are raised. 

Chapter 2 forms the cornerstone of the subject and has to be studied 
carefully. The introduced concepts are repeatedly used in the remainder 
of the text. Further, the sequence of study for this chapter can be varied, 
depending on preference. For example, bv studying Section 2-19 imme¬ 
diately following Section 2-7, the distinction between statically deter¬ 
minate and indeterminate systems becomes less important. This approach 
can be useful in introducing the displacement method of analysis. The 
text as written, however, follows the traditional approach. The suggested 
variation in the sequence would probably require assistance from an in¬ 
structor. 

The more controversial issue encountered in developing this text deals 
with the adopted shear sign convention for beams. The one used is thor¬ 
oughly entrenched in U.S. practice; however, it is in conflict with the 
right-hand sign convention for axes. If needed, it can easily be modified 
for use with a computer. The engineering sign convention for shear used, 
in audition to its virtually universal use in design, requires no sign changes 
in consecutive integrations. Experience has shown that fewer mistakes 

The introduction of Mohr’s circles of stress and strain presented a prob¬ 
lem. Whereas the basic algebra and comprehensive meaning of the con¬ 
struction of the circles is the same, two alternative methods are in general 
use, and there are strong advocates for each method. Therefore, both 
approaches are developed; the choice of procedure is left to the reader, 
with the alternative one remaining as a reference. 

In the preparation of this book, over 30 people at more than a dozen 
universities contributed to its development. Among these, W. Bickfurd 
(ASU)t, M. F. Criswell (CSU), J. Dempsey (CU), H D Eberhart ^UCB 
and TJCSB), J. J. Tuma (ASU), and G. A. Wempner (GIT), reviewed the 
entire manuscript and offered numerous valuable suggestions; F. Filippou 
(UCB), J. L. Lubliner (UCB), and A. C. Scordelis (UCB) provided much 
encouragement and made useful suggestions for clarifying the text; A. 

t Letters in parentheses identify the following universities: ASU, Arizona State 
University; CSU, Colorado State University; CU, Clemson University; GIT, 
Georgia Institute of Technology; LSU, Louisiana State Univcrsit"' NTU Na' 
tional Taiwan University; UCB, University of California, Berkeley;’UCD ’uni¬ 
versity of California at Davis; UCLA, University of California at Los Angeles' 
UCSB, University of California at Santa Barbara; USC, University of Southern 
California: UTA, University of Texas. Austin; TJQ, Universit” of Queensland - 

and UW, University of Washington. 3 ^ 
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Her Kiureghian (UCB) provided valuable assistance for the section on 
rubabilistic methods in Chapter 1; M. D. Eneelhardt (UTA), L. R. 
Herrmann'tTJCD), and J. M. Rides (UCSD) gave useful suggestions for 
Chapter 2; E. L. Wilson (UCB) offered useful comments on Chapter 4; 
S B Dong (UCLA) encouraged more rigorous development for treatment 
of composite beams resulting in significant improvements; Y. F. Dafalias 
(UCD) suggested useful refinements for Chapter 8; J. L. Meek (UQ) en- 
couraged presentation of the matrix method in Chapter 12; and C. W. 
Roeder (UW) carefully reviewed Chapter 13 and provided useful sngges- 

tlC rJf addition to these, the following also greatly contributed to the de¬ 
velopment of the text: M. S. Agbabian (USC), H. Astaneh (UCB), D. O. 
Brush (UCD), A. K. Chopra (UCB), F. Hauser (UCB), J. M^jCelly 
(UCB), P. Monteiro (UCB), F. Moffitt (UCB), J. L. sackman (ucts), K. 
Stephen (UCB), K. L. Taylor (UCB), and Q. Voyiadjis (LSU). Dr. K. C. 
Tsai (NTU) provided valuable assistance in supervising the assembly of 
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by J-H. Shen (UCB). Among the proceeding, M. D. Engelhard!, R. L. 
Taylor, J. M. Rides also assisted with the preparation of finite element 
results for figures 2-31, 7-13, 7-14, 9-7 and 9-8. 

The author sincerely thanks all and feels a debt of gratitude to each for 
many suggested improvements. The author also thanks his collaborators 
on one of the earlier books, Drs. S. Nagarajan and Z. A. Lu, who indi¬ 
rectly contributed to this texl also. 
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his wife, Irene, for unstinting support and continual help with the man¬ 
uscript. 
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1-1. Introduction 

In all engineering construction, the component parts of a structure or a 
machine must be assigned definite physical sizes. Such parts must be 
properly proportioned to resist the actual or probable forces that may be 
imposed upon them. Thus, the walls of a pressure vessel must be o. ad¬ 
equate strength to withstand the internal pressure; the floors of a building 
must be sufficiently strong for their intended purpose; the shaft of a ma¬ 
chine must be of adequate size to carry the required torque; a wing of an 
airplane must safely withstand the aerodynamic loads that may come upon 
it in takeoff, flight, and landing. Likewise, the parts of a composite struc¬ 
ture must be rigid enough so as not to deflect or “sag” excessively when 
in operation under the imposed loads. A floor of a building may be stioug 
enough but yet may deflect excessively, which in some instances may 
cause misalignment of manufacturing equipment, or in other cases result 
in the cracking of a plaster ceiling attached underneath. Also a member 
may he so thin or slender that, upon being subjected to compressive load¬ 
ing, it will collapse through buckling, i.e., the initial configuration of a 
member may become unstable. The ability to determine the maximum 
load that a slender column can carry before buckling occurs or the safe 
level of vacuum that can be maintained by a vessel is of great practical 
importance. 

In engineering practice, such requirements must be met with the min¬ 
imum expenditure of a given material. Aside, from cost, at times—as in 
the design of satellites—the feasibility and success of the whole mission 
may depend on the weight of a package. The subject of mechanics of 
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Sec. 1-2. Method of Sections 


materials, or the strength of materials, as it has been traditionally called 
in the past, involves analytical methods for determining the strength, 
stiffness (deformation characteristics), and stability of the various load- 
carrying members. Alternately, the subject may be called the mechanics 
of solid deformable bodies, or simply mechanics of solids. 

Mechanics of solids is a fairly old subject, generally dated from the 
work of Galileo in the early part of the seventeenth century- Prior to his 
investigations into the behavior of solid bodies under loads, constructors 
followed precedents and empirical rules. Galileo was the first to attempt 
to explain the behavior of some of the members under load on a rational 
'oasis. He studied nieiiibeis iu tension and compression, and notably 
beams used in the construction of hulls of ships for the Italian navy. Of 
course, much r>rQ°ress has been made since that time but it must be 
noted in passing that much is owed in the development of this subject to 
the French investigators, among whom a group of outstanding men such 
as Coulomb, Poisson, Navier, St. Venant, and Cauchy, who worked at 
the break of the nineteenth century, has left an indelible impression on 
this subject. 

The subject of mechanics of solids cuts broadly across ali branches of 
the engineering profession with remarkably many applications. Its meth¬ 
ods are needed by designers of offshore structures; by civil engineers in 
the design of bridges and buildings; by mining engineers and architectural 
engineers, each of whom is interested in structures; by nuclear engineers 
in the design of reactor components; by mechanical and chemical engi¬ 
neers, who rely upon the methods of this subject for the design of ma¬ 
chinery and pressure vessels; by metallurgists, who need the fundamental 
concepts of this subject in order to understand how to improve existing 
materials further; finally, by electrical engineers, who need the methods 
of this subject because of the importance of the mechanical engineering 
phases of many portions of electrical equipment. Engineering mechanics 
of solids, contrasted with the mathematical theory of continuum me¬ 
chanics, has characteristic methods all its own, although the two ap¬ 
proaches overlap. It is a definite discipline and one of the most funda¬ 
mental subjects of an engineering curriculum, standing alongside such 
other basic subjects as fluid mechanics, thermodynamics, as well as elec- 

The behavior of a member subjected to forces depends not only on the 
fundamental laws of Newtonian mechanics that govern the equilibrium 
of the forces, but also on the mechanical characteristics of the materials 
of which the member is fabricated. The necessary information regarding 
the latter comes from the laboratory, where materials are subjected to 
the action of accurately known forces and the behavior of test specimens 
is observed with particular regard to such phenomena as the occurrence 
of breaks, deformations, etc. Determination of such phenomena is a vital 


nart of the subject, but this branch is left to other books. 1 Here the end 

suits of such investigations are of interest, and this book is concerned 
with the analytical or mathematical part of the subject in contradistinction 
to experimentation. For these reasons, it is seen that mechanics of solids 
is a blended science of experiment and Newtonian postulates of analytical 
mechanics. It is presumed that the reader has some familiarity in both of 
these areas. In the development of this subject, statics plays a particularly 

dominant role. . . 

This text will be limited to the simpler topics of the subject. In spite 
of the relative simplicity of the methods employed here, the resulting 
techniques are unusually useful as they apply to a vast number of tech¬ 
nically important problems. 

The subject matter can be mastered best by solving numerous problems. 
The number of basic formulas necessary for the analysis and design of 
structural and machine members by the methods of engineering mechanics 
of solids is relatively small; however, throughout this study, the reader 

. a tW-ilp.m and the nature of the quan- 

musi ucvtiup an oumk; ^ r - ; . 

tities being computed. Complete, carefully drawn diagrammatic sketches 

of problems to be solved will pay large dividends in a quicker and more 

complete mastery of this subject. 

There are three major parts in this chapter. The general concepts of 
stress are treated first. This is followed with a particular case of stress 
distribution in axially loaded members. Strength design criteria based on 
stress are discussed in the last part of the chapter. 
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1-2. Method of Sections 


One of the main problems of engineering mechanics of solids is the m- 
.. .- _i n f(, Vw-.rU/ that is. the nature of forces 

set up within a body to balance the effect of the externally applied forces. 
pQt- thic purpose, a uniform method of approach is employed. A complete 
diagrammatic sketch of the member to be investigated is prepared, on 
which all of the external forces acting on a body are shown at their re¬ 
spective points of application. Such a sketch is called a free-body diagiam. 
AH forces acting on a body, including the reactive forces caused „y t..e 


1 W. D. Callister, Materials Science and Engineering (New York: Wiley, |985f 
J. F. Shackelford, Introduction to Materials Science for Engineers Xi ,ew .or..: 
Macmillan, 1985). L. H. Van Vlack, Materials Science for Engineers, 5th ed., 
Reading, MA: Addison-Wesley, 1985). 
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supports and the weight 2 of the body itself, are considered external forces. 
Moreover, since a stable buuy at rest is in equilibrium, the forces acting 
on it satisfy the equations of static equilibrium. Thus, if the forces acting 
on a body such as shown in Fig. l-l(a) satisfy the equations of static 
equilibrium and are all shown acting on it, the sketch represents a free- 
body diagram. Next, since a determination of the internal forces caused 
, D by the external ones is one of the principal concerns of this subject, an 
arbitrary section is passed through the body, completely separating it into 
two parts. The result of such a process can be seen in Figs, l-l(b) and 
(c), where an arbitrary plane ABCD separates the original solid body of 
Fig. 1 1(a) into two distinct parts. This process will be referred to as the 
method of sections. Then, if the body as a whole is in equilibrium, any 
part of it must also be in equilibrium. For such parts of a hody, however, 
some of the forces necessary to maintain equilibrium must act at the cut 
section. These considerations lead to the following fundamental conclu¬ 
sion: the externally applied forces to one side of an arbitrary cut must 
be balanced by the internal forces developed at the cut, or, briefly, the 
external forces are balanced by the internal forces. Later it will be seen 
that the cutting planes will be oriented in particular directions to fit special 
requirements. However, the method of sections will be relied upon as a 
first step in solving all problems where internal forces are being inves¬ 
tigated. 

In discussing the method of sections, it is significant to note that some 
moving bodies, although not in static equilibrium, are in dynamic equi¬ 
librium. These problems can be reduced to problems of static equilibrium. 
First, the acceleration a of the part in question is computed; then it is 
multiplied by the mass m of the body, giving a force F = mu. If the force 
so computed is applied to the body at its mass center in a direction op¬ 
posite to the acceleration, the dynamic problem is reduced to one of 
statics. This is the so-called d’Alembert principle. With this point of view, 
all bodies can be thought of as being instantaneously in a state of static 
equilibrium. Hence, for any body, whether in static or dynamic equilib¬ 
rium, a free-body diagram can be prepared on which the necessary forces 
io maintain the body as a whole in equilibrium can be shown. From then 
on, the problem is the same as discussed before. 

1-3. Definition of Stress 

In general, the internal forces acting on infinitesimal areas of a cut are of 
varying magnitudes and directions, as was shown earlier in Figs, l-l(b) 
and (c), and as is again shown in Fig. l-2(a). These forces are vectorial 

2 Strictly speaking, the weight of the body, or, more generally, the inertial forces 
due to acceleration, etc., are “body forces,” and act throughout the body in a 
Manila associated with the units of volume of the body. However, in most in¬ 
stances. these body forces can be considered as externa! loads acting through the 
body's center of mass. 
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in nature and they maintain the externally applied forces in equilibrium. 
In mechanics of solids it is particularly significant to determine the. in¬ 
tensify of these forces on the various portions of a section as resistance 
to deformation and to forces depends on these intensities. In general, they 
vary from point to point and are inclined with respect to the plane of the 
section. It is advantageous to resolve these intensities perpendicular and 
parallel to the section investigated. As an example, the components of a 
force vector A P acting on an area A A are shown in Fig. I-2(b). In this 
particular diagram, the section through the body is perpendicular to the 
x axis, and the directions of A P A and of the normal to A A coincide. The 
component parallel to the section is further resolved into components 
along the y and z axes. 

Since the components of the intensity of force per unit area—i.e., of 
stress —hold true only at a point, the mathematical definition 3 of stress 
is 


lim 

A A 


where, in all three cases, the first subscript of t (tau) indicates that the 
plane perpendicular to the x axis is considered, and the second designates 
the direction of the stress component. In the next section, all possible 
combinations of subscripts for stress will be considered. 

The intensity of the force perpendicular to or normal to the section is 
called the normal stress at a point. It is customary io refer to normal 
stresses tuat cause traction or tension on tnc sui iacc Oi a section as iensue 
stresses. On the other hand, those that are pushing against it are com¬ 
pressive stresses. In this honk, normal stresses will usually be designated 
by the letter ct (sigma) instead of by a double subscript on t. A single 

3 As AA -» 0, some question from the atomic point of view exists in defining 
stress in this manner. However, a homogeneous (uniform) model for nonhomo- 
geneous matter appears to have worked well. 
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Sec. 1-4. Stress Tensor 


subscript then suffices to designate the direction of the axis. The other 
components of the intensity of force act parallel to the plane of the ele¬ 
mentary area. These components are called shear or shearing stresses. 
Shear stresses will be always designated by t. 

The reader should form a clear mental picture of the stresses called 
normal and those called shearing. To repeat, normal stresses result from 
force components perpendicular to the plane of the cut, and shear stresses 
result from components tangential to the plane of the cut. 

It is seen from the definitions that since they represent the intensity of 
force on an area, stresses are measured in units of foice divided by units 

square inch, abbreviated psi. In many cases, it will be found convenient 
to use as a unit of force the coined word kip. meaning kilopound, or 1000 
!b. The stress in kips per square inch is abbreviated ksi. It should be noted 
that the unit pound referred to here implies a pound-force, not a pound- 
mass. Such ambiguities are avoided in the modernized version of the 
metric system referred to as the International System of Units or SI units. 4 * 
SI units are being increasingly adopted and will be used in this text along 
with the U.S. customary system of units in order to facilitate a smooth 
transition. The base units in SI.are meter 3 (m) for length, kilogram (kg) 
for mass, and second (s) for time. The derived unit for area is a square 
meter (m 2 ), and for acceleration, a meter per second squared (m/s 2 ). The 
unit of force is defined as a unit mass subjected to a unit acceleration, 
i.e., kilogram-meter per second squared (kg-m/s 2 ), and is designated a 
newton (N). The unit of stress is the newton per square meter (M/m 2 ), 
also designated a pascal (Pa). Multiple and submultiple prefixes repre¬ 
senting steps of 1000 arc recommended. For example, force can be shown 
in millinewtons l \ mN = 0.Q0I N), nev.’tons, or kilonewtons ( l kN — 1000 
N), length in millimeters (1 mm = 0.001 m), meters, or kilometers (1 km 
= 1000 m), and stress in kilopascals (1 kPa = 10 3 Pa), megapascals 
(I MPa = 10 6 * * Pa), or gigapascals (I GPa = 10 9 Pa), etc. 6 

The stress expressed numerically in units of N/m 2 may appear to be 
unusually small to those familiar with the U.S. customary system of units. 
This is because the force of I newton is small in relation to a pound-force, 
and 1 square meter is associated with a much larger area than 1 square 

in terms of a force of 1 newton acting on 1 square millimeter. The units 
for such a quantity are N/mm 2 , or, in preferred notation, megapascals 
(MPa). 

4 From the French, Systeme International d’Unites. 

Also spelled metre. 

6 A detailed discussion of SI units, including conversion factors, rules for SI 

style, and usage can be found in a comprehensive guide published by the American 

Society for Testing and Materials as ASTM Standard for Metric Practice E-380- 

86. For convenience, a short table of conversion factors is included on the inside 
back cover. 


Some conversion factors from U.S. customary to SI units are given on 
the inside of the back cover. It may be useful to note that approximately 
| in = 25 mm, 1 pound-force 4.4 newtons, and 1 psi = 7000 Pa. 

It should be emphasized that stresses multiplied by the respective areas 
on which they act give forces. At an imaginary section, a vector sum of 
these forces, called stress resultants, keeps a body in equilibrium. In 
engineering mechanics of solid, the stress resultants at a selected section 


are gCUWaujr uviwiu.uu,u cum emu, LLcmcew« 

stresses are determined. 


1-4. Stress Tensor 

If, in addition to the section implied in the free body of Fig. 1-2, another 
plane an infinitesimal distance away and parallel to the first were passed 
through the body, an elementary slice would be isolated. Then, if an 
additional two pairs of planes were passed normal to the first pair, a cube 
of infinitesimal dimensions would be isolated from the body. Such a cube 
is shown in Fig. l-3(a). All stresses acting on this cube are identified on 
the diagram. As noted earlier, the first subscripts on the t's associate the 
stress with a plane perpendicular to a given axis; the second subscripts 
designate the direction of the stress. On the near faces of the cube, i.e., 
on the faces away from the origin, the directions of stress are positive if 
they coincide with the positive directions of the axes. Ou the faces of the 
cube toward the origin, from the action-reaction equilibrium concept, 
positive stresses act in the direction opposite to the positive directions 
of the axes. (Note that for normal stresses, by changing the symbol for 
stress from t to <r, a single subscript on a suffices to define this quantity 
without ambiguity.) The designations for stresses shown in Fig. l-3(a) are 
widely used in the mathematical theories of elasticity and plasticity. 

If at a point in question a different set of axes are chosen, the corre- 




Fig. 1-3 (a) General state 
of stress acting on an 
infinitesimal element in the 
initial coordinate system, (b) 
General state of stress acting 
on an infinitesimal element 
defined in a rotated system 
of coordinate axes. All 
stresses have positive 
sense. 








Stress, Axial Loads, and Safety Concepts 

sponding stresses are as shown in Fig. l-3(b). These stresses are related, 
but are not generally equal, to those shown in Fig. 1-3(a). The process 
of changing stresses from one set of coordinate axes to another is termed 
stress transformation. The state of stress at a point which can be defined 
by three components on each of the three mutually perpendicular (or¬ 
thogonal) axes in mathematical terminology is called a tensor. Precise 
mathematical processes apply for transforming tensors, including 
stresses, irom one set Oi axes to anotucr. A simple case of stress trans¬ 
formation will be encountered in the next section, and a more complete 
discussion is given in Chapter 8 . 

An examination of the stress symbols in Fig. l-3(a) shows that there 
are three normai stresses: t„ = cr r , T yy = oy, s= a-.; and six shearing 
stresses: t. xy , t yx , r yz , r zy , t- t , t.„. By contrast, a force vector P has only 
three components: P x , P y , and P z . These can be written in an orderly 
manner as a column vector: 

/p.\ 

(Xj 

Analogously, the stress components can be assembled as follows: 



This is a matrix representation of the stress tensor. It is a second-rank 
tensor requiring two indices to identify its elements or components. A 
vector is a first-rank tensor, and a scalar is a zero-rank tensor. Sometimes, 
for brevity, a stress tensor is written in indicia! notation as t iJt where it 
is understood that / and j can assume designations x, y, and z as noted in 
Eq. (1-lb). 

Next, it will be shown that the stress tensor is symmetric, i.e., = 

t;/. This follows directly from the equilibrium requirements for an element. 
For this purpose, let the dimensions of the infinitesimal element be dx, 
dy, and dz, and sum the moments of forces about an axis such as the z 
axis in Fig. 1-4. Only the stresses entering the problem are shown in the 
figure. By neglecting the infinitesimals of higher order , 7 this process is 
equivalent to taking the moment about the z axis in Fig. l-4(a) or, about 
point C in its two-dimensional representation in Fig. !-4(b). Thus, 

7 The possibility of an infinitesimal change in stress from one face of the cube 
to another arid the possibility of the presence of body (inertial) forces exist. By 
first considering an element Ax Ay As and proceeding to the limit, it can be shown 
rigorously that these quantities are of higher order and therefore negligible. 
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(a) (b) 

Fig. 1-4 Elements in pure shear. 


Me = 0 G + + (vyxKdx dz){dy) - (t xy )(dy dz)(dx) = 0 

where the expressions in parentheses correspond respectively to stress, 
area, and moment arm. Simplifying, 



Similarly, it can be shown that T. tz = t„ and T yz - T zy . Hence, the sub¬ 
scripts for the shear stresses are commutative, i.e., their order may be 
interchanged, and the stress tensor is symmetric. 

The implication of Eq. 1-2 is very important. The fact that subscripts 
are commutative signifies that shear stresses on mutually perpendicular 
planes of an infinitesimal element are numerically equal, and X M z = 0 
is not satisfied by a single pair of shear stresses. On diagrams, as in Fig. 
l-4(b), the arrowheads of the shear stresses must meet at diametrically 
opposite corners of an element to satisfy equilibrium conditions. 

In most subsequent situations considered in this text, more than two 
pairs of shear stresses will seldom act on an element simultaneously. 
Hence, the subscripts used before to identify the planes and the directions 
of the shear stresses become superfluous. In such cases, shear stresses 
will be designated by t without any subscripts. However, one must re¬ 
member that shear stresses always occur in two pairs. 

mis notation simpimcation can uc useu to advantage ior tnc state ol 
stress shown in Fig. 1-5. The two-dimensional stress shown in the figure 
is referred to as plane stress. In matrix representation such a stress can 
be written as 
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Sec. 1-5. Differential Equations of Equilibrium 
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Fig. 1-5 Elements in plane stress. 


/Ox T 0\ 

It rr ? 0 I (1-3) 

1 ° °/ 

It should be noted that the initi all y selected system of axes ma'' not 
yield the most significant information about the stress at a point. There¬ 
fore, by using the procedures of stress transformation, the stresses are 
examined on other planes. Using such procedures, it will be shown later 
that a particular set of coordinates exists which diagonalize the stress 
tensor to read 


Ar, 0 0 \ 

in cr- Q I 

1^0 0 tT 3 J 

Note the absence of shear stresses. For the three-dimensional case, the 
stresses are said to be triaxial, since three stresses are necessary to de¬ 
scribe the state of stress completely. 

For plane stress cr 3 = 0 and the state of stress is biaxial. Such stresses 
occur, for example, in thin sheets stressed in two mutually perpendicular 
directions. For axially loaded members, discussed in the next section, 
only one element of the stress tensor survives; such a state of stress is 
referred to as uniaxial. In Chapter 8, an inverse problem 8 will be dis¬ 
cussed: how this one term can be resolved to yield four or more elements 
of a stress tensor. 

8 Some readers may prefer at this time to study the first several sections in 
Chapter 8. 


Differential Equations of Equilibrium 

An infinitesimal element of a body must be in equilibrium. For the two- 
dimensional case, the system of stresses acting on an infinitesimal element 
(rfx)(dy)(l) is shown in Fig. 1-6. In this derivation, the element is of unit 
thickness in the direction perpendicular to the plane of the paper. Note 
that the possibility of an increment in stresses from one face of the element 
to another is accounted for. For example, since the rate Oi change oi cr* 
in the x direction is da X !dx and a step of dx is made, the increment is (daJ 
dx) dx. The partial derivative notation has to be used to differentiate 
between the directions. 

The inertial or body forces, such as those caused by the weight or the 
magnetic effect, are designated X and Y and are associated with the unit 
volume of the material. With these notations, 

^ F* = 0 —> + , ^cr* ■+■ rfxj (dy X 1) - cr x (dy X 1) 

+ (t„ + ^ dv) (dx X 1) ' T X 1) + X(dx *xl) = 0 

V «y ' / 

Simplifying and recalling that T xy = x yx holds true, one obtains the basic 
equilibrium equation for the x direction. This equation, together with an 
analogous one for the y direction, reads 


dx 

dTjcy 


dy 

da y 


• X = 
- Y -- 


(1-5) 


0 Sections identified with - ** can be omitted without loss of continuity in the 


Fig. 1-6 Infinitesimal element 
with stresses and body 
forces. 
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The moment equilibrium of the element requiring 2 M z — 0 is assured 
hv bavin® t v — t~ t . 

It can be shown that for the three-dimensional case, a typical equation 
from a set of three is 


flCFj- 

bx 


diy,- dTj* 

by bz 


+ X = 


0 


Note that in deriving the previous equations, mechanical properties of 
the material have not been used. This means that these equations arc 
annhcable whether a materia! is elastic, elastic or viscoelastic. Also it is 
very important to note that there are not enough equations of equilibrium 
to solve for the unknown stresses. In the two-dimensional case, given by 
Eq. 1-5, there are three unknown stresses, cr r , ay, and t v> ., and only two 
equations. For the three-dimensional case, there are six stresses, but only 
three equations. Thus, all problems in stress analysis are internally stat¬ 
ically iniracLable ur indeterminate. A simple example as to how a static 
equilibrium equation is supplemented by kinematic requirements and me¬ 
chanical properties of a material for the solution of a problem is given 
in Section 3-14. In engineering mechanics of solids, such as that presented 
in this text, this indeterminacy is eliminated by introducing appropriate 
assumptions, which is equivalent to having additional equations. 

A numerical procedure that involves discretizing a body into a large 
number of small finite elements, instead of the infinitesimal ones as above, 
is now often used in complex problems. Such finite element analyses reiy 
on high-speed electronic computers for solving large systems of simul¬ 
taneous equations. In the finite element method, just as in the mathe¬ 
matical approach, the equations of statics are supplemented hy the kin¬ 
ematic relations and mechanical properties of a material. A few examples 
given later in this book show comparisons among the “exact" solutions 
of the mathematical theory of elasticity, and those found using the finite 
element technique and/or conventional solutions based on the methods 
of engineering mechanics of solids. 


Past B STRESS ANALYSES OF AXIALLY LOADED 
BARS 


1-6. Stresses on Inclined Sections in Axially Loaded Bars 

The traditional approach of engineering mechanics of solids will be used 
for determining the internal stresses on arbitrarily inclined sections in 
axially loaded bars. The first steps in this procedure are illustrated in Fig. 
1-7. Here, since an axial force P is applied on the right end of a prismatic 



<b> 

Fig. 1-7 Sectioning of a prismatic bar on arbitrary planes. 

bar, for equilibrium, an equal but opposite force P must act on the left 
end. To distinguish between the applied force and the reaction, a slash 
is drawn across the reaction force vector F. This form of identification 
of reactions wiii be used frequently in this text. Finding the reactions is 
usually the first essential step in solving a problem. 

T n tk s -roblem at hand after the reactive force P is determined free- 
body diagrams for the. bar segments, isolated by sections such as a-a or 
b-b, are prepared. In both cases, the force P required for equilibrium is 
shown at the sections. However, in order to obtain the conventional 
stresses, which are the most convenient ones in stress analysis, the force 
P is replaced by its components along the selected axes. A wavy line 
through the vectors F indicates their replacement by components. For 
illustrative purposes, little is gained by considering the case shown in Fig. 
l-7(b) requiring three force components. The analysis simply becomes 
more cumbersome. Instead, the case shown in Fig 1-7(0), having only 
two components of P in the plane of symmetry of the bar cross section, 
is considered in detail. One of these components is normal to the section; 
the other is in the plane of the section. 

As an example of a detailed analysis of stresses in a bar on inclined 
planes, consider two sections 90 degrees apart perpendicular to the bar 
Sides, as shown in Fig. i-o(a). The section u—u is at an angle 6 with the 
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Inclined Sections in Axially Loaded Bars 


Th- negative sign in Eq. 1-7 is used to conform to the sign convention 
shear stresses introduced earlier. See, for example. Fig. 1-5. The need 
for a negative sign is evident by noting that the shear force r sm o a« 
in the direction opposite to that of the y axis. 

It is important to note that the basic procedure of engmeenng mechanics 
of solids used here gives the average or mean stress at a section. These 
stresses are determined from the axial forces necessary for equilibrium 
... TWpfnrp thev alwavs satisfy statics. However based on the 

additional requirements of kinematics (geometric deformations) and me¬ 
chanical properties of a material, large local stresses are known to anse 
in the proximity of concentrated forces. This also occurs at abrupt changes 
in cross-sectional areas. The average stresses at a section are accurate 
at a distance about equal to the depth of the member from the concentr Jed 
ai a uisirn \ : _or*.* ThP of this simolified 

forcesoraDrupiynaugcsiuwuaa-owwnwa*«a«%~. — — - - . 

procedure will be rationalized in Section 2-10 as Saint Venant s principle. 
V Equations 1-6 and 1-7 show that the normal and shear stresses vary 
with the angle 0. The sense of these stresses is shown in Figs. l-8(c) and 
(d). The normal stress it,, reaches its maximum value for 9 = 0, i.e., 
when the section is perpendicular to the axis of the rod. The shear stress 
then correspondingly would be zero, t his leads to the conclusion t..at t.,e 
maximum normal stress tw in an axially loaded bar can be simply de¬ 
termined from the following equation: 


where P is the applied force, and A is the cross-sectional area of the bar 
Equations 1-6 and 1-7 also show that for 0 = ±90°, both the normal 
and the shear stresses vanish. This is as it should be, since no stresses 
act along the top and bottom free boundaries (surfaces) of the bar. 

To find the maximum sneax sums acim 5 *-™- 

Eq. 1-7 with respect to 0, and set the derivative equal to zero. On carrying 
out this operation and simplifying the results, one obtains 


leading to the conclusion that r max occurs on planes of ennei or 

-45° with the axis of the bar. Since the sense in which a shear stress 
acts is usually immaterial, on substituting either one of the above values 
of 0 into Eq. 1-7, one finds 


Therefore, the maximum shear stress in an axially loaded bar is only half 
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Sec. 1-7. Maximum Normal Stress In Axially Loaded Bars 


as large as the maximum normal stress. The variation of t 6 with 0 can be 
studied using F.q. 1-7. 

Following the same procedure, the normal and shear stresses can be 
found on the section b-b. On noting that the angle locating this plane 
from the vertical is best measured clockwise, instead of counterclockwise 
as in the former case, this angle should be treated as a negative quantity 
in Eq. 1-7. Hence, the subscript -(90° - 0) = 0 - 90° will be used in 
designating the stresses. From Fig. l-8(c), one obtains 


and 


T 0 -9O° 


r cos o 
A/sin 0 


( 1 - 12 ) 


Note that in this case, since the direction of the shear force and the y 
axis have the same sense, the expression in Eq. 1-12 is positive. Equation 
1-12 can be obtained from Eq. 1-7 by substituting the angle 0 — 90°. The 
sense of cr e _ 9 o~ and t 9 - 90 " is shown in Fig. l-8(f). 

The combined results of the analysis for sections a-a and b-b are shown 
on an infinitesimal element in Fig. l-8(g). Note that the normal stresses 
on the adjoining element faces are not equal, whereas the shear stresses 
are. The latter finding is in complete agreement with the earlier general 
conclusion reached in Section 1-4, showing that shear stresses on mutually 
perpendicular planes must be equal. 

i-7. Maximum Normal Stress in Axially Loaaed Bars 

In most practical situations with axially loaded bars, it is expedient to 
directly determine the maximum normal stress. As has been demonstrated 
in the previous section, these stresses develop on sections perpendicular 
to the bar axis. For such sections, the cross-sectional area of a bar is a 
minimum and the force component is a maximum, resulting in a maximum 
normal stress. The procedure for determining this stress directly is shown 

,'r, 1 G CimSIriT. oorllo, fX- tU a nonornl -or*. „ 

“* * *&• * '-'«***«'“* ^ wtAnwi wi .uw 6V..V. vhjw, u. 

free-body diagram is prepared either for the left or the right part of the 
bar, as illustrated in Fig. l-9(b). All force vectors P pass through the bar’s 
centroid. As shown in Fig. l-9(c), the reaction on the left end is equili¬ 
brated at section a-a by a uniformly distributed normal stress cr. The sum 
of these stresses multiplied by their respective areas generate a stress 
resultant that is statically equivalent to the force P. A thin slice of the 
bar with equal uniformly distributed normal stresses of opposite sense on 
the two parallel sections is shown in Fig. l-9(d). This uniaxial state of 
stress mav be represented on an infinitesimal cube, as shown in Fi°. 



<c) (e) 

(d) 

Fig. 1-9 Successive steps in determining the largest normal stress in an axially loaded bar. 

t. o/g\ However, a simplified diagram such as shown in Fig. l-9(f) is 
commonly used. 

For future reference, the relevant Eq. 1-8 for determining directly the 
maximum normal stress in an axially loaded bar is restated in customary 
form without any subscript on o\ Subscripts, however, are frequently 
added to indicate the direction of the bar axis. This equation gives the 
largest normal stress at a section taken peipeiiuieular to the axis of a 
member. Thus, 



where, as before, P is the applied axial force, and A is the cross-sectional 
area of the member, in calculations, it is often convenient to use N/iniir 
- MPa in the SI system of units and ksi in the U.S. customary system. 

It is instructive to note that the normal stress cr given by Eq. 1-13, and 
schematically represented in Fig. 1-9(e), is a complete description of the 
state of stress in an axially loaded bar. Therefore, only one diagonal term 
remains in the matrix representation of the stress tensor given by Eq. 1- 
1b. This remaining term is associated with the direction of the bar axis. 
If different axes are chosen for isolating an element, as in Fig. l-8(g), the 
stress tensor would resemble Eq. 1-3. A detailed study of this topic will 
be pursued in Chapter 8. 

Equation 1-13 strictly applies only to prismatic bars, i.e., to bars having 
a constant cross-sectional area. However, the equation is reasonably ac- 
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(a) 

Section 



(b) 


Fig. 1-10 A member with 
a nonunit'orm stress 
distribution at Section a-a. 


p 



Fig. Ml Bearing stresses 
occur between the block and 
pier as well as between the 
pier and soil. 
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curate for slightly tapered members. 10 For a discussion of situations where 
an abrupt change in the cross-sectional area occurs, causing severe per¬ 
turbation in stress, see Section 2-10. 

As noted before, the stress resultant for a uniformly distributed stress 
acts through the centroid of a cross-sectional area and assures the equi¬ 
librium of an axially loaded member. If the loading is more complex, such 
as that, for example, for the machine part shown in Fig. 1-10, the stress 

force P, a bending couple, or moment, M must also be developed. Such 
problems will be treated in Chapter 6. 

Similar reasoning applies to axially loaded compression members and 
Eq. 1-13 can be used. However, one must exercise additional care when 
compression members are investigated. These may be so slender that they 
may not behave in the fashion considered. For example, an ordinary fish¬ 
ing rod under a rather small axial compression force has a tendency to 
buckle sideways and could collapse. The consideration of such instability 
of compression members is deferred until Chapter 11. Equation I 13 is 
applicable only for axially loaded compression members that are rather 
chunky, i.e., to short blocks. As will be shown in Chapter 11. a block 
whose least dimension is approximately one-tenth of its length may usu¬ 
ally be considered a short block. For example, a 2 by 4 in wooden piece 
may be 20 in long and still be considered a short block. 

Sometimes compressive stresses arise where one body is supported by 
another. If the resultant of the applied forces coincides with the centroid 
of the contact area between the two bodies the intensity of force or 
stress, hefween the two hodies can again he determined from Eq. 1-13. 
It is customary to refer to this normal stress as a bearing stress. Figure 
1 -11, where a short block bears on a concrete pier and the latter bears 
on the soil, illustrates such a stress. Numerous similar situations arise in 
mechanical problems under washers used for distributing concentrated 
forces. These bearing stresses can be approximated by dividing the ap¬ 
plied force P by the corresponding contact area giving a useful nominal 
bearing stress. 

In accerttina Fn. 1-13, it must be ke.nt in mind that the material’s be¬ 
havior is idealized. Each and every particle of a body is assumed to con¬ 
tribute equally to the resistance of the force. A perfect homogeneity of 
the material is implied by such an assumption. Real materials, such as 
metals, consist of a great many grains, whereas wood is fibrous. In real 
materials, some particles will contribute more to the resistance of a force 
than otlieis. Ideal stiess distributions such as shuwu in Figs. I-9(u) and 
(e) actually do not exist if the scale chosen is sufficiently small. The true 
stress distribution varies in each n articular case and is a hi°h! v irregular 
jagged affair somewhat, as shown in Fig. l-12(a). However, on the av- 

10 For accurate solutions for tapered bars, see S. P. Timoshenko, and J. N. 
tioodier, Theory of Elasticity, 3rd ed. (New York: McCiraw-Hill, 1970) 109. 
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Fig. 1-12 (a) Schematic illustration of stress irregularity in material due to lack of homogeneity, (b) variation of 
tensile stress across a plate during a rolling operation, and (c) residual stress in a rolled plate. 


erage, statistically speaking, computations based on Eq. 1-13 are correct, 
and, hence, the computed average stress represents a highly significant 
quantity. 

It is also important to note that the basic equations for determining 
stresses, such as given by Eq. 1-13, assume initially stress-free material. 
However, in reality, as materials are being manufactured, they are often 
rolled, extruded, forged, welded, peened, and hammered. In castings, 
materials cool unevenly. These processes can set up high internal stresses 
called residual stresses. For example, hot steel plates during a rolling 
operation are pulled between rollers, as shown schematically in Fig. 1- 
12(b). This process causes the development of larger normal stresses near 
the outer surfaces than in the middle of a plate. These stresses are equiv¬ 
alent to an average normal stress cr av that may be considered to generate 
a force that propels a plate through the rolls. On leaving the roiis, the 
plate shown in Fig. 1-I2(e) is relieved of this force, and as per Eq. 1-13, 
the o- av is subtracted from the stresses that existed during rolling. The 
stress pattern of the residual normal stresses is shown in Fig. 1-12(c). 
These residual stresses are self-equilibrating, i.e., they are in equilibrium 
without any externally applied forces. In real problems, such residual 
stresses may be large and should be carefully investigated and then added 
to the calculated stresses for the initially stress-free material. 

1-8. Shear Stresses 

Some engineerin'* materials for exam n le, low-carbon steel, are weaker 
in shear than in tension, and, at large loads, slip develops along the planes 
of maximum shear stress. According to Eqs. 1-9 and 1-10, these glide or 
slip planes in a tensile specimen form 45° angles with the axis of a bar, 
where the maximum shear stress T max = PI2A occurs. On the polished 
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shown in Fig. l-13(c), can be found using Eq. 1-14 by dividing P by 
the area A of the seeiiun u—u. A similar procedure is used for determining 
Tav for the problem shown in Fig. 1-I3(d). However in this case, two glued 
surfaces are available for transferring the applied force P. The same ap¬ 
proach, employing imaginary sections, is applicable to solid members. 

Examples of two bolted connections are shown in Figs. l-14(a) and (e). 
These connections can be analyzed in two different ways. In one ap¬ 
proach, it is assumed that a tightened bolt develops a sufficiently large 
clamping force, so that the friction developed between the faying (con¬ 
tacting) surfaces prevents a joint from slipping. For such designs, high- 
strength bolts arc commonly employed. This approach is discussed m 
Section 1-13. An alternative widely used approach assumes enough slip¬ 
page occurs, such that the applied force is transferred first to a bolt and 
then from the bolt to the connecting plate, as illustrated in Figs. l-14(b) 
and (f). To determine t ov in these bolts, a similar procedure as discussed 
before is applicable. One simply uses the cross-sectional area A of a bolt 
instead of the area of the joint contact surface to compute the average 
shear stress. The bolt shown in Fig. l-14(a) is said to be in single shear, 

,_,1_i i Af n \ 
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In bolted connections, another aspect of the problem requires consid¬ 
eration. In cases such as those in Figs. l-14(a) and (e), as the force P is 
applied, a highly irregular pressure develops between a bolt and the plates. 
The average nominal intensity of this pressure is obtained by dividing the 
force transmitted by the projected area of the bolt onto the plate. This is 
referred to as the bearing stress. The bearing stress in Fig. i-I4(a) is a b 
= P/td, where t is the thickness of Lhe plate, and d is the diameter of the 
bolt. For the case in Fig. l-14(c), the bearing stresses for the middle plate 
and the outer T 'Iates are a-, = Ph i d and oz = P!2tzd, respectively. 

The same procedure is. also applicable for riveted assemblies. 

Another manner of joining members together is welding. An example 
of a connection with fillet welds is shown in Fig. 1-15. The maximum 
shear stress occurs in the planes a-a and b-b, as shown in Fig. l-15(b). 



(e) (f) (g) (h) 

Fig. 1-14 Loading conditions causing shear and bearing stress in bolts. 
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Weld 



The capacity of such wclus Is Usually given iu Units of fuice pel Uilii ieiigi.il 
of weld. Additional discussion on welded connections is given in Section 


1-9. Analysis for Normal and Shear Stresses 

Once the axial force P or the shear force V, as well as the area A, are 
determined in a given problem, Eqs. 1-13 and 1-14 for normal and shear 
stresses can be icauily applied. These equations giving, respectively, ine 
maximum magnitudes of normal and shear stress are particularly impor¬ 
tant as they appraise the greatest imposition on the strength of a material. 
These greatest stresses occur at a section of minimum cross-sectional area 
and/or the greatest axial force. Such sections are called critical sections. 
The critical section for the particular arrangement being analyzed can 
usually be found by inspection. However, to determine the force P or V 
that acts through a member is usually a more difficult task. In the majority 
of problems treated in this text, the latter information is obtained from 

For the equilibrium of a body in space, the equations of statics require 
the fulfillment of the following conditions: 



2 f, = o 2 M y = o 
2^ = o 2 m z = o 


(1-15) 


The first column of Eq. 1-15 states that the sum of all forces acting on a 
body in any U, y, z) direction must be zero. The second column notes 


that the summation of moments of all forces around any axis parallel to 


problem, i.e., all members and forces lie in a single plane, such as the .v- 
y plane, relations 2 F- = 0, 2 = 0, and 2 M v = 0, while still valid, 


are trivial. 
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These equations of statics are directly applicable to deformable solid 
bodies The deformations tolerated in engineering structures are usually 
negligible in comparison with the overall dimensions of structures. There¬ 
fore, for the purposes of obtaining the forces in members, the initial un¬ 
deformed dimensions of members are used in computations. 

If the equations of statics suffice for determining the external reactions 
as well as the internal stress resultants, a structural system is statically 
determinate. An example is shown in Fig. l-io(a). However, if foi the 
same beam and loading conditions, additional supports arc provided, as 
in Figs. l-16(b) and (c), the number of independent equations of statics 
is ins uffi cient to solve for the reactions. Tn Fig. l-lfi(h). any one of the 
vertical reactions can be removed and the structural system remains stable 
and tractable. Similarly, any two reactions can be dispensed with for the 
beam in Fig. 1-16(c). Both of these beams are statically indeterminate. 
The reactions that can be removed leaving a stable system statically de¬ 
terminate are superfluous or redundant. Such redundancies can also arise 
within the internal system uf forces. Depending on the number of the 
redundant internal forces or reactions, the system is said to be indeter¬ 
minate to the firs! degree, as in Fig. I-!6(b), to the. second degree., as in 
Fig. 1-16(c), etc. Multiple degrees of statical indeterminacy frequently 
arise in practice, and one of the important objectives of this subject is to 
provide an introduction to the methods of solution for such problems. 
Procedures for solving such problems will be introduced gradually be¬ 
ginning with the next chapter. Problems with multiple degrees of inde¬ 
terminacy are considered in Chapters 10, 12, auu 13. 

Equations 1-15 should already be familiar to the reader. However, sev¬ 
eral examples where they are applied will now be given, emphasizing 
solution techniques generally used in engineering mechanics of solids. 
These statically determinate examples will serve as an informal review 
of some of the principles of statics and will show applications of Eqs. 1- 
13 and 1-14. 

Additional examples for determining shear stresses in bolts and welds 
are given in Sections 1-13 and 1-14. 



Fig. M6 Identical beam with identical loading having different support conditions: (a) statically 
determinate, (b) statically indeterminate to the first degree, (c) statically indeterminate to the second 
degree. 
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Weld 



me capacity ui sUcii Wcius is Uslictiiy given ill Linus uj. lurce per mill leilgm 

of weld. Additional discussion on welded connections is given in Section 
1-14 


1-9. Analysis for Normal and Shear Stresses 

Once the axial force P or the shear force V , as well as the area A, are 
determined in a given problem, Eqs. 1-13 and 1-14 for normal and shear 
stresses can be leauily applied. These equations giving, respectively, the 
maximum magnitudes of normal, and shear stress are particularly impor¬ 
tant as they appraise, the greatest imposition on the strength of a material. 
These areatest'stresses occur at a section of minimum cross-sectional area 
and/or the greatest axial force. Such sections are called critical sections. 
The critical section for the particular arrangement being analyzed can 
usually be found by inspection. However, to determine the force P or V 
that acts through a member is usually a more difficult task. In the majority 
of problems treated in this text, the latter infoirnation is obtained from 

For the equilibrium of a body in space, the equations of statics require 
the fulfillment of the foliowine conditions: 


E F x = 0 E M = 0 

S Fy = 0 X M- = 0 

E Fz = o E M = o 


The first column of Eq. 1-15 states that the sum of all forces acting on a 
body in any (x, y, z) direction must be zero. The second column notes 
that the summation of moments of all forces around any axis parallel to 

problem, i.e., all members and forces He in a single plane, such as the x- 
y plane, relations E Fz - 0, E Mr - 0, and E My = 0, while still valid, 
are trivial. 
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These equations of statics are directly applicable to deformable solid 
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negligible in comparison with the overall dimensions of structures. There¬ 
fore, for the purposes of obtaining the forces in members, the initial un¬ 
deformed dimensions of members are used in computations. 

If the equations of statics suffice for determining the external reactions 
as well as the internal stress resultants, a structural system is statically 
determinate. An example is shown in Fig. i-io(a). However, if for the 
same beam and loading conditions, additional supports arc provided, as 
in Figs. l-16(b) and (c), the number of independent equations of statics 
is insufficient to solve for the reactions In Fig. 1—16(b). any one of the 
vertical reactions can be removed and the structural system remains stable 
and tractable. Similarly, any two reactions can be dispensed with for the 
beam in Fig. l-16(c). Both of these beams are statically indeterminate. 
The reactions that can be removed leaving a stable system statically de¬ 
terminate are superfluous or redundant. Such redundancies can also arise 
within the internal system of forces. Depending on the number of the 
redundant internal forces or reactions, the system is said to be indeter¬ 
minate to the first degree, as in Fig. !-16(b), to the second degree, as in 
Fig. l-16(c), etc. Multiple degrees of statical indeterminacy frequently 
arise in practice, and one of the important objectives of this subject is to 
provide an introduction to the methods of solution for such problems. 
Procedures for solving such problems will be introduced gradually be¬ 
ginning with the next chapter. Problems with multiple degrees of inde¬ 
terminacy are considered in CnapLeis 10, 12, auu 13. 

Equations 1-15 should already be familiar to the reader. However, sev¬ 
eral examples where they are applied will now be given, emphasizing 
solution, techniques generally used in engineering mechanics of solids. 
These statically determinate examples will serve as an informal review 
of some of the principles of statics and will show applications of Eqs. 1- 
13 and 1-14. 

Additional examples for determining shear stresses in bolts and welds 
are given in Sections 1-13 and 1-14. 



Fig. 1-16 Identical beam with identical loading having different support conditions: (a) statically 
determinate, (b) statically indeterminate to the first degree, (c) statically indeterminate to the second 
degree. 
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EXAMPLE 1-1 

The beam BE in Fig. 1-I7(a) is used for hoisting machinery. It is anchored by 
two bolts at B, and at C, it rests on a parapet wall. The essential details are given 
in the figure. .Note that the bolts are threaded, as shown in Fig. l-!7(d), with d 
= 16 nun at the root of the threads. If this hoist can be subjected to a force of 
10 kN, determine the stress in bolts BD and the bearing stress at C. Assume that 
the weight of the beam is negligible in comparison with the ioads handled. 

Solution 

To solve this problem, the actual situation is idealized and a free-body diagram 
is made on which all known and unknown forces are indicated. This is shown in 
Fig. l-17(b). The vertical reactions of B and C are unknown. They are indicated, 
respectively, as A Bv . ana Rc y , wheie the fust subscript identifies the location, and 
the second the line of action of the unknown force. As the long bolts BD are not 
effective in resisting the horizontal force, only an unknown horizontal reaction 
at C is assumed and marked as R Cx . The applied known force P is shown in its 
proper location. After a free-body diagram is prepared, the equations of statics 
are applied and solved for the unknown forces. 



Fig. 1-17 




where the y axis is taken in the direction of the applied iuau. in uidiuary pioblems, 
the complete result is implied but is seldom written down in such detail. 

t See aiso discussion on stress concentrations, Section 2-10. 
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either part is sufficient to solve the problem. For comparison, the problem is 
solved both ways. 

Using the upper part of the pier as a free body, Fig. 1-I8(b), the weight of the 
pier above the section: 

Wi = (0.5 + 1 ) x 0.5 x 1 x 25/2 = 9.4 kN 

From 2 — 0, the force at the section: 

F a - P + W\ = 14.4 kN 

Hence, using Eq. 1-13, the normal stress at the level a-a is 

Q- = —^ ~ = 28.8 kN/m 3 

" A 0.5 x 1 

jl..-- 5 ‘ rc3 3 compressive as F u acts on the section. 

Using the lower part of the pier as a free body, Fig. I-18(c), the weight of the 
pier below the section: 

W 2 - (1 + 1.5) x 0.5 x 1 x 25/2 = 15.6 kN 

F n = R - W 2 = 14.4 kN 

The remainder of the problem is the same as before. The pier considered here 
has a vertical axis of symmetry, making the application of Eq. 1-13 possible. 


EXAMPLE 1-3 

A bracket of negligible weight shown in Fig. l-19(a) is loaded with a vertical force 
p of 3 kips. For interconnection purposes, the bar ends are devised (forked). 
Pertinent dimensions are shown in the figure. Find the axial stresses in members 
AB and BC and the bearing and shear stresses for pin C. All pins are 0.375 in in 
diameter. 

Solution 

First, an idealized free-body diagram consisting of the two bars pinned at the ends 
ts prepared, see fig. l-i9(b). As there are no inteimcdiate forces acting on the 
bars and the applied force acts through the joint at B , the forces in the bars are 
directed along the. lines AR and BC, and the bars AB and BC are loaded axially. 

12 Strictly speaking, the solution obtained is not exact, as the sides of the pier 
are sloping. If the included angle between these sides is large, this solution is 
altogether inadequate. For further details, see S. Timoshenko and J. N. Goodier, 
Theory of Elasticity, 3rd ed. (New York: McGraw-Hill, 1970) 139. 






Fig. 1-19 
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The magnitudes of the forces are unknown and are labeled F A and F c in the 
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of forces F A , F c . and P. These forces may also be found analytically from two 
simultaneous equations jf,. = 0 and 2 F,- = 0- written in terms of the unknowns 
F and Fc, a known force P, and two known angles a and p. Both these pro¬ 
cedures are possible. However, in this book, ii will usually be found advantageous 
to proceed in a different way. Instead of treating forces F A and F c directly, their 
components are used; and instead of 2 F = 0, X M = 0 becomes the main tool. 

Any force can be resolved into components. For example, F A can be resolved 
into Fa. r and F Ay , as in Fig. l-19(c). Conversely, if any one of the components 
of a directed force is known, the force itself can be detei mined. This follows from 

•i j: in'nnnlM Tn Pin I.IQf’rO th p trio nol pc A I/m and 

Simuailiy Vi umiwuiuuo H..V. * . 0 . . .-V-,, .. -- . .— 

BAD are similar triangles (both are shaded in the diagram). Hence, if F Ar is known, 

F a = ( A£/DB)F Ax 

Similarly, t Ay = ( AD/DB)F Ax ■ Note further that ABIDB or ADIDB are ratios; 
hence, i dative dimensions of members can be used. Such relative dimensions are 
shown by a little triangle on member AB and again on BC. In the problem at hand, 

F a = (V5/2)F At and F Ay = F Av /2 

Adopting the procedure of resolving forces, a revised free-body diagram. Fig. 
i-19(u), is picpared. Two components offeree are necessary at the pin joints. 
After the forces are determined by statics, Eq. 1-13 is applied several times, 
thinking in terms of a free body of an individual member: 


2 M c - 0 O + 


Fax - +2 k 
: Fa.J2 = 212= +1 k 
= 2(v5/2) = +2.23 k 


*Zm a =0C + 


F c , = -2 k 
F Cy = F c , = -2 k 
: V2(-2) = -2.83 k 


Check: 2 F, = 0 F A < + F c , = 2 - 2 = 0 

2 F y - 0 F Ay - Fey - p = 1 - (-2) -3-0 

Tensile stress in main bar AF: 


13 In frameworks it is convenient to assume all unknown forces are tensile. A 
negative answer in the solution then indicates that the bar is in compression. 







The advantages of the method used in the last example for finding forces 
in memhers shnnlri now he apparent. It can also be allied with success 
in a problem such as the one shown in Fig. 1-20. The force F A transmitted 
by the curved member AB acts through points A and B, since the forces 
applied at A and B must be collinear. By resolving this force at A ', the 
same procedure can be followed. Wavy lines through F A and Fc indicate 
that these forces are replaced by the two components shown. Aiterna- 
p iivcly, the force F A can be resulveu at A, auu since F Ay = {yix)F Ax , the 
application of 2 Me ~ 0 yields F Ax . 

In frames;, where, the applied forces do not act through a ioir.t •'roceed 
as before as far as possible. Then isolate an individual member, and using 
its free-body diagram, complete the determination of forces. If inclined 
forces are acting on the structure, resolve them into convenient com¬ 
ponents. 
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DESIGN BASES 


1-10. Member Strength as a Design Criterion 

The purpose for calculating stresses in members of a structural system 
is to compare them with the experimentally determined material strengths 
in order to assure desired performance. Physical testing of materials in a 
laboratory provides information regarding a material’s resistance to 
stress. In a laboratory, specimens of known material, manufacturing pro¬ 
cess and heat treatment are carefully prepared to desired dimensions. 
Then these specimens are subjected to successively increasing known 
forces. In the most widely used test, a round rod is subjected to tension 
and the specimen is loaded until it finally ruptures. The force necessary 
to cause rupture is called the ultimate load. By dividing this ultimate ioad 
by the original cross-sectional area of the specimen, the ultimate strength 
[stress) of a material is obtained. Figure 1-21 shows a testing machine 



Fig. 1-21 Universal testing FiS-1-22 A typical tension 

machine (Courtesy of MTS test specimen of mild steel 

Systems Corporation). before and after fracture. 
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tensile test is used most widely. However, compression, bending, torsion, 
and shearing tests are also employed. 14 Tables 1A and B of the Appendix 
gives ultimate strengths and other physical properties for a few materials. 

For applications where a force comes on and off the structure a number 
of times, the materials cannot withstand the ultimate stress of a static 


times the force is applied as the material works at a particular stress level. 
Figure 1-23 shows the results of tests 15 on a number of the same kind of 


specimens at different stresses. Experimental points indicate the number 
of cycles required to break the specimen at a particular stress under the 
application of a fluctuating load. Such tests are called “fatigue tests,” 
and the corresponding curves are termed S-N (stress-number) diagrams. 
As can be seen from Fig. 1-23, at smaller stresses, the material can with¬ 
stand an ever-increasing number of cycles of load application. For some 
materials, notably steels, the S-N curve for low stresses becomes essen¬ 
tially horizontal. This means that at alow stress, an infinitely large number 
of reversals of stress can take place before the material fractures. The 
limiting stress at which this occurs is called the endurance limit of the 
material. This limit, being dependent on stress, is measured in ksi or MPa. 

Some care must be exercised in interpreting S-N diagrams, particularly 


wun rc^aiu iu me iaugc ui me appueu stress, m some tests, complete 
reversal (tension to compression) of stress is made; in others, the applied 
load is varied in a different manner, such as tension to no load ar.^ 


to tension. The major part of fatigue testing done on specimens is bending. 

Stress-dependent deformations may also play a key role in selecting 
the permissible or allowable stress for a given material, since some ma¬ 


terials deform an unpermissible amount prior to fracture. Some materials 


14 ASTM (American. Society for Testing and Materials'* issues an Annua! S ~ak 
ofASTM Standards now consisting of 66 volumes, divided into 16 sections, giving 
classification of materials, ASTM standard specifications, and detailed test meth¬ 
ods. ASTM material designation such as A36 steel is frequently used in this book. 

15 J. L. Zambrow, and M. G. Fontana, “Mechanical Properties, Includin' 1 Fa¬ 
tigue. of Aircraft Alloys at Very Low Temperatures," Trans. ASM 41 (1949): 498. 
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deform plastically under a sustained load, a phenomenon called creep. 
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wooden or reinforced concrete beams indicates some of the examples 
where creep may be a problem. In some instances, the rate of load ap¬ 
plication has a major effect, as some materials become considerably 
stronger at very rapidly applied loads. Likewise, the effect of temperature 
usually has a very important effect on the endurance limit. Some of these 
issues are discussed further in Sections 2-3 and 2-5. At the design level, 
most of these problems can be controlled by reducing design stresses. 

The aforementioned facts, coupled with the impossibility of determining 
stresses accurately in complicated structures and machines, necessitate 
a substantial reduction of stress compared to the ultimate strength of a 
material in a static test. For example, ordinary steel will withstand an 
ultimate stress in tension of 60 ksi and more. However, it deforms rather 
suddenly and severely at the stress level of about 36 ksi, and it is cus¬ 
tomary in the United States to use an allowable stress of around 22 ksi 
for structural woi k. This allowable stress is even further reduced to auout 
12 ksifor parts that are subjected to alternating loads because of the fatigue 
characteristics of the materia] Fatigue properties of materials are of ut¬ 
most importance in mechanical equipment. Many failures in machine 
parts can be traced to disregard of this important consideration. (See also 
Section 2-10.) Low-cycle fatigue (10 4 cycles or less) also cannot be ex¬ 
cluded from design considerations in seismtcaiiy resistant structures. 

As pointed out in Section 1-7, in some situations, it is also appropriate 
to consider residual stresses. 

The decision process in choosing an appropriate allowable stress is 
further complicated since there is great uncertainty in the magnitudes of 
the applied loads. During the life of a machine or a structure, occasional 
overloads are almost a certainty, but their magnitudes can only be esti¬ 
mated at best. 

These difficult problems are now resolved using two alternative ap¬ 
proaches. In the traditional approach, in the spirit of classical mechanics, 
unique magnitudes are assigned to the applied forces as well as to the 


precisely known, i.e., determinate, in the design process. This determin¬ 
istic approach is commonly used in current practice and will be largely 
adhered to in this text. However, as the complexity of engineering hard¬ 
ware systems increases, less reliance can be placed on past experience 
and a limited number of experiments. Instead, after identification of the 
main parameters in a given stress-analysis problem, their statistical vari¬ 
ability is assessed, leading to the probabilistic method of estimating struc- 

TU.’o „_k,,,. It, ftu. 4ocirrn /->f 

m,l “ oan.i_y. xmo apjJiuai.., utio ...........— 

aircraft, offshore structures, and is emerging in structural design of build¬ 
ings and bridges. A brief discussion of the probabilistic approach to struc¬ 
tural design is given in Section 1-12. The traditional deterministic ap¬ 
proach is discussed next. 
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1-11. Deterministic Design of Members: Axially Loaded 

uGio 

In the deterministic design of members, a stress resultant is determined 
at the highest stressed section using conventional mechanics. For axially 
loaded bars, it means determining ihe largest internal axial force P at a 
minimum cross section. Then, for the selected material, an allowable 
stress cr„" w must be chosen. 

Professional engineering groups, large companies, as well as city, state, 
and federal authorities, prescribe or recommend 16 allowable stresses for 
different materials, depending on the application. Often such stresses are 
called the allowable fiber 17 stresses. 

Since according to Eq. 1-13, stress times area is equal to a force, the 
allowable and ultimate stresses may be converted into the allowable and 
ultimate forces or “loads,” respectively, that a member can resist. Also 
a significant ratio may be formed: 

ultimate load for a member 
allowable load for a member 

This is the basic definition of the factor of safety, F.S. This ratio must 
always be greater than unity. Traditionally this factor is recast in terms 
of stresses as 
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and is known as the margin of safety. In the past, this ratio was usually 
recast to read 

ultimate stress _ ^ 

maximum stress caused by Lhc design load 

The newer analytical methods, some of which will be pointed out in 
the text as they occur, can provide reasonable estimates of the ultimate 
loads for complex systems and should be used in the basic definition of 
P g „„ v/s ij as 0 f margin of safety. For example, for static loadings, 
instead of designing members at working loads using allowable stress, an 
alternative approach consisting of selecting member sizes for their ulti¬ 
mate or limit load is becoming widely adopted. In such cases, the ultimate 
load is usually obtained by multiplying the working loads by a suitably 
chosen load factors. For bars in simple tension or compression, this leads 
to the same results. SignificanLiy different lcsults may be obtained m many- 
other cases where inelastic behavior is more complex. In this text, how- 
ever the customary allowable stress design (ASD) approach will be 
largely followed. 

The application of the ASD approach for axially loaded members is 
both simple and direct. From Eq. 1-13, it follows that the required net 
area A of a member is 


g _ maximum useful material strength (stress) 
allowable stress 

and is widely used not only for axially loaded members, but also for any 
type of uiembe! and loading conditions. As will become apparent from 
subsequent reading, whereas this definition of F.S. in terms of elastic 
stresses is satisfactory for some cases, it can be misleading in others. 

In the aircraft industry, the term factor of safety is replaced by another, 
defined as 


ultimate load 
design load 1 

16 For example, see the American Institute of Steel Construction Manual, 
Buiiding Construction Code of any large city. ANCo Strength oj Aircraft Ele¬ 
ments issued by the Army-Navy Civil Committee on Aircraft Design Criteria, 
etc. 

" The adjective fiber in this sense is used for two reasons. Many original ex¬ 
periments were made on wood, which is fibrous in character. Also, in several 
derivations that follow, the concept of a continuous filament or fiber in a member 
is a convenient device for visualizing its action. 


\ 

a-AL 

Callow 

V_ J 


(1-16) 


where P is the applied axial force, and o- a n ow is the allowable stress. Equa¬ 
tion 1-16 is generally applicable to tension members and short compres¬ 
sion blocks. For slender compression members, the question of their sta¬ 
bility arises and the methods discussed in Chapter 11 must be used. 

The simplicity of Eq. 1-16 is unrelated to its importance. A large number 
of problems requiring its use occurs in practice. The following problems 
illustrate some application of Eq. 1-16 as well as provide additional review 
in statics. 


EXAMPLE 1-4 

Reduce the size uf bar AB in Example 1-3 by using a better material such as 
chrome-vanadium steel. The ultimate strength of this steel is approximately 120 
ksi. Use a factor of safety of 2.5. 
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Solution 

ffaiiow = 120/2.5 = 48 ksi. From Example 1-3, the force in the bar AS: F A - 
+ 2.23 kips. Required area: A nc , = 2.23/48 = 0.0464 in 2 . Adopt: 0.20-in by 0.25- 
in bar. This provides an area of (0.20)(0.25) = 0.050 iir, which is slightly in excess 
of the required area. Many other proportions of the bar are possible. 

With the cross-sectional area selected, the actual or working stress is somewhat 
below the allowable stress: <r acIua i = 2.23/(0.050) = 44.6 ksi. The actual factor of 
safety is 120/(44.6) = 2.69, and the actual margin of safety is 1.69. 

In a complete redesign, clevis and pins should also be reviewed and, if possible, 
decreased in dimensions. 


EXAMPLE 1-5 

Select members FC and CB in the truss of Fig. l-24(a) to carry an inclined force 
P of 650 kN. Set the allowable tensile stress at HO MPa. 

Solution 

If all members of the truss were to be designed, forces in all members would have 
to be found. In practice, this is now done by employing computer programs de¬ 
veloped on the basis of matrix structural analysis 13 or by directly analyzing the 
truss by the method of joints. However, if only a few members are to be designed 
or checked, the method of sections illustrated here is quicker. 

it is generally unuerstoou t.iat a planar truss, such as shown in the figuie, is 
stable in the direction perpendicular to the plane of the paper. Practically, this 
is accomplished by introducing braces at right angles to the plane of the truss. 
In this example, the design of compression members is avoided, as this will be 
treated in the chapter on columns. 

To determine the forces in the members to be designed, the reactions for the 
whoie structure are computed first. This is done by completely disregarding the 
interior framing. Only reaction and force components definitely located at their 
points of application are indicated on a free-body diagram of the whole structure; 
see Fig. l-24(b). After the reactions are determined, free-body diagrams of a part 
of the structure are used to determine the forces in the members considered; see 
Figs. I-24(c) and (d). 

2?, = 0 R d , - 520 = 0 R d „ = 520 kN 

2 Me = 0 G + Rrty x 3 — 390 x 0.5 - 520 x 1.5 = 0 

Roy = 325 kN 

2 Mo = 0 O + Re X 3 + 520 x 1.5 - 300 X 2.5 = 0 

Re = 65kN 

Check: ^ F y = 0 325 - 390 I 65 — 0 

18 See, for example, O. C. Zienkiewicz. The Finite Element Method. 3rd ed. 
(London: McGraw-Hill, 1977). 
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390 kN 650 kN 



Using the free-body diagram in Fig. l-24(c): 

2 Ma = 0 C + Fec x 0.75 + 325 x i — 520 x 0.75 — 0 

Ffc = +86.7 kN 

Afc ~ TVc/uaiiow — 86.7 x 10 /140 — 620 mni 

(use 12.5 x 50-mm bar) 

Using the free-body diagram in Fig. l-24(d): 

2^ = 0 -(FcB)y + 325 = 0 ( F C B)y ~ +325 kN 

tee = Vri(t c e)yB = +301 kN 
A ce = F cb / o',„ ow = 391 X 10 3 /140 = 2790 mm 2 

(use two bars 30 x 50 mm) 
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EXAMPLE 1-6 

Consider the idealized system shown in Fig. 1-25, where a 5-kg mass is to be spun 
on a frictionless plane at 10 Hz. 19 If a light rod CD is attached at C', and the 
allowable stress is 200 MPa, what is the required size of the rod? Neglect the 
weight of the rod and assume that the rod is enlarged at the. ends to compensate 
for the threads. 

Solution 

The rod angular velocity co is 207t rad/s. The acceleration a of the mass toward 
the center of rotation is ui 2 R, where R is the distance CD. By multiplying the 
mass m by the acceleration, the force F acting on the rod is obtained. As shown 
in the figure, according to the d’Alembert’s principle, this force acts in the op¬ 
posite direction to that of the acceleration. Therefore, 

F = ma = mu) 2 R = 5 x (20 it) 2 x 0.500 = 9870 kg-m/s 2 = 9870 N 

QR70 



An 8-mm round rod having an area A = 5U.3 mm 2 would be satisfactory. 

The additional pull at C caused by the mass of the rod, which was not consid¬ 
ered, is 

C R 

F 1 = (m, dr)(a~r 

Jo 

where »i| is the mass of the rod per unit length, and (/n, dr) is its infinitesimal 
mass at a variable distance r from the vertical rod AB. The total pull at C caused 
by the rod and the mass of 5-ke at the end is F + F,. 
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In the conventional (deterministic) design of members, the possibility of 
failure is reduced to acceptably small levels by factors of safety based on 
judgment derived from past successful and unsuccessful performances. 
By contrast, in the probabilistic approach, variability in material prop¬ 
erties, fabrication-size tolerances, as well as uncertainties in loading and 
even design approximations, can be appraised on a statistical basis. As 


Hshed cases, as disregard of past successful applications is out of the 


question. The probabilistic approach has the advantage of consistency in 


the factors of safety, not only for individual members, but also for complex 


| 9 Hz (abbreviation for hertz), or cycles per second, is the SI unit for frequency. 
The remainder of this chapter can be omitted. 
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Maximum Compression Strength Compression Yield Strength 



Fig. 1-26 (a) Histogram of maximum compression strength foi Western Hemlock (wuuur; (b) frequency 
diagram of compression yield strength of ASTM grades A7 and A3fi steels.** 

structural assemblies. Important risk analyses of complete engineering 
systems are based on the same premises. 

Experimental Evidence 

As an example of the probabilistic approach based on statistics, consider 
the behavior of specimens for two sets of similar experiments. For one 
set, experimental results of several compression tests for identical short 
wooden blocks are plotted in Fig. l-26(a). 21 Similar results are shown for 
steel stub columns in Fig. l-26(b). 22 The bar widths in these histograms 
correspond to a narrow range of compression stress for which a given 
number of specimens were either crushed (wood) or have yielded 23 (steel), 
in these diagrams, the inner scales apply to direct experimental results. 

The meaning of the outer scales will be discussed later. 

21 J. M. Illston, J. M. Dinwoodie, and A. A. Smith, Concrete, Timber, and 
Metals (New York. Van Nostrand Reinhold, 1979), Tig. 14.3, p. 439, © Crown 
Copyright, Building Research Establishment, U.K. 

22 T. V. Galambos, and M. K. Ravindra, Tentative Load and Resistance Design 
Criteria for Steel Buildings, Research Report No. 18, Structural Division, Wash¬ 
ington University, September 1973. 

- 3 Since yielding is accompanied by a large amount of deformation, this con¬ 
dition can in many applications be considered failure. For further discussion, see 
Section 2-3. 






40 


Stress, Axial Loads, and Safety Concepts 


In statistical terminology, the test results are termed “population” sam¬ 
ples. In the analysis of such data, several quantities of major importance 
are generally computed. One of these is sample mean (average), X\ an¬ 
other is sample variance, S 2 . For n samples (tests), these quantities are 
defined as 




(1-17) 

and 

■S 2 = - £ (AT, - I ) 2 

n f=\ 

(1-18) 


where X,- is an zth sample. 24 

A square root of the variance, i.e., S, is called the standard deviation. 
Dividing S by X, one obtains Lhe coefficient of variation 25 V , i.e., 

V - SIX 0-19'' 


X, S (or S 2 ), and V play dominant roles in the theory of probability. 
The expected sample value is X , the mean; S is a measure of dispersion 
(scatter) of the data, and V is its dimensionless measure. 

Theoretical Basis 

In Fig. 1-26, in addition to the histograms, theoretical curves for the two 
cases are also shown. These bell-shaped curves of probability density 
functions (PDFs) are based on normal or Gaussian 26 distribution. These 
continuous PDFs for approximating the dispersion of observed data are 

__ tkoArv Tt, ahaIvIIaoI 

me 111031 wmei/ uoevi mwuei m j . uuuij uvu. 

form, the PDF of Z, i.e., f z (z), is given as 

/z(z) = exp [~ \ )} (1 ' 20) 
where \t. z = j" zfz(z) dz (1-21) 

and erz = J_ = (z - Vz) 2 fz(z) dz (1-22) 


24 In order to remove bias in X, instead of dividing by it, one uses n — 1. For 
large values of n, the difference in results is small. 

25 In this section, the notation differs from that used in the remainder of the 
text. 

26 So named in honor of the great German mathematician Kar! Friedrich Gauss 
(1777-1855), who first introduced this function based on theoretical considera¬ 
tions. 
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The constant 1/V2 tt in Eq. 1-20 is selected so that the normalized fre¬ 
quency diagram encloses a unit area, i.e., 

Ow*-l 0-23) 


which means that the occurrence of z within its entire range is a certainty. 
In the previous equations \i z is Lhe mean and u z is the standard 

Fig. 1-27. Illustrations of normal PDFs of resistances R relating them 
to experimental results are shown in Fig. 1-26. In applications, the 
theoretical model is usually selected by setting p-z ~ X, and erz = S. 
For the theoretical model, the coefficient of variation will be designated by 
5 z and is equal to the previously defined experimental V. 

Some interesting properties of /zU) are illustrated in Fig. 1-28. Thus, 


f,U) A U(z) i 



Fig. 1-28 Examples of probabilities of outcomes at different amounts of standard deviation from the 
mean. 










42 


Stress, Axial Loads, and Safety Concepts 

from Fig. t-28(a), it can be seen that the probability of the occurrence of 
an outcome between one standard deviation on either side of the mea.n 
is 68.27%. Whereas, as shown in Fig. l-28(b), between two standard de¬ 
viations on either side of the mean, this value becomes 95.45%. The areas 
enclosed under the curve tails that are three standard deviations from the 
mean are only 0.135% of the total outcomes. As will become apparent 
later, the small number of outcomes likely to take place under fz(z) sev¬ 
eral standard deviations away from tiie mean is of the utmost importance 
in appraising structural safety. 


Practical Formulations 


For a probabilistic appraisal of the structural safety of a member or a 
structure, one must have a statistically determined resistance PDF f R (r), 
such as discussed before, and a corresponding load effect PDF. Again 
statistical studies show that since the loads are susceptible to variations, 
their effect on a member or a structure can be expressed in probabilistic 
form. Such load effects, resembling f R {r), will be designated as /^(g). 
For a given member or a structure, these functions define the behavior 
of the same critical parameter such as a force, stress, or deflection. Two 
such functions probabilistically defining the load effect /^(t?) and the 
resistance f R {r) for a force acting on a member are shown in Fig. 1-29. 
For purposes of illustration, it is assumed that the load effect f^iq) has 
a larger standard deviation, i.e., larger dispersion of the load, than that 
for the member resistance. 

In conventional (deterministic) design, the load magnitudes are usually 
set above the observed mean. This condition is represented by 0„ in Fig. 
1-29. On the other hand, in order to avoid possible rejections, a supplier 
will typically piuviue a inateiial with an average strength slightly gieater 
than specified. For this reason, calculated nominal member resistance R„ 
would be below the mean. On this basis, the conventional factor of safety 
is simply defined as RJQ n . 

In reality, both 0 andR are uncertain quantities and there is no unique 
answer to the safety problem. To illustrate the interaction between the 
two main variables in Fig. 1-31, f R (r) is shown along the horizontal axis 
and fgiq) is plotted along the vertical axis. For the ensemble of an infinite 
number of possible outcomes, alme at 45° corresponding tu R — Q divides 
the graph into two regions. Fori? > Q, no failure can occur. For example, 
for the range of small and large outcomes Q i, Q 2 , Qs, the resistance- 
outcomes. respectively. R,. R->. R* suffice to preserve the integrity of a 
member. However, for outcomes and R 1 with a common point at D 
and falling in the region where R < 0, a failure would take place. 

While enlightening, the above process is difficult to apply in practice. 
Fortunately, however, it can be mathematically demonstrated that for 
normal distribution of R and 0 their difference, i.e., R - 0, is also a 
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Load or resistance 0 R-, ^3 Resistance 

FI'". 1-29 Probabilit” dsnsit” Fig. 1-30 Probabilistic 

functions for the two main definition of safe and unsafe 

random variables (load and structural regions, 

resistance). 

can be compressed into a single normal PDF such as that shown in Fig. 

I-31 (a). In this diagram the probability of failure, p f , is given by the area 
under the tail of the curve to the left of the origin. A possible magnitude 
of a pf may be surmised from Fig. l-28(b). A member would survive in 
all instances to the right of the origin. 

As can be seen from Fig. i-3i(a), p ur-q = \^r~q, where p is a constant 
and o r -q is standard deviation. For applications, this relation can be put 
into a more convenient form b ,/ notin° that the variance of a linear function 
of two independent normal variables, <Jr-q, is the sum of the variances 

fp.aMi /hw/oiW i 



(a) 

Fia. 1-31 (a) Normal and (h) lognormal probability density functions. 
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of its parts. 27 Moreover, since variance is a square of standard deviation, 
one has the following expression for the safety index 3- 


M-fl-g _ t-Cy? ~ P-g 

cr/?_g Vc+ erg 


(1-24) 


where ay? and u Q are, respectively, the standard deviations for the resis¬ 
tance R and the load effect Q . A larger p results m fewer failures, and 
thus, a more conservative design. 

An alternative appoach for establishing the formulation for the safety 
index 3 can be based on the more widely used concept of the/actor of 
safety defined as the ratio RIO. This approach is particularly useful when 
the distributions of R and Q are skewed and the lognormal distribution 28 
rather than the normal is appropriate. In this formulation, tor reasons of 
mathematical convenience, it is preferable to work with the logarithm of 
the ratio RIQ, Fig. 1-31 (b). By carrying out this approach and making use 
of first order, mean-value approximations, the expression for the safst” 
index, p, reads 


M-lnl R'/Q) 



In [j-/? - In |Ag 

VSy? + 8g 


(1-26) 


where, as 'ucfuie, p,/? emu JJ .q aiC tnc mCau VaiUCs iui tnc icSpcetiVc lUue- 

tions, and S/ f and 5 q are, respectively, the coefficients of variation for R 
and 0 

It can be noted that Eqs. 1-24 and 1-26 resemble each other. A graphical 
interpretation for a solution based on the use of ln(7?/0) is shown in Fig. 
1-31(b). Analogous to the first approach, the probability of failure p/ is 
given by the area under the tail of the curve to the left of the origin. For 
routine applications, a 3 on the order of 3 is considered appropriate. 

It must be recognized that the safety index, p, is only a relative measure 


27 A. H-S. Ane. and W. H. Tang, Probability Concepts in Engineering Planning 
and Design. Vol. 1 (New York: John Wiley and Sons, 1975). 

28 Lognormal distribution for a random variable R is defined as 


in design variables can be explicitly included by using the coefficients of 
variation in the design parameters, resulting in more consistent reliability 
of structures and machines. 

In addition to the failure limit states emphasized before, the probabi¬ 
listic approach is suitable for other situations. Important among these are 
the serviceability limit stales. Among these, control of maximum deflec¬ 
tions or limitations on undesirable vibrations can also be treated in prob¬ 
abilistic terms. 


EXAMPLE 1-7 

Consider two kinds of loading to be suspended by steel tension rods. In both 
cases, a nominal permanent, or dead load, £>„, is 5 kips. In one case, however, 
a nominal intermittent., ui live load, L„, is 1 kip, whereas m the other, L : , is 15 
kips. Assume that for the design of these rods, American Institute of Steel Con¬ 
struction (AISC) provisions for the design of buildings using ASTM Grade A36 
steel apply. 

(a) Determine the cross-sectional areas for the rods using the conventional 
allowable stress design (ASD) approach, for which a a n 0 w = 22 ksi. 29 
{b) Find the cross-sectional areas for the same rods using an approach deduced 
from the basics of probabilistic concepts. According to AISC/LRFD, 3 " this 
requires the use of the following relation: 

k 

<5>R r , 2 = ^ 7 ,Qt 0 - 27 ) 


where R„ is the nominal strength of the structure, and 4> < 1 is the resistance 
factor such that <\>R„ is the design resistance of the member; the load factors 
7 / > 1 account for possible overloads over the nominal load effect <2,. Since 
in this case only two types of loading are considered, Eq. 1-27 reduces to 

4>i?„ s 1.2A, + I.6L„ (1-28) 

where, according to the code for this case, 4> is 0.90, *y,-’s are 1.2 and 1.6, 
and the yield strength of the steel, a yp , is 36 ksi. 

(c) For the four solutions found before, calculate the corresponding safety 
indices, p, using Eq. i-26. This equation is based on ioguonnai distribution 
for the variables associated with the load and resistance per AISC/LRFD. 


I r I /In -• - H*\ 2 1 

= C~! J 

where b. R = in jifl/Vl + 3j?and|Jj = iu(i + Sr) aie, respectively, ihe mean and 
standard deviation of In R. Similar expressions apply for / e ( q) However, for 
iognormal R and Q, it can be shown that Z = In (QIR) has the normal distribution. 
See A. H-S. Ang and W. H. Tang. Probability Concepts in Engineering Planning 


Solution 

(a) Since the total axial force r is caused by the dead and live loads, P = D„ 
4- L n , and, on applying Eq. 1-16, the required areas are 

29 AISC, Manual of Steel Construction, 9th ed. (Chicago, 1989). 

30 AISC, Manual of Steel Construction, Load and Resistance Factor Design 
(LRFD), 1st ed. (Chicago; 1386). 
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= 0.093. Alternatively, = 1.05 x 0.909 x 36 = 34.4 kips; 8* = 0.11; 

* 20 kips; and So-. = 0.189. On substituting into Eq. 1-26, the safety 
indices, respectively, are 


Similarly, for part (h), u.j»i = 1.05 x 0.235 x 36 = 8.88 kips: S» = 0.11; 
[ig, = 6 kips; 5 G i = 0.093; and, alternatively, jx ^2 = 1.05 x 0.926 x 36 = 35.0 
kips; \i.Q 2 = 20 kips; and 5 G 2 = 0.189. Hence, 


By comparing the safety indices for the two solutions, it can be seen that they 
are far apart using the conventional approach. On the other hand, the {3*’s are 
very near one another. Considering that many approximations are made to de¬ 
duce y/s and 4> factors for code use, it is encouraging that a solution based on 
the probabilistic approach lead to such a good result. 33 


**1-13. Bolfed and Riveted Connections 

In Section 1-8, some basic aspects in analyzing the behavior of bolted 
connections were given. Further details of such analyses are discussed 
here. The same procedures are applicable in the design of riveted con¬ 
nections. The usually assumed behavior of a bolted or riveted joint is 
summarized in Fig. 1-52. 34 A connection design approach based on pre¬ 
venting slippage between the faying surfaces is discussed later in this 
occaon. 

The total force acting concentrically on a joint is assumed to be equally 
distributed between connectors (bolts or rivets) of equal size. In many 
cases, this cannot be justified by elastic analysis, however, ductile de¬ 
formations and/or slip between the faying surfaces permits an equal re¬ 
distribution of the applied force before the ultimate capacity of a con- 

33 H. Madsen, S. Krenk, and N. Lind, Methods ofStructural Safety (New York: 
McGraw-Hill, 1986). 

34 From G. Dreyer, Festigkeitslehre und Elastizitatslehre (Leipzig: Janecke, 
1938) 34. 
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Fin. 1-32 Assumed action 
for a bolted or a riveted 
connection.- 


nection is reached. This assumption has haen justified on the basis of 
tests . 35 

In contrast to the illustration shown in Fig. 1-32, in simple lap joints, 
the connectors are in single shear, and the plates near the connector tend 
to bend to maintain the axial force concentric. However, bending in the 
connected plates is commonly neglected (see Fig. 1-33). Numerous bolted 
connections of this type are used in steel construction, and riveted ones 
are used for joining aluminum alloy sheets in aircraft. 

When connectors are arranged as shown in Fig. l-34(a.), determinin'* 
the net section in tension poses no difficulty. However, if the rows for 
bolt holes are closely spaced and staggered, as shown in Fig. l-34(b), a 
zig-zag tear may be more likely to occur than a tear across the normal 
section b-b. Methods for treating such cases are available . ib It is also 
necessary to have a sufficient edge distance e to prevent a shear failure 
across the c—c planes shown m Fig. I-34(c). 

An illustration of a failure in bearing is given in Fig. 1-35. Although the 
actual stress distribution is very complex, as noted in Section 1-8, in 
practice, it is approximated on the basis of an average bearing stress 
acting over the projected area of the connector's shank onto a plate, i.e., 

53 A conclusive experimental verification ot this assumption may be found in 
the paper by R. E. Davis, G. B. Woodruff, and H. E. Davis, “Tension Tests of 
Large Riveted Joints,” Trans. ASCE 105 (1940): 1193. 

36 For details, for example, see AISC, Manual of Steel Construction, 9th ed. 
(Chicago, 1989). 



(a) (b) (c) 

Fig. 1-34 Possible modes of failure in bolted joints (connections): (a) net section, 
(b) zig-zag tear, and (c) tear out due to insufficient edge (end) distance along lines 



Fig. 1-33 Bending of plates 
joints. 
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(h) 


P of a bearing failure, and 
f_ *"| p - (c) assumed stress 
distribution. 


on area td. It is difficult to justify this procedure theoretically. However, 
the allowable bearing stress is determined from experiments and is in¬ 
terpreted on the basis of this average stress acting on the projected area 
of a rivet. Therefore, the inverse process used in design is satisfactory. 

T— .1_Iks kottuaon the 

111 UJV piV-V.UUO UW1J11 upp.wtiv.l, U1W II.VWWH.A. wvirwv.. V..W 

faying surfaces at the connectors has been neglected. However, if the 
clamping force developed by a connector is both sufficiently large and 
reliable, the capacity of a joint can be determined on the basis of the 
friction force between the faying surfaces. This condition is illustrated in 
Fig. 1-36. With the use of high-strength bolts with yield strength on the 
order of I0U ksi (/OU MPa), this is an acceptable method in structural steel 
design. The required tightening of such bolts is usually specified to^be 

analysis, an allowable shear stress based on the nominal area of a bolt is 
specified. These stresses are based on experiments. This enables the de¬ 
sign of connections using high-strength bolts to be carried out in the same 
manner as that for ordinary bolts or rivets. 

The procedure for analyzing bearing-type bolted and riveted joints by 
the AISC/LKFJJ probabilistically based approach remains essentially the 


pl IM 


Fig. 1-36 
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'(b) 


Fig. i-37 Complete 
penetration butt welds, (a) 
Single V-groove weld, (b) 
double V-groove weld. 




(b) 

Fig. 1-38 An example of a 
fillet weld. 


same. However, the applied forces are increased using load factors (see 
Section M2 and Eq. 1-27), and stresses arc multiplied by appropriate 
resistance factors. For slip critical investigation of bolted joints at working 
loads, neither the net section nor bearing are checked. These details are 
heyond the scope of this text. 37 


**1-14. Welded Joints 

Steel and aluminum alloy connections by means of welding are very 

■ , , _ij_ _i_ __ _i_i I-? fin™*- 

Wiuciy USCU. DUlt wcius, such as siivwu ui j. ig. auu iinvL (iuuj, 

illustrated in Fig. 1-38, are particularly common. The strength of butt 
welds is simply found by multiplying the cross-sectional area of the thinner 
plate being connected by the allowable stress for welds. The allowable 
stresses are usually expressed as a certain percentage of the strength of 
the original solid plate of the parent material. This percentage factor varies 
greatly, depending on the workmanship. For ordinary work, a 20-percent 
reduction in the allowable stress for the weld compared to the solid plate 
may be used. Fui this factor, the efficiency of the joint is said to be 80 
percent. On high grade work, some of the specifications allow 100-percent 
efficiency for the welded joint. Most pressure vessels are manufactured 
using such welds. Similar joints are used in some structural frames. In 
such work, the AISC specifications, based on the recommendations of 
the American Welding Society (AWS), allow the same tensile stress in 
the weld as in the base metal in the case of butt welds subjected to static 
loads. 

Fillet welds are designed on a semicmpirical basis. These welds are 

_,.„J u.. . 1 ,^ Iotyo C!o l-IS/M u.hir'li ore ncnnllv mnHp 

ucoiguuiou uj im. jii.- v*. * ‘£3- « --“- j - 

of equal width to. The smallest dimension across a weld is called its throat. 
For example, a standard ‘.-in weld has both legs i in wide and a throat 
equal to 0.5 sin 0 = 0.5 sin 45° = 0.707 x 0.5 in. The strength of a fillet 
weld, regardless of the direction of the applied force is based on the 
cross-sectional area at the throat multiplied by the allowable shear stress 
for the weid metal. The AWS allowable shear stress is 0.3 times the elec¬ 
trode tensile strength. For example, E70 electrodes (i.c., tensile strength 
of 70 ksi) used as weld metal has an allowable shear stress of 0.3 x 70 
= 21 ksi. The allowable force q per inch of the weld is then given as 

q = 21 x 0.707to - 14.85w [kiln] (1-30) 

where to is the width of the legs. For a i-in fillet weld, this reduces to 
3.71 kips per in; for a fin fillet weid, 5.56 kips per in, etc. 

37 A1SC/LRFD Manual of Steel Construction, 1st ed. (Chicago, 1986). 

38 This is a considerable simplification of the real problem. 


EXAMPLE 1-8 

Determine the required lengths of welds for the connection of a 3 in by 2 in by 
j_ in steel angle to a steel plate, as shown in Fig. 1-39. The connection is to develop 
the full strength in the angle uniformly stressed to 20 ksi. Use 8-in fillet welds, 
whose allowable strength per AWS specification is 5.56 kips per linear inch. 

Solution 

Many arrangements of welds are possible. If two welds of length L, and L: are 
to be used, their strength must be such as to maintain the applied force P in 
equilibrium without any tendency to twist the connection. This requires the re¬ 
sultant of the forces /?, and R 2 developed by the welds to be equal and opposite 
to P. For the optimum performance of the angle, force P must act through the 
centroid of the cross-sectional area (see Table 7 of the Appendix). For the pur¬ 
poses of computation, the welds are assumed to have only linear dimensions. 

A an gie = 2.00 in 2 Caiiow = 20 ksi 
P » Ao-ailow = 2 x 20 = 40 k 
= 0O+ 7?, x 3 - 40 X 1.06 = 0 f?i = I4.1k 

2 M a = 0 G + « 2 x 3 - 40 x (3 - 1.06) - 0 R% - 25.9 k 

Check: Ki + Ri = 14.1 + 25.9 = 40 k = P 

Ilcncs by using the specified value for the strength of the |-in weld, note that 
= 14.1/5.56 = 2.54 in and L 2 = 25.9/5.56 = 4.66 in. The actual length of welds 
is usually increased a small amount over the lengths computed to account for 
craters at the beginning and end of the welds. The eccentricity of the force P with 
respect to the plane of the welds is neglected. 

To reduce the length of the connection, end fillet welds are sometimes used. 
Thus, in this example, a weld along the line ad could be added. The centroid of 
the resistance for this weld is midway between a and d. For this arrangement, 
lengths L, and L 2 are so reduced that the resultant force for all three welds co¬ 
incides with the resultant of 7?i and R 2 of the funuei case. To accomplish the 
same purpose, slots and notches in the attached member are also occasionally 
used. 
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Problems 

Section 1-5 

1-1. Verify equilibrium Eq. l-5a for the .v direction with 
the aid of a sketch, similar to Fig. l-3(a), where the 
stress increments for three-dimensional stresses are 
shown. 

1-2. Show that the differential equations of equilib¬ 
rium for a two-dimensional plane stress problem in 
polar coordinates are 

doy , 1 dT,u . oy — cr« 

— -1-——I-— 0 



The symbols are defined in the figure. Body forces are 
neglected in this formulation. 


i + ^ 



Fig. PI-2 


section 1-6 

1-3. On the same graph, plot the normal stress and 
the shear stress t„ as functions of the angle 0 defined 
in Fig. i-8. Angle 6 should range from 0 s to 360° on 
the abscissa. Identify the maxima and minima for these 
functions. 

1-4. In Fig. l-8(a), determine the angles 0 where the 
magnitudes of o e and t 0 are equal. 

1-5. Using polar coordinate axes, on the same graph, 
plot o e and t 8 as functions of angle 0 defined in Fig. 
1-8. Identify the maxima and minima for these fune- 


1-6. A 10-mm square bar is subjected to a tensile force 
P = 20 kN, as shown in Fig. l-8(a). (a) Using statics, 
determine the normal and shear stress acting on sec¬ 
tions a-ct and b-b tor 0 = 30". (b) Verify the results 


using Eqs. 1-6 and 1-7. (c) Show the results as in Fig. 
I-8(g). 

1-7. Repeat Problem 1-6 for a i-in square bar if P - 
5 kips and 0 = 20°. 

1-8. A glued lap splice is to be made in a 10 x 20 mm 
rectangular member at a = 20”, as shown in the figure. 
Assuming that the shear strength of the gluedjoint con¬ 
trols the design, what axial force P can be allied to 
the member? Assume the shear strength of the glued 
joint to be 10 MPa. 



Fig. PI-8 


Section 1-7 

1-9. If an axial tensile force of 110 kips is applied to 
a member made of a W 8 x 31 section, what will the 
tensile stress be? What will the stress be if the member 
is a C i2 x 20.7 section? For designation and cross- 
sectional areas of these members, see Tables 4 and 5 
in the Appendix. 

1-10 and 1-11. Short steel members have the cross- 
sectional dimensions shown in the figures. If they are 
subjected to axial compressive forces of 100 kN each, 
find the points of appiicaiion for these forces to cause 
no bending, and determine the normal stresses. All di 
mensions are in mm. 


k-io 



Fig. PI-11 
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1-12. A bar of variable cross section, held on the left, 
is subjected to two concentrated forces, P, and P 2 , as 
shown, in the figure, (a) Find the maximum axial stress 
jf p t = 10 kips, P 2 = 8 kips, Ai = 2 in 2 , and A 2 = 1 
in 2 , (b) On two separate diagrams, plot the axial force 
and the axial stress along the length of the bar. 





1-13. A bar of variable cross section, held on the left, 
is subjected to three forces, P\ = 4 kN, Pi - “2 kN, 
and Pi = 3 kN, as shown in the figure. On two separate 
diagrams, plot the axial force and the axial stress along 
the length of the bar. T er 4, = 200 mm 2 . A 2 — 100 
mm 2 , and As = 150 mnr. 



Fig. PI-13 


1-14. Rework Problem 1-13 by reversing the direction 
of i.ue foice P 2 . 

1-15. A 2-mm thick hollow circular tube of 40 mm out¬ 
side diameter is subjected on the outside surface to a 
constant shear of 10 Pa in the axial direction, as shown 
in the figure. If the tube is 400 mm long, what is the 
maximum axial stress? Plot the variation of the axial 



Fla. Pi-15 


1-16. A sliurl compression member is made up of two 
standard steel pipes, as shown in the figure. If the al¬ 
lowable stress in compression is 15 ksi. (a) what is the 
allowable axial load P\ if the axial load P 2 - 50 kips; 


(b) what is the allowable load P, if load P 2 = 15 kips? 
See Table 8 in the A^endix for cross-section?.! areas 
of U.S. standard pipes. 



b" pipe 3" pipe 

Fig. M-16 


1-17. Determine the bearing stresses caused by the ap- 
mjg/t f orce a j n an H c for the wooden structure 
shown in the figure. All member sizes shown are nom¬ 
inal. See Table 10 in the Appendix for U.S. standard 
sizes of lumber. 



Fig. PI-17 


C.-t£4j*-ip 4 _Q 

1-18. A 40 x 80 mm wooden plank is glued to two 20 
x 80 mm planks, as shown in Fig. l-13(d). If each of 
the two glued surfaces is 40 x 80 mm and the applied 
force P = 20 kN, what is the average shear stress in 
the joints? 

1-19. Two 10-mm thick steel plates are fastened to¬ 
gether, as shown in the figure, by means of two 20- 
mm bolts that fit tightly into the holes. If the joint 
transmits a tensile Fnrce of 45 kN, determine (a) the 



150 mm 


Fig. PI-19 
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average norma! stress in the plates at a section where 
nn holes occur; (h) fhe average normal stress at the 
critical section; (c) the average shearing stress in the 
bolts; and (d) the average bearing stress between 
the bolts and the plates. 

1-20. A gear transmitting a torque of 4000 in-lb to a 
2fij-in shaft is keyed to it, as shown in the figure. The 
s-in square key is 2 in long. Determine the shear stress 
in the key. 

Key 


Fig. Pi-20 

1-21. A a x 6 in steel plate is to be attached to the 
main body of a machine, as shown in Fig. 1-15. If the 
applied'force P ~ 72 kips and the welds to be used 
arc goou ior j.jki Kipa/tn, see Eq. 1-30, now long should 
the welds be? Due to symmetry, each weld line resists 
the same force. 



oSCiiui t i-7 

1-22. What is the shear stress in bolt A caused by the 
applied load shown in the figure? The bolt is 6 mm in 

are in mm. 



i-23. Calculate the shear stress in pin A of the bull¬ 
dozer if the total forces acting on the blade are as 
shown in the figure. Note that there is a B-in-diameter 
pin on each side of the bulldozer. Each pin is in single 
shear. 



4k 


Fig. PI-23 

1-24. A control pedal for actuating a spring mecha¬ 
nism is shown in the figure. Calculate the shear stress 
in pins A and B due to force P when it causes a stress 
of 10,000 psi in rod AS. Both pins are in double shear. 



Fig. PI-24 

1-25. A 6-ft-diameter cylindrical tank is to be sup¬ 
ported at each end of a hanger arranged as shown in 
the figure. The total weight supported by the two hang¬ 
ers is 15 k. Determine the shear stresses in the 
1-in-diameter pins at points A and B due to the weight 
of the tank. Neglect the weight of the hangers and as¬ 
sume that contact between the tank and the hangers 
is frictionless. 



1-26. For the planar frame loaded as shown in the fig- 
determine the axial stress in member BC The 
cross section of member BC is 400 mml The dimen¬ 
sions are given in mm. 



1-27. Two steel wires with well-designed attachments 
and a joint are subjected to an external force Oi 7Qv 
N, as shown in the figure. The diameter of wire AB is 
2.68 mm and that of wire BC is 2.52 mm. (a) Determine 
the stresses in the wires caused by the applied vertical 
force, (b) Are the wire sizes well-chosen? 



in the figure. All members are in the same vertical 



Fig. M-28 


I 


plane and are joined by pins. The mast is made from 
an 8-in standard steel pipe weighing 28.55 Ib/ft. (See 
Table 8 in the Appendix.) Neglect the weight of the 
members. 

1-29. A signboard 15 by 20 ft in area is supported by 
two wooden frames, as shown in the figure. All 
wooden members are 3 by 8 in. (See Table 10 in the 
Appendix for actual lumber sizes.) Calculate the stress 
in each member due to a horizontal wind load of 20 
lb/ft 2 on the sign. Assume all truss joints are pinned 
and that two-sixths of the total wind force acts at B 
and one sixth at C Ns^lsct the r, ossibi!ity of buckling 
of the compression members. Neglect the weight of 
the structure. 



Fig. ri-29 


*1-30. A braced structural frame is designed to resist 
the lateral forces shown in the figure. Neglecting the 


10 kN 





3m ( | j^3m 

Fig. W-30 
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frame weight, determine the axial stresses in members 
BD, FG, and DE : the respective areas for these mem¬ 
bers are 160, 400, and 130 mm 2 . 

*1-31. A planar system consists of a rectangular beam 
At suported by steel members AE and BE and a pin 
at C, as shown in the figure. Member AE is made up 
of two i by 1 in parallel fiat bars, and pin C, acting in 
double shear, is 3 in in diameter. Determine the axial 
stress in bars AE and the shear in pin C. 


/ 



Fig. PI-31 


'1-32. By means of numerous vertical hangers, the 
cable shown in the figure is designed to support a con¬ 
tinuously distributed load. This load, together with the 
cable and hangers, can be approximated as a uniformly 
distributed load of 2 kN/m. Determine the cross sec¬ 
tion required for the cable if the yield strength of the 
material is 1000 MPa auu the icquiieu faciui uf safeiy 
is 2. (Hint: The cable assumes the shape of a parabola 
and develops only a horizontal force H at its lowest 
point. The larger resultant at a support is equal to the 
largest force in the cable.) 



Fig. PI-32 


Section 1-11 

1-33. A 150 mm square wooden post delivers a force 
of 50 kN to a concrete footing, as shown in Fig. 1-11. 


(a) Find the bearing stress of the wood on the concrete. 

(b) If the allowable pressure on the soil is 100 kN/m 2 , 
determine in plan view the required dimensions of a 
square footing. Neglect the weight of the footing. 
1-34. For the structure shown in the figure, calculate 
the size of the bult and aiea of the bearing plates re¬ 
quired if the allowable stresses are 18,000 psi in tension 
and 500 psi in bearing. Neglect the weight of the 
beams. 


Bearing 



Fig. PI-34 


1-35. What minimum distances a and b are required 
beyond the notches in the horizontal member of the 
truss shown? All members are nominally 8 by 8 in in 
cross section. (See Tabie 10 in the Appendix for the 
actual size.) Assume the ultimate strength of wood in 
shear parallel to the grain to be 500 psi. Use a factor 
of safety of 5. (This detail is not recommended.) 



Fig. PI-35 


1-36. A steel bar of 1 in diameter is loaded in double 
shear until failure; the ultimate load is found to be 
100,000 lb. If the allowable stress is to be based on a 
safety factor of 3, what must be the diameter of a pin 
designed for an allowable load of 6000 lb in single 
suear: 

1-37. What is the required diameter of pin B for the 
bell crank mechanism shown in the figure if an applied 
force of 60 kN at A is resisted by a force P at C? The 
allowable shear stress is 100 MPa. 



Y/, 





Fig. PI-37 


1-38. A joint for transmitting a tensile force is to be 
made by means of a pin, as shown in the figure. If the 
diameter of the rods being connected is D, what should 
be the diameter d of the pin? Assume that the allowable 
shear stress in the pin is one-half the maximum tensile 
stress in the rods. (In Section 5-i6, it will be shown 
that this ratio for the allowable stresses is an excellent 
assumption for many materials.) 



Fig. PI-38 

1-39. Two high-strength steel rods of different diam¬ 
eters are attached at A and C and support a mass M 
at B, as shown in the figure. What mass M can be 
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supported? The ultimate strength of the rods is 800 
MPa. and the factor of safety is to be 2. Rod AB has 
A = 200 mm 2 ; rod BC has A = 400 mm 2 . (The ends 
of the wires in such applications require special at¬ 
tachments.) 

1-40. Find the required cross sectional areas for all 
tension members in Example 1-5. The allowable stress 
is 140 MPa. 

1-41. A tower used for a highline is shown in the figure. 
If it is subjected to a horizontal force of 540 kN and 
the allowable stresses are 100 MPa in compression and 

tional area of each member? All members are pin-con¬ 
nected. 



Fig. PI-41 


1-42. For the frame shown for Problem 1-30. find the 
required cross-sectional areas for members AB , AD, 
and BE. The allowable stress in tension is 120 MPa 
and that m compression is 75 MPa. 

*1-43. A planar truss system has the dimensions 
shown in the figure. Member AE is continuous and can 



Fig. PI-39 


Fig. PI-43 
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resist bending. AH joints are pinned. Determine the 
diameter required fnr tension member AB to carry the 
applied force at A. The allowable stress is 20 ksi. 
*1-44. A planar frame has the dimensions shown in 
the figure. Members AC and DF are continuous and 
can resist bending. AM joints are pinned. Determine 
the diameter required of a high-strength steel rod for 
member CD. Assume that the ultimate strength for the 
rod is 1250 MPa and that the efficiency of the end at¬ 
tachments is- 80%. The safety factor for the rod is 2. 



n 20 kN 



Fig. PI-44 


1-45. To support a load P = 180 kN, determine the 
necessary diameter for rods AB and AC foi the tripod 
shown in the figure. Neglect the weight of the structure 
and assume that the joints are pin-connected. No al¬ 
lowance has to be made for threads. The allowable 
tensile stress is 125 MPa. All dimensions are in meters. 


A 



Fig. PI-45 


*1-46. A pin-connecied frame for supporting a force 
P is shown in the figure. Stress cr in both members AB 
and BC is to be the same. Determine the angle n nec¬ 
essary to achieve the minimum weight of construction. 
Members AB and BC have a constant cross section. 


Fig. PI-46 

1-47. Three equal 0.5-kg masses are attached to a 10- 
mm-diameter wire, as shown in the figure, and are ro¬ 
tated around a vertical axis, as shown in Fig. 1-25, on 
a fnctionless plane at 4 Ha. Determine the axial 
stresses in the three segments of the wire and plot the 
results on a diagram as a function of r. Consider the 
masses to be concentrated as points. 




*1-48. A bar of constant cross-sectional area A is ro- 

a constant angular velocity qi. The unit weight of the 
material is y. Determine the variation of the stress cr 
along the bar and plot the result on a diagram as a 
function of r. 



Fig. Pi-48 



Section 1-12 

1-49. Rework Example 1-7 for D„ = L„ = 10 kips. 
With the help of this additional solution, what conciu- 
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sions can be drawn regarding the ASD and LRFD de¬ 
sign approaches? 

Section 1-13 

1-50. Find the capacity of tension member AB of the 
Fink truss shown in the figure if it is made from two 
, uy 2 by ft in angles (see Table 7 in the Appendix) 
attached to a fin-thick gusset plate by four fin high- 
strength bolts in fi-in diameter holes. The allowable 
stresses are 22 ksi in tension, 15 ksi in shear, and 87 
ksi in bearing on the angles as well as the gusset. 



Detail at A thick 

(b) 

Fig. PI-50 

1-51. Find the capacity of a standard connection fui a 
W 12 x 36 beam shown in the figure. The connection 


consists of two 4 x 3j x | in angles, each 8i in long; 
l in high-strength bolts spaced 3 in apart are used in 
if-in holes. Use the allowable stresses given in Prob¬ 
lem 1-50. 



Iff 


Fig. PI-51 


1-52. A structural multiple-riveted lap joint, such as 

• .1 . e- _ j -J 

IS SUUWU UI UiC. 115UIV., U -- 

The plates are | in thick by 10 in wide. The rivets in 
fin holes are f in. (a) What is the shear stress in the 
middle rivet? (b) What are the tensile stresses in the 
upper plate m rows 1-1 and 2-2? 



11 12 

Fig. PI-52 

Section 1-14 

using fin fillet welds. 







2-1. Introduction 

This chapter is subdivided into two parts. In Part A, extensional strain 
for axiaiiy loaded members is defined and some typical experimental 

idealizations for stress-strain behavior follow. These provide the basis for 
calculating deflections in axially loaded members. Statically determinate 
cases are considered first. Statically indeterminate situations encountered 
in axially loaded members are discussed in Part B. 


STRAINS AND DEFORMATIONS IN 
AXIALLY LOADED BARS 


2-2. Normal Strain 

A solid body subjected to a change of temperature or to an external load 
deforms. For example, while a specimen is being subjected to an increas¬ 
ing force P as shown in Fig. 2-1, a change in length of the specimen occurs 
between any two points, such as A and B. initially, two such points can 
be selected ail arbitrary distance apart. Thus, depending on the test, either 
1 , 2 , 4 , or 8-in lengths arc commonly used.-This initial distance between 
the two points is called a gage length. In an experiment, the change in 
the length of this distance is measured. Mechanical dial gages, such as 
shown in Fig. 2-1, have been largely replaced by electronic extensometers 
tor measuring these deformations. An example of a small clip-on exten- 
someter is shown m Fig. 2-2. 



Sec. 2-2. Normal Strain 
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During an experiment, the change in gage length is noted as a function 
of the applied foice. With the same load and a longer gage length, a larger 
defoliation is observed, than when the gage length is small. Therefore, 
it is more fundamental to refer to the observed deformation per unit of 
length of the gage, i.e., to the intensity of deformation. 

If La is the initial gage length and L is the observed length under a given 
load, the gage elongation A L = L - L 0 . The elongation e per unit of 
initial gage length is then given as 



This expression defines the extensional strain. Since this strain is asso- 
with the normal stress it is usualb' called the norma! strain.'. It is 
a dimensionless quantity, but it is customary to refer to it as having the | p 

dimensions of in/in. m/m. or nm/m (microstrain). Sometimes it is given _ 

as a percentage. The quantity e generally is very small. In most engi- sp a ecimen ir f a testing 
neering applications of the type considered in this text, it is of the order mac hine. 
of magnitude of 0.1 percent. 

It is of interest to note that in some engineering applications, as, for example, 
in metal forming, the strains may be large. For such purposes, one defines the 
so-called natural or true strain t. The strain increment de for this strain is defined 
as dL/L, where L is the instantaneous length of the specimen, and dL is the 
incremental change in length L. Analytically. 



c = dL/L = In LIL U = ln(l + e) (2-2) 

For small strains, this definition essentially coincides with the conventional strain 
e. If under the integral, the length L is set equal to L 0 , the strain definition given 
by Eq. 2-1 is obtained. ' 

Natural strains are useful in theories of viscosity and viscoplasticity for ex¬ 
pressing an instantaneous rate of deformation. Natural strains are not discussed 
elsewhere in this text. 1 

Since the strains generally encountered are very small, it is possible to 
employ a highly versatile means for measuring them, using expendable 
electric strain gages. These are made of very fine wire or foil that is glued 
to the member being investigated. As the forces are applied to the mem¬ 
ber, elongation or contraction of the wires or foil takes place concurrently 

with __-*_- u~ tkg materia! These changes in len°th alter the - 

electrical resistance of the gage, which can be measured and calibrated 

1 Natural strains were introduced by P. Ludwik in 1909. See A. Nadai, Theory Fig. 2-2 Small clip-on 

and L. E. Malven, Introduction to the Mechanics of a Continuous Medium (En- MTS Systems Corporation), 
glewood Cliffs, NJ: Prentice-Hall, 1969). 
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Fi y . «.-3 Wuc stiaiu gage 
(protective top cover not 
shown). 


to indicate the strain taking place. Such gages, suitable for different 
environmental conditions, are available in a range of lengths, varying 
from 4 to 150 mm (0.15 to 6 in). A schematic diagram of a wire gage is 
shown in Fig. 2-3, and a photograph of a typical small foil gage is shown 
in Fig. 2-4. 2 


"y. ^ Ctroee.Ctr/iin Dal/itm 


In solid mechanics, the mechanical behavior of real materials under load 
is of primary importance. Experiments, mainly tension or compression 
tests, provide basic information on this behavior. In these expeiimeiiLs, 
macroscopic (overall) response of specimens to the applied loads is ob¬ 
served in order to determine empirical force-deformation relationships. 
Researchers in material science 3 attempt to provide reasons for the ob¬ 
served behavior. 

It should be apparent from the previous discussion that for general 
purposes, it is more fundamental to report the strain of a member in 
tension or compression than to report the elongation of its gage. Similarly, 
stress is a more significant parameter than force since the effect on a 
material of an applied force P depends primarily on the cross-sectional 
area of the member. As a consequence, in the experimental study of the 
mechanical properties of materials, it is customary to plot diagrams of 
the relationship between stress and strain in a particular test. Such dia¬ 
grams, for most practical purposes, are assumed to be independent of the 
size of the specimen and of its gage length. In these diagrams, it is cus¬ 
tomary to use the ordinate scale for stress and the abscissa for strain. 


Experimentally determined stress-strain diagrams differ widely for dif¬ 
ferent materials. Even for the same materia! they differ depending on the 
temperature at which the test was conducted, the speed of the test, and 
a number of other variables. Conventional stress-strain diagrams for a 


few representative materials are illustrated in Figs. 2-5 and 2-6. These are 
shown to larger scale in Fig. 2-6, particularly for strain. Since for most 


2 See Society tor Experimental Mechanics (SEM), A. S. Kobayashi (ed.), 
Handbook on Experimental Mechanics (Englewood Cliffs, NJ: Prcnticc-Hall, 
1987). 

3 See, for example, references given on page 3. 


Fig. 2-4 Typical single- 
element metal-foil electrical- 

(courtesy of Micro- 
Measurements Division, 
Measurements Group, Inc., 
Ralftioti North Carolina. 

USAf. ' 
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engineering applications, deformations must be limited, the lower range 


in the analysis of such operations as forging, forming, and drawing are 
not pursued. 

An illustration of fractured tension specimens after static tension tests, 
i.e., where the loads were gradually applied, is shown in Fig. 2-7. Steel 
and aluminum alloy specimens exhibit ductile behavior, and a fracture 
occurs only after a considerable amount of deformation. This behavior is 
clearly exemplified in theii iespective stiess-strain diagrams; see Fig. 2- 
6. These failures occur primarily due to slip in shear along the planes 


forming nnnrnYimote!'' 45° an^le 


5 nf rnH Pie T.R1 


A typical “cup and cone” fracture may be detected in the photographs 
of steel and aluminum alloy specimens. By contrast, the failure of a cast- 
iron specimen typically occurs very suddenly, exhibiting a square fracture 
across the cross section. Such cleavage or separation fractures are typical 
of brittle materials. 

Several types of si.ress-si.ra.iii diagrams may be identified from sialic 
tests at constant temperature. The curve shown in Fig. 2-8(a) is charac- 

fpriefir' rtf milH \uhp>r«aac thp i-iirypc chnu/n in Pio fmmr a 


wide range of diverse materials. The upper curve is representative of some 
brittle tool steels or concrete in tension, the middle one of aluminum alloys 
or plastics, and the lower curve of Fig. 2-8(b) is representative of rubber. 
However, the extreme values of strain that these materials can withstand 


Fig. 2-7 Ductile fractures for 
(a) A572 steel and (b) 6061- 
T6 aluminum alloy. Brittle 
fracture for (c) cast iron. 
(Numbers refer to ASTM 
designations for steel and 
that of Aluminum 
Association for aluminum 
alloy). 
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Ductile 

Brittle material v 
material 




Fig, 2-8 Stress-strain 

differ drastically. The “steepness” of these curves also varies greatly, diagrams, (a) Mild steel, (b) 

Numerically, each maleua! has its own characteristic curve. The terminal Typical materials. 

point on a stress-strain diagram represents the complete failure (rupture) 

of a specimen. Materials capable of withstanding large strains without a 

significant increase in stress are referred to as ductile materials. The 

converse applies to brittle materials. 

Stresses are usually computed on the basis of the original area of a 
specimen 4 ; such stresses are often referred to as conventional or engi¬ 
neering stresses. On the other hand, it is known that some transverse 
contraction or expansion of a material always takes place. For mild steel i — i 

. _ _:_n.._I_thlc effort referred tr, ll^T^I 

Ul aluminum, capcuaii}' uvai mo uimivmg mu arc • 

as necking, is particularly-pronounced; see Fig. 2-9. Brittle materials do i Wm 1; | 

not exhibit it at usual temperatures, although they too contract trans- 1 WL 'm -! 

versely a little in a tension test and expand in a compression test. Dividing shape of 

the applied force, at a given point in the test, by the corresponding actual | lm!\_ 
area of a specimen at the same instant gives the so-called true stress. A i j breaking 
plot of true stress vs. strain is called a true stress-strain diagram-, see Fig. | JSSjv poin£ 

2 - 8 < a >- ![il| 

2.4. Hooke’s Law iUi 

For a limited range from the origin, the experimental values of stress vs. | _ j 

strain lie essentially on a straight line. This holds true almost without ' p rigina ^ 

reservations for the entire range for glass at room temperature. It is true diameter of 

1 These are referred to as Cauchy stresses, named in honor of the great French Fig. 2-9 Typical contraction 
mathematician (1789 1857). Definition of stress recognizing the change in cross- of a specimen of mild steel 
sectional area during straining is associated with the names of Piola (1833), the in tension near the breaking 
Italian elastician, and Kirchhoff (1852), the renowned German physicist. point. 
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for mild steel up to some point, as A in Fig. 2-8(a). It holds nearly true 


the other hand, the straight part of the curve hardly exists in concrete, 
soil, annealed copper, aluminum, or cast iron. Nevertheless, for all prac¬ 
tical purposes, up to some such point as A, also in Fig. 2-8(b), the rela¬ 
tionship between stress and strain may be said to be linear for all ma¬ 
terials. This sweeping idealization and generalization applicable to all 
materials is known as Hooke's iaw. s is Symbolically, this law can be 
expressed by the equation 


which simply means that stress is directly proportional to strain, where 
the constant of proportionality is E. This constant E is called the elastic 

sionless, £ has the units of stress in this relation. In the U.S. customary 
system of units, it is usually measured in pounds per square inch, and in 
the SI units, it is measured in newtons per square meter (or pascals). 

Graphically, E is interpreted as the slope of a straight line from the 
origin to the rather vague point A on a uniaxial stress-strain diagram. The 
stress corresponding to the latter point is termed the proportional or elas¬ 
tic limit of the material. Physically, the elastic modulus represents the 
stiffness of the material to an imposed load. The value of the elastic mod¬ 
ulus is a definite property of a material. From experiments, it is known 
that e is always a very small quantity ; hence, E must be large. Its ap¬ 
proximate values are tabulated for a few materials in Tables 1A and B of 
the Appendix. For all steels, E at room temperature is between 29 and 
30 x I0 5 6 psi, or 200 and 207 GPa. 

It follows from the foregoing discussion that Hooke’s law applies only 
up to the proportional limit of the material. This is highly significant as 
in most of the subsequent treatment, the derived formulas are based on 
this law Clear !'’ then such formulas are limited to the material’s be* 
havior in the lower range of stresses. 

Some materials, notably single crystals and wood, possess different 
elastic moduli in different directions. Such materials, having different 
physical properties in different directions, are called anisotropic. A con¬ 
sideration of such materials is excluded from this text. The vast majority 
of engineering materials consist of a iarge number of randomly oriented 

5 Actually, Robert Hooke, an English scientist,, worked with springs and not 
with rods. In 1676, he announced an anagram "c e i i i n o s s s 11 u v,” which 
in Latin is Ut Tensio sic Vis (the force varies as the stretch). 

6 Young's modulus is so called in honor of Thomas Young, the English scientist. 
His Lectures on Natural Philosophy, published in 1R07. contain a definition of 
the modulus of elasticity. 
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rrvstals Because of this random orientation, properties of materials be- 

Uy _„„„ 1 m.fAn.lc ere ealled MW. 

COlTie CbSCiiunuj tuinv Ill H1.J- uiiwwiwu. -- 

tropic --With some exceptions, such as wood, in this text, complete ho¬ 
mogeneity (sameness from point to point) and isotropy of materials is 
generally assumed. 

2.5. Further Remarks on Stress-Strain Relationships 

In addition to Ihe proportional limit defined in Section 2-4, several other 
interesting points can be observed on the stress-strain diagrams. For in¬ 
stance, the highest points (B in Fig. 2-8) correspond to the ultimate 
strength of a material. Stress associated with the long plateau ab in Fig. 
2 . 8 (a) is called the yield strength of a material. As will be brought out 
later, this remarkable property of mild steel, in common with other ductile 
materials, is significant in stress analysis. For the present, note that at 
an essentially constant stress, strains 15 to 20 times those that lake place 
up to the proportional limit occui during yielding. At the yield stress, a 
large amount of deformation takes place at a constant stress. The yielding 

A study of stress-strain diagrams shows that the yield strength (stress) 
is so near the proportional limit that, for most purposes, the two may be 
taken to be the same. However, it is much easier to locate the former. 
For materials that do not possess a well-defined yield strength, one is 
sometimes “invented” by the use of the so-called “offset method.” This 
is illustrated in Fig. 2-10, where a line offset an arbitrary amount of 0.2 
peicent of strain is drawn parallel to the straight-line portion of the initial 
stress-strain diagram. Point C is then taken as the yield strength of the 
material at 0 7-percent offset. 

That a material is elastic usually implies that stress is directly propor¬ 
tional to strain, as in Hooke’s law. Such materials are linearly elastic or 
Hookean. A material responding in a nonlinear manner and yet, when 
unloaded, returning back along the loading path to its initial stress-free 
state of deformation is also an elastic material. Such materials are called 
noniineurly elastic. The difference between the two types of clastic ma¬ 
terials is highlighted in Figs. 2-11(a) and (b). If in stressing a material its 
elastic limit is exceeded, on unloading it usually responds approximately 
in a linearly elastic manner, as shown in Fig. 2-11(c), and a permanent 
deformation, or set, develops at no external load. As will become apparent 
after the study of Section 2-11, the area enclosed by the loop corresponds 
to dissipated energy released through heat, ideal elastic materials are 
considered not to dissipate any energy under monotonic or cyclic loading. 

Foi ductile materials, stiess-strain diagrams obtained for short com¬ 
pressions blocks are reasonably close to those found in tension. Brittle 



Fig. 2-10 Offset method of 
determining the yield 
strength of a material. 


7 Rolling operations produce preferential orientation of crystalline grains in 
some materials. 













tc) 

Fig. 2-11 Stress-strain diagrams: (a) linear elastic material, (b) nonlinear elastic material, and (c) inelastic or 



(b) 

Fig. 2-12 Linear (Hookean) 
response. 


materials, such as cast iron and concrete are very weak in tension but 
not in compression. For these materials, the diagrams differ considerably, 
depending on the sense of the applied force. 

It is well to note that in some of the subsequent analyses, it will be 
advantageous to refer to elastic bodies and systems as springs. Sketches 
such as shown in Fig. 2-12 are frequently used in practice for interpreting 
the physical behavior of mechanical systems. 

2.6. Other Idealizations of Constitutive Relations 

In an increasingly iarger number of technical problems, stress analyses 
based oil the assumption of linearly elastic behavior are insufficient. For 
this reason, several additional stress-strain relations are now in general 
use. Such relations are frscuientW referred fn as constitutive relations or 
laws. The three idealized stress-strain relations shown in Fig. 2-13 are 
encountered particularly often. The two shown in Figs. 2-13(a) and (b) 
will be used in this text; the one in Fig. 2-13(c) is often more realistic, 
however, its use is considerably more complicated and generally will be 
avoided because of the introductory nature of this book. 

The idealized cr-e relationship shown in Fig. 2-13(a) is applicable to 
problems in which the elastic strains can be neglected in relation to the 
njastic ones. This occurs if n isstic (inelastic) strains are dominant. Per¬ 
fectly (ideally) plastic behavior means that a large amount of unbounded 
deformation can take place at a constant stress. The idealization shown 
in Fig. 2-13(b) is particularly useful if both the elastic and plastic strains 
have to be included. This situation frequently arises in analysis. Both of 
the previous idealizations are patterned after the behavior of low-carbon 
sieei (see Figs. 2-6 and 2-8), wheie at the yield stiess v vp , a substantial 
plateau in the stress-strain diagram is generally observed. In both in¬ 
stances, it is assumed that the mechanical properties of the material are 
the same in tension and in compression, and tj rp = \ — o\,„ \. It is also 
assumed that during unloading, the material behaves elastically. In such 
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(a) (b) (c) 

Fig. 2-13 Idealized stress-strain diagrams: (a) rigid-perfectly plastic material; (b) elastic-perfectly plastic 
material; and (c) elastic-linearly hardening material. 


a case, a stress, can range and terminate anywhere between + a yp and 


good agreement with experimental observations. 

The cr-e idealization shown in Fig. 2-13(c) provides a reasonable ap¬ 


proximation for many materials and is more accurate than the previous 
models over a wider range of strain. Beyond the elastic range, on an 


increase in strain, many materials resist additional stress, a phenomenon 


referred to as strain hardening. 


In some refined analyses, the sliess-stiain idealization shown in Fig. 
2-13 may not be sufficiently accurate. Fortunately, with the use of com 
puters, much better modeling of constitutive relations for real material is 


possible. For completeness, one such well-known algebraic formulation 
follows. In as much as implementation of such formulations requires a 


considerable amount of computer programming, this approach is not in¬ 
tended for general use in this text. 


An equation capable of representing a wide range of stress-strain curves 
has been developed by Ramberg and Osgood. 8 This equation 9 is 


(2-4) 


where e„. ar„. and n are characteristic constants for a material. The con¬ 
stants e 0 and cj 0 correspond to the yield point, which, for all cases other 


8 W. Ramberg and W. R. Osgood, Description of Stress-Strain Curves by Three 
Parameters, National Advisory CoinmiUee on Aeronautics, TN 902, 1943. 

9 The coefficient 3/7 is chosen somewhat arbitrarily; different values have been 
used in some investigations. In this formulation, a discontinuity in the function 
arises when n = *>. 
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than that of ideal plasticity, is found by the offset method (see Fig. 2-10). 
The exponent n determines the shape of the curve, Fig. 2-14. Note that 
Eq. 2-4 is written in dimensionless form, a convenient scheme in general 
analysis. One of the important advantages of Eq. 2 4 is that it is a con¬ 
tinuous mathematical function. For example, an instantaneous or tangent 
modulus E, defined as 



dc 


_ J 


can be uniquely determined. 

In most applications, it is advantageous to work with the inverse of Eq. 
2-4, i.e., to express stress as a function of strain. With the aid of such an 
equation, developed by Menegotto and Pinto, 10 remarkably accurate 
simulations of cyclic stress-strain diagrams can be obtained. An example 
is shown in Fi". 2-15. 11 In this diagram, a series of characteristic loons, 
referred to as hysteretic loops since they represent the dissipation of en¬ 
ergy (see Section 2-11), are clearly evident. 

Regardless of the idealization used for a stress-strain diagram, it must 
be recognized that it is strongly dependent on ambient temperature. An 
example of such an effect is illustrated in Fig. 2-16.It is also important 
to be aware of the fact inaL no liuie-depcnueut phenomena in the behavior 
of materials is considered in this text. For example, with time-dependent 

10 See M. Manegotto, and P. E. Pinto, “Method of Analysis for Cyclically 
Loaded Reinforced Concrete Plane Frames Including Changes in Geometry and 
Nonclastic Behavior of Elements under Combined Normal Force and Bending” 
in IABSE (International Association for Bridge and Structural Engineering) Sym¬ 
posium on Resistance and Ultimate Deformability of Structures Acted on by Well- 
Defined Repeated Loads, Lisbon, 1973. 

11 F. C. Filippou, E. P. Popov, and V V. Rprtern. “F.fferN of RnnH Deteri¬ 
oration on Hysteric Behavior of Reinforced Concrete Joint.” Report No. UCB/ 
EERC-83/19, August, 1983, p. 119. 

12 K. G. Huge, “Influence of Strain Rate on Mechanical Properties of 6061-T6 
Aluminum Under Uniaxial and Biaxial States of Stress. ” Experimental Me¬ 
chanics, 6, no. 10 (April 1966), p. 204. 
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Fig. 2-15 Menegotto-Pinto 
computer model simulation 
of cyclic stress-strain 
diagrams for steel. 


Fig. 2-16 Effect of strain rate 
anu temperature on stress- 
strain curves for 6061-T6 
aluminum alloy. 


behavior and a member subjected to a constant stress, the eiougalions ui 
deflections continue to increase with time; see Fig. 2-17. This phenom¬ 
enon is referred to as cree n Cree” is observed in reinforced concrete 


floors and in turbine discs, for example. Likewise, the prestress in bolts 
of mechanical assemblies operating at high temperatures, as well as pre¬ 
stress in steel tendons in reinforced concrete, tend to decrease gradually 
with time. This phenomenon is referred to as relaxation; see Fig. 2-18. 


2-7. Deformation of Axially Loaded Bars 

When the deflection of an axially loaded member is a design parameter, 
it is necessary to determine the deformations. Axial deformations are also 
required in the analysis of statically indeterminate bars. The deflection 


Constant stress, 



0 Time 

Fig. 2-17 Creep in bar under 
constant stress. 


k Constant strain, e 0 



0 Time 

Fig. 2-18 Stress-relaxation 
curve. 
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Fig. 2-19 An axially loaded 
bar 





1 




1 




1_ 

OB 

—o. 




b—H 

dx + e x dx 


characteristics of bars also provide necessary information for determining 
the stiffness of systems in mechanical vibration analysis. 

Consider the axially loaded bar shown in Fig. 2-19(a) for deriving a 
relation for axial bar deformation. The applied forces P],P 2 , and P 3 are 
held in equilibrium by the force Pa ■ The cross-sectional area A of the bar 
is permitted to gradually change. The change in length that takes place 
in the bar between points B and D due to the applied forces is to be 
determined. 

In order to formulate the relation, Eq. 2-1 for the normal strain is recast 
for a differential element dx. Thus the normal strain e x in the x direction 


is 


/ \ 

Ef = dx 

\ _ ) 


( 2 - 6 ) 


where, due to the applied forces, u is the absolute displacement of a point 
on a bar from an initial fixed location in space, and du is the axial de¬ 
formation of the infinitesimal element. This is the governing differential 
equation for axially loaded bars. 

It is to be noted that the deformations considered in this text are gen¬ 
erally very small (infinitesimal). This should become apparent from nu¬ 
merical examples throughout this text. Therefore in calculations the Initial 
(undeformed) dimensions of members can be used for calculating defor 
mations. In the following derivation this permits the use of the initial 
length L, between points such as B and D in Fig. 2-19, rather than its 
deformed length. 

Rearranging Eq. 2-6 as du = e v dx, assuming the origin of x at B, and 
integrating, 




du - u{L) - u(0) = £ dx 

where u(L) = ud and «(0) = us are the absolute or global displacements 
of points D and B, respectively. As can be seen from the figure, u( 0) is 
a rigid body axial translation of the bar. 'The difference between these 
displacements is the change in length A between points D and B. Hence 


A = j e v dx 

V_/ 


(2-7) 


Any appropriate constitutive relations can be used to define e t . 

For linearly elastic materials, according to Hooke’s law, z x = o. r /E, 
Eq. 2-3, where <j r = P x lA x , Eq. 1-13. By substituting these relations into 
Eq. 2-7 and simplifying, 



( 2 - 8 ) 


where A is the change in length of an elastic bar of length L. and the force 
P x - P(x), the cross-sectional area A x = A(x), and the elastic modulus 
E x = E(x) can vary along the length of a bar. 

Procedure Sununarv 

It should be emphasized that the centra! theme in engineering me¬ 
chanics of solids consists of repeatedly applying three basic concepts. In 
developing the theory for axially loaded bars these basic concepts can be 
summarized as follows: 

1. Equilibrium conditions are used for determining the interna! resisting 
forces at a section, first introduced in Chapter 1. As shown later in 
this chapter, this may require solution of a statically indeterminate 
problem. 

2. Geometry of deformation is used in deriving the change in length of 
a bar due to axial forces by assuming that sections initially perpen¬ 
dicular to the axis of a bar remain perpendicular after straining, see 
Fig. 2-19(b). 

3. Material properties (constitutive relations) are used in relating axiai 
normal stiesses to axial normal strain and permit calculation of axial 
deformations between sections. 

Solutions based on this theory give correct average stresses at a section, 
see Section 1-6. However, at concentrated forces and abrupt changes in 
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cross section irregular local stresses (and strains) arise. Only at distances 
about e^ua! to tHs dentil of the member from such disturbances are the 
stresses and strains in agreement with the developed theory. Therefore 
solutions based on the concepts of engineering mechanics of solids are 
best suited for relatively slender members. The use of this simplified pro¬ 
cedure is rationalized in Section 2-10 as Saint-Venant's principle. 

Several examples showing application of Eq. 2-8 follow. 


A = 


r B P, dx 

J A .4 E 


P_ 

fi.E 


P_ 

AE 


Hence, 


PL 


AE 


PL 

AF. 


(2-9) 


EXAMPLE 2-1 

Consider bar BC of constant cross-sectional area A and of length L shown in big. 
2-20(a). Determine the deflection of the free end, caused by the application of a 
concentrated force P. The elastic modulus of the material is E. 

Solution 

to think of such elastic systems as springs; see Fig. 2-20(e). 

A free-body diagram for an isolated part of the loaded bar to the [eft of an 
arbitrary section a-a is shown in Fig. 2-20(c). From this diagram, it can be con¬ 
cluded that the axial force P x is the same everywhere and is equal to P. It is given 
that A, r = A, a constant. By applying Eq. 2-8, 


A graphic interpretation of the solution is shown in Figs. 2-20(f)-(h). The con¬ 
stant axial bar strain follows by dividing the constant axial force P by AE. Since 
the axial strain is constant, the displacements of the points on the bar increase 
directly with the distance from the origin of .r at a constant rate. No displacement 
is possible at the left end. 

It is seen from Eq. 2-9 that the deflection of the rod is directly proportional to 
the applied force and the length and is inversely proportional lo A and E. 

following form: 

P = (. AE/L)A (2-10) 

This equation is related to the familiar definition for the spring constant nr 
stiffness k reading 



Axial displacement 



Fig. 2-20 


k = P/A [Ib/in] or [N/m] (2-11) 

This constant represents the force required to produce a unit deflection, i.e., A 
= 1. Therefore, for an axially loaded /th bar or bar segment of length L, and 
constant cross section. 



( 2 - 12 ) 


and the analogy between such a bar and a spring shown in Fig. 2-20(e) is evident. 
The reciprocal of k defines the flexibility f, i.e., 

f = Ilk = A IP [in/lb] or [N/m] (2-13) 

The constant / represents the deflection resulting from the application of a unit 
force, i.e., P = 1. 

For the particular case of an axially loaded /th bar of constant cross section, 
/, = (2-14) 

flit-.; 


TO 
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The concepts of structural stiffness and flexibility are widely used in structural 
analysis, including mechanical-vibration problems. For more complex structural 
systems, the expressions for k and f become more involved. 

EXAMPLE 2-2 

Determine the relative displacement of point D from 0 for the elastic steel bar 
of variable cross section shown in Fig. 2-2i(a) caused by the application of con¬ 
centrated forces P, - 100 kN and P 3 — 200 kN acting to the left, and P 2 — 250 
kN and Pj = 50 kN acting to the right. The respective areas for bar segments 
OB, BC, and CD are 1000, 2000, and 1000 mm 2 . Let E = 200 GPa. 




Relative axial displacement 
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By inspection, it can be seen mat me oar is m equinuuum. jhi-h u iul-lk must 
always be made before starting a problem. The variation in P,, along the length 
of the bar is determined by taking three sections, a-a, b-b, and c-c in Fig. 2- 
21 (a) and determining the necessary forces for equilibrium in the free-body dia¬ 
grams in Figs. 2-21(b)-(d). This leads to the conclusion that within each bar seg¬ 
ment, the forces are constant, resulting in the axial force diagram shown in Fig. 
2-2i(e). Therefore, the solution of the deformation problem consists of adding 
algebraically the individual deformations for the three segments. Equation 2-9 is 
applicable for each segment. Hence, the total axial deformation for the bar can 
be written as 

^ PjLj PobLob , PbcLbc , PcqPcd 

A , I- ■— , XT' A I? A CJS 

j /i ;£, /ios-ii eiBC^ 

where the subscripts identify the segments. 

Using this relation, the relative displacement between O and D is 


100 x 10 3 x 2000 150 x 10 3 x 1000 

+ 1000 x 200 X 10 3 2000 x 200 x 10 3 

+ 1.000 - 0.375 + 0.375 = +1.000 mm 


50 x 10 3 x 1500 
1000 x 200 x io 3 


A graphic interpretation of the solution is shown in Figs. 2-21(0 and (g). By 
dividing the axial forces in the bar segments by the corresponding AE, the axial 
strains along the bar are obtained. These strains are constant within each bar 
segment. The area of the strain diagram for each segment of the bar gives the 
change in length for that segment. These values correspond to those displayed 
numerically hefore. 


Determine Uje deflection of free end B of elastic bar OB caused by its own weight 
m< lb/in; see Fig. 2-22. The constant cross-sectional area is A. Assume that E is 


The free-body diagrams of the bar and its truncated segment are shown, respec¬ 
tively, in Figs. 2-22(a) and (b). These two steps are essential in the solution of 
such problems. The graph for the axial force P x = n {L — x) is in Fig. 2-22(c). 
By applying Eq. 2-8, the change in bar length A(x) at a generic point x. 

aw= r - h i ,hl - xux ‘f E { Lx - 1) 


A plot of this function is shown in Fig. 2-22(d), with its maximum as if. 
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required numerical results can be obtained either graphically or by using trigo¬ 
nometry. Here the latter procedure is followed. 

If A is the deflection or displacement of point B to position S 4 , Fig. 2-24(c), 
and changes in bar lengths A BC = BB 2 and A ab = BB t , 

A sc — A cos 02 and A^g — A cos 0] 

On forming equal ratios for both sides of these equations, substituting the nn 
merical values for A B c and A ac found earlier, and simplifying, one obtains 

cos 02 _ Ag C . _ 10.3 x 10 -3 _ A 
cos 0| A AB 11.3 x 10 -3 v '- 7,z ' 

However, since 

0 2 = 180° - 45° - 26.6° - 0 ( = 108.4° - 0! 

it follows that 


cos fl 2 — cos 108.4° cos 0| + sin 108.4° sin 0, 

and = cos 108.4° + sin 108.4° tan 0| = 0.912 

cos Gi 

Therefore. 

tan 0i = 1.29 and 0 ( = 52.2° 

Based on this result, 

A = A^g/cos 0| = 18.4 x 10 -3 in 


forming an angle of i 1.2° with the vci ticiil. 

Since A VCl ., = A cos 11.2°= 18.0 x 10 -3 in, the vertical stiffness of the bracket 
is given by the spring constant 



“EXAMPLE 2-5 

Two hinge-ended elastic bars of equal lengths and cross-sectional areas attached 
to immovable supports are joined in the middle by a pin, as shown in Fig. 2-25(a). 
Initially, points A, B, and C are on a straight line. Determine the vertical deflection 
A of point C as a function of applied force P. Consider small deflections only. 

Solution 

The given structural system is incapable oi supporting any vertical iorcc in its 
initial configuration. Therefore, equilibrium of the system in a slightly deflected 
condition must be examined, Fig. 2-25(b), where initial bar lengths L become L*. 
For this position of the bars, one can write an equation of equilibrium for joint 
C' and express elongations of the bars via two different paths. One such relation 
for elongation of each bar follows from Eq. 2-9 and the other from purely geo¬ 
metric considerations. On these bases from ennilihriurri. 


P = 2T sin 6 


k - 


P 

Aver. 


_ 3 

18.0 x 10“ 3 


= 167 kips/in 


and 


TL* 

- = L* - L = L* - L* cos 0 

At 


This problem contains geometric nonlinearity in displacement, which has been 
neglected; therefore, the solution is accurate oniy for smali deformations, a com¬ 
mon practice for many engineering problems. 


Ilence, T — AE( 1 - cos 0) 

On substituting this expression for T into the first equation, 


P - 2AE(1 - cos 0) sin 0 
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Further, by expanding cos 0 and sin 9 into Taylor’s series. 



On retaining only one term in each series, 

P * Afc'0 3 

However, since the analysis is being made for small deflections, angle 0 
A !L. Therefore, 



This result, shown qualitatively in Fig. 2-25(c), clearly exhibits the highly nonlinear 
relationship between P and A. By contrast, most of the problems that will be 
encountered in this text will lead to linear relationships between loads and dis¬ 
placements. The more accuiaie solutions of this problem show that the approx¬ 
imate solution just obtained gives good results for AIL, on the order 0.3. 

In this problem, the effect of geometry change on equilibrium was considered, 
whereas in Example 2-4, it was neglected because the displacement was very 
small. 


2-8. Poisson’s Ratio 

In addition to the deformation of materials in the direction of the applied 
force, another remarkable property can be observed in all solid materials, 
namely, that at right angles to the applied uniaxial force, a certain amount 
of lateral (transverse) expansion or contraction takes place. This phe¬ 
nomenon is illustrated in Fig. 2 26, where the deformations are greatly 
exaggerated. For clarity, this physical fact may he: restated thus: if a solid 
body is subjected to an axial tension, it contracts laterally; on the other 
hand, if it is compressed, the material “squashes out” sideways. With 
this in mind, directions of lateral deformations are easily determined, 
depending on the sense of the applied force. 

For a general theory, it is preferable to refer to these lateral defor¬ 
mations on the basis of deformations pci unit of length of the transverse 
dimension. Thus, the lateral deformations on a relative basis can be ex¬ 
pressed in in/in or m/m. These relative unit lateral deformations are termed 
lateral strains . Moreover, it is known from experiments that lateral strains 
bear a constant relationship to the longitudinal or axial strains caused by 
an axial force, provided a material remains elastic and is homogeneous 
and isotropic. This constant is a definite property of a material, just like 


Final shape 


the elastic modulus £, and is called Poisson's ratio.' 4 It will be denoted 
by v (nu) and is defined as follows: 

I lateral strain I lateral strain 

v = — . , . =- . , . . (2-10) 

axial strain axial strain 


where the axial strains are caused by uniaxial stress only, i.e., by simple 
tension or compression. The second, alternative form of Eq. 2-16 is true 
because the lateral and axial strains are always of opposite sign for uni¬ 
axial stress. 

The value of v fluctuates for different materials over a relatively narrow 
range. Generally, it is oil the order of 0.25 to 0.35. In extreme cases, 
values as low as 0.1 (some concretes) and as high as 0.5 (rubber) occur. 
The latter value is the largest possible. It is normally attained hy materials 
during plastic flow and signifies constancy of volume. 15 In this text, Pois¬ 
son’s ratio will be used only when materials behave elastically. 

In conclusion, note that the Poisson effect exhibited by materials causes 


Fig. 2-26 (a) Lateral 
expansion of solid bodies 


no additional stresses other than those considered earlier unless the trans- subjected to axial forces 


verse deformation is inhibited or prevented. 


(Poisson’s effect). 


Consider a caiefully conducted experiment where an aluminum bar of 50-mm 
diameter is stressed in a testing machine, as shown in Fig. 2-27. At a certain 
instant the applied force P is 100 kN, while the measured elongation of the rod 
is 0.219 mm in a 300-mm gage length, and the diameter’s dimension is decreased 
by 0.01215 mm. Calculate the two physical constants v and £ of the material. 


Transverse or lateral strain: 


A, 

E ' = D “ 


-0.000243 mm/mm 




In this case, the lateral strain z, is negative, since the diameter of the bar de¬ 
creases by A,. 


14 Named after S. D. Poisson, the French scientist who formulated this concept I _ 

in 1828. r* * 

15 A. Nadai. Theory of Flow and Fracture of Solids, Vol. 1 (New York: O-50rr 

McGraw-Hill, 1950). 
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Axial strain: 

~ =■= + — ^‘00073 mm/mm 

Poisson’s ratio: 



In practice, when a study of physical quantities, such as £ and v, is being made, 

the quantities determined are associated with the elastic range of the material 
behavior. Also note that it makes no difference whether the initial or the final 
lengths are used in computing strains, since the deformations are very small. 




With changes of temperature, solid bodies expand on increase of tem¬ 
perature and contract on its decrease. The thermal strain £y caused by a 
change in iemperaLure from T 0 Iu T uieasuied in degrees Celsius or Fah¬ 
renheit, can be expressed as 

(2-17) 



where a is an experimentally determined coefficient of linear thermal 
expansion. For moderately narrow ranges m temperature, a remains rea¬ 
sonably constant. 

Equal thermal strains develop in every direction for unconstrained ho- 
rriQg^ngQng isotic fnaterials. For a body of length Z. subjected to a 
uniform temperature, the extensional deformation Ay due to a change in 
temperature of 8T = T - 7^ is 
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For a decrease in temperature, 8 T assumes negative values. 

An illustration of the thermal effect on deformation of bars due to an 
increase in temperature is shown in Fig. 2-28. 


EXAMPLE 2*7 

determine the dis n Sacement of point B in Example 2-4 caused by a.n increase in 
temperature of 100°F. See Fig. 2-29(a). 

Solution 

Determining the deflection at point B due to an increase in temperature is similar 
to the solution of Example 2-4 for finding the deflection of the same point caused 
by stress. Per Table 1A in the Appendix, the coefficient of thermal expansion for 
2U24-T4 aluminum alloy is 12.9 x 10 -6 per °F. Hence, from Eq. 2-18, 



a, hs = 12.9 x !0" 6 x 100 x 6.7! = 8.656 x !Q -3 in 
A BC = 12.9 x 10" 6 x 100 x 8.49 = 10.95 x I0~ 3 in 

Here the displacement Ay of point B to position B 4 , Fig. 2-29(b), caused by a 
change in temperature, is related to the bar elongations in the following manner: 

Ay cos 6t = lxab uiiu Ay cos 6i — A bc 

Forming equal ratios for hnth sides of these equations, substituting numerical 
values for A ab and A flC , and simplifying leads to the following result: 



Fig. 2-2S Thermal expansions 
of bars resting on fnctionless 
surface. Dashed lines 
represent final shape for an 
increase in temperature. 


cos 02 _ A as _ 8.656 x 10 3 
cos 0[ A bc 10.95 x 10 -i 



(b) 


(a) 
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Sec. 2-10. Saint-Venant's Principle and Stress Concentrations 


Here, however, 0 2 = 45° + 26.6° - 0i = 7!.6° - 0i; therefore, 

cos e 2 = cos 71.6° cos 0| + sin 71.6° sin 0i 

and C ° S = cos 71.6° + sin 71.6° tan 0j = 0.7905 

cos 0] 

Hence. tan fii = 0.500 and 0. = 26.6° 

Based on this result, 

a T = A sc/cos 0] = 12.2 x 10 3 in 

formin'* an an°le of 45° - 9 = !8.4° with the horizontal. 

It is interesting to note that the small displacement A T is of comparable order 
of magnitude to that found due to the applied vertical force P in Example 2-4. 


2-10. Sulm-VttMuiii’ii Pfiiicipit? und Strwas Cuiiuwniruiions 

The analysis of axially loaded bars based on engineering mechanics of 
solids is very accurate for bars of constant cross section when transmitting 
uniformly distributed end forces. For such ideal conditions stresses and 
strains aie uniform everywhere. In reality, however, applied forces often 

change abruptly. This causes stress and strain disturbances in the prox-~ 
imity of such forces and changes in cross sections. In the past these 
situations were studied analytically using the mathematical theory of elas¬ 
ticity. In such an approach, the behavior of two or three dimensional 
infinitesimal elements is formulated and the conditions of equilibrium, 
deformation and mechanical properties of material’ 6 are satisfied subject 
to the prescribed boundary conditions. More recenlly a powerful nu¬ 
merical procedure has been developed, where a body is subdivided into 
a discrete number of finite elements such as squares or cube* and th° 
analysis is carried out with a computer. This is called the finite element 
method of analysis. The end results of analyses by either one of these 
two methods can be very effectively used to supplement solutions in en¬ 
gineering mechanics of solids. An example showing the more accurate 
solutions by these two advanced methods for the nature of stress distri¬ 
bution ai concentrated force follows. These solutions provide comparison 
with those found by applying the method of engineering mechanics of 
solids. 

A short block is shown in Fig. 2-30(a) acted upon by concentrated forces 
at its ends. Analyzing this block for stresses as a two dimensional problem 

16 These are the same basic concepts as usecfin engineering mechanics of solids. 



(a) 

Fig. 2-30 Stress distribution near a concentrated force in a rectangular elastic plate. 


using the methods of the theory of elasticity gives the results shown in 
Figs. 2-30(b), (c), and (d). 17 The average stress o- av as given by Eq. 1-13 
is also shown on these diagrams. From these it can be noted that qt a 
section a distance bl 4 from an end, Fig. 2-30(b), the maximum normal 
stress greatly exceeds the average. For a purely elastic material the max¬ 


imum stress tiieOictioiiliy becomes infinite light under the concentrated 


force, since a finite force acts on a zero area. In real situations, however, 
a truly concentrated force is not possible and virtually all materials exhibit 
some plastic behavior; therefore the attainment of an infinite stress is 
impossible. 

It is important to note two basic aspects from this solution. First, the 
average stress for all cases, being based on conditions of equilibrium, is 
always correct. Second, the normal stresses at a distance equal to the 
width of the member are essentially uniform. 




It was enunciated by the great French elastician in 1855. In common 
engineering terms it simply means that the manner of force application 
on stresses is important only in the vicinity of the region where the force 
is applied. This also holds true for the disturbances caused by changes 
in cross section. Consciously or unconciously this principle is nearly al¬ 
ways applied in idealizing load carrying systems. 

Using the finite element method, 1 ” the results of a solution for the same 




the planar block is arbitrarily subdivided, and the greatly exaggerated 
deformed mesh caused by the applied force are shown in Fig. 2-31(a). By 
placing the mesh on rollers as shown, only the upper half of the block 


17 S. Timoshenko, and J. N. Goodier, Theory of Elasticity, 3rd. ed., New York: 
McGraw-Hill. 1970, n. 60. Fig. 2-30 is adapted from this source. 

18 For this subject see for example, O. C. Zienkiewicz, The Finite Element 
Method, 3rd ed. (London: McGraw-Hill Ltd., 1977). K. J. Bathe and E. L. Wilson, 
Numerical Methods in Finite Element Analysis (Englewood Cliffs, N.J.: Prentice- 
Hall, 1976). R. H. Gallagher. Finite Element Fundamentals (Englewood Cliffs, 
N.J.: Prentice-Hail, 1975). 
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Deformed 100 




Fig. 2-31 (a) Undeformed and deformed mesh of an elastic plate, (b) cr y contours, (c) Normal stress 
distributions at bi4 and b/2 below top. 

needed to be analyzed because of symmetry around the mid-section. The j 
calculated stress contours in Fie. 2-31(b) clearly show the development j 
of large stresses in the vicinity of the concentrated force. Unlike the j 
solution based on mathematical elasticity, in the finite element model the 
stresses at the applied force are very large, but finite, because of finite 
mesh size. As to be expected, the corners carry no stress. The stress 
distribution at b/4 and b/2 below the top, shown in Fig. 2-31(c), are in 

2-30(b) and (c). Better agreement can be achieved by using a finer mesh. 
This versatile method can be applied to bodies of any shape and for any 
load distribution. Its use in accurate stress analysis problems is gaining 
an ever wider use. However, because of the simplicity of the procedures 
discussed in this text, at least for preliminary design, they remain indis¬ 
pensable. 

The example cited above is extreme, since theoretically infinite sLresses 
appear to be possible at the concentrated force. There arc numerous sit¬ 
uations, however, such as at bolt holes or changes in cross section, where 
the maximum normal stresses are finite. These maximum stresses, in 
relation to the average stress as given by Eq. 1-13 for linearly elastic 
materials, depend only on the geometrical proportions of a member. The 
ratio of the maximum to the average stress is called the stress-concen¬ 
tration factor, designated in this text as K . Many such factors are available 
in technical literature 19 as functions of the geometrical parameters of 

19 R T Rnarlc and W. C. Youne. Formulas for Stress and Strain, 5th ed. (New 
York: McGraw-Hill, 1975). 
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rid bars in tension. 

members. For the example given before, at a depth below the top equal 
to one-quarter width, K ~ 2.575. Hence o max = 2.575 cr av . Generalizing 
this scheme, the maximum normal siress at a section is 



(2-19) 


where K is an appropriate stress-concentration factor, and Pi A is the 
average stress per F.a. 1-13. 

Two particularly significant stress-concentration factors for./7<7/ axially 
loaded bars are shown in Fig. 2-32. 20 The Ks that may be read from the 
graphs give the ratio of the maximum normal stress to the average stress 
on the net section as shown in Fig. 2-33. A considerable stress concen¬ 
tration also occurs at the root of threads. This depends to a large degree 


_ 20 This figure is adapted from M. M. Frocht, “Factors of Stress Concentration 
Photoeiasticaiiy Determined.” Trans., ASME, 1935, voi. 57, p. A-67. 


j r W 

°av K = 


(a) 





: ” Fig. 2-33 Measing of the 

,v stress-concentration factor 

(b) K. 
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Fig. 2-34 Low-cycle tensile 
fatigue fracture of 7/8 in 
A32S steel bolt. 


~Y 
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tration factor is on the order of 2 to 3. The application of Eq. 2-19 presents 

fokloc V era owollnkla T„ 


UU1IVUU1WJ, pi''r,uvu P* b i uj,*. j v. v* 11 - w.w».w«^v. »«« i.if 

past many such factors have been determined using the methods of pho¬ 
toelasticity (see Sec. 9-4). 

An example of low-cycle fatigue fracture in tension of a high-strength 
bolt with a minimum specified strength of 120 ksi (830 MPa) is shown in 
Fig. 2-34. Note that the fracture occurred at the root of the threads. 


EXAMPLE 2-8 

Find the maximum stress in member AB in the forked end A in Example 1-3. 
oOiutiOn 

Geometrical proportions: 

radius of the hole _ 3/16 _ 
net width 1/2 

From Fig. 2-32: 1 ' K -» 2 15 for rid = 0.375. 

Average stress from Example 1-3: a- av = P/A ncx = 11.2 ksi. 

Maximum stress,- Eq. 2-19: <7 max = Ku av = 2.15 x 11.2 = 24.1 ksi. 

This answer indicates that actually a large local increase in stress occurs at this 
hole, a fact that may be highly significant. 


in vuusiuciing aticss-conccnuia-iion inCiors in ucsign, n must uc re¬ 
membered that their theoretical or photoelastic determination is based on 
the use of Hooke’s law. If members are gradually stressed beyond the 
proportional limit of a ductile material, these factors lose their signifi¬ 
cance. For example, consider a flat bar of mild steel, of the proportions 
shown in Fig. 2-35, that is subjected to a gradually increasing force P. 
The stress distribution will be geometrically similar to that shown in Fig. 
2-33 until cr ma x reaches the yield point of the material. This is illustrated 
in the top diagram m Fig. 2-35: However, with a further increase in the 
applied force, a ma x remains the same, as a great deal of deformation can 
take place while the material yields. Therefore, the stress at A remains 
virtually frozen at the same value. Nevertheless, for equilibrium, stresses 
acting over the net area must be high enough to resist the increased P. 
This condition is shown in the middle diagram of Fig. 2-35. Finally, for 
ideally plastic material, stress becomes uniform across the entire net sec¬ 
tion. Hence, for ductile materials prior to rupture, the local stress con- 

21 Actually, the stress concentration depends on the condition of the hole, 
whether it is empty or filled with a bolt or pin. 
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centration is practically eliminated, and a nearly uniform distribution of 
stress across the net section occurs prior to necking. 

The previous argument is not quite as true for materials less ductile 
than mild steel. Nevertheless, the tendency is in that direction unless the 
material is unusually brittle, like glass. The argument presented applies 
to situations where the force is gradually applied or is static in character. 

It is not applicable for fluctuating loads, as found in some machine parts. 

For fatigue loadings, the working stress ievei that is actually reached 
locally determines Lhe fatigue behavior of the member. The maximum 
permissible stress is set from an S N diagram (Section 1-9). Failure of 
/nos l machine parts can be traced to progressive crocking that originates 
at points of high stress. In machine design, then, stress concentrations 
are of paramount importance, although some machine designers feel that 
the theoretical stress concentration factors are somewhat high. Appar¬ 
ently, some tendency is present to smooth out the stress peaks, even in 
members subjected to cyclic loads. 

From the previous discussion and accompanying charts, it should be - -»• - - - 

, . at a hole in an elastic-ideally 

apparent why a competent machine designer tries to streamline the lastic flat bar with 

junctures and transitions of elements that make up a structure. P_ 0 g rc53 : vc iy increasing 

applied force P. 

* 22 2-ll. Elastic Strain Energy for Uniaxial Stress 

In mechanics, energy is defined as the capacity to do work, and work is 
the product of a force times the distance in the direction that the force 
moves. In soiid aeformabie bodies, sircsscs multiplied by their respective 
areas are forces, and deformations are distances. The product of these 
two quantities is the internal work done in a body by externally applied 
forces. This internal work is stored in an elastic body as the internal elastic 
energy of deformation, or the elastic strain energy. A procedure for com¬ 
puting the internal energy in axially loaded bars is discussed next. 

Consider an infinitesimal element, such as shown in Fig. 2-36(a), sub¬ 
jected to a normal stress cr r . The force acting on the right or the left face 
of this element is u x dy dz , where dy dz is ail infinitesimal area of the 
element. Because of this force, the element elongates an amount c x dx, 
where c t is normal strain in the x direction. If the element is made of a 
linearly elastic materia], stress is proportional to strain; Fig. 2-36(b). 

Therefore, if the element is initially free of stress, the force that finally 
acts on the element increases linearly from zero until it attains its full 
value. The average force acting on the element while deformation is taking 
place is |cr r dy dz■ This average force multiplied by the distance through 
which it acts is the work done on the element. For a perfectly elastic 
body, no energy is dissipated and the work done on the element is stored 
as recoverable internal strain energy. Thus, the internal elastic strain en¬ 
ergy U for an infinitesimal element subjected to uniaxial stress is 

22 This section can be postponed until study of Chapter 12. 
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Fig. 2-36 (a) An element in 
uniaxial tension and (b) a 
Hookean stress-strain 
diagram. 



(a) 



(b) 


d V = 5<7 V dy dz x e r dx 


icr v £ v dx dy dz = \a x z x dV (2-20) 




work 

where dV is the volume of the element. 

By recasting Eq. 2-20, one obtains the strain energy stored in an elastic 
body per unit volume of the material, or its sii ain-enei gy density U 0 . 
Thus, 


dU <x r £ v 

~dV ~Y~ 


( 2 - 21 ) 


This expression may be graphically interpreted as an area under the in¬ 
clined line on the stress-strain diagram; Fig. 2-36(b). The corresponding 
area enclosed by the inclined line and the vertical axis is called the com¬ 
plementary energy, a concept to be used in Chapter 12. For linearly elastic 
materials, the two areas are equal. Expressions analogous to Eq. 2-21 
apply to the normal stresses cr v and cr- and to the corresponding normal 
strains £... and p... 

Since in the elastic range. Hooke’s law applies, cr.* = Ez x , Eq. 2-21 
may be written as 


dU _ £e| _ £? 
dV 2 ~ IE 
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U = f — i IV (2-23) 

Jvol 2t 

These forms of the equation for the elastic strain energy are convenient 
in applications, although they mask the dependence of the energy expres¬ 
sion on force and distance. 

For a particular material, substitution into Eq. 2-22 of the value of the 
stress at the proportional limit gives an index of the material’s ability to 
store or absorb energy without permanent deformation. The quantity so 
found is called the modulus of resilience and is used to differentiate ma¬ 
terials for applications where energy must be absorbed by members. For 
example, a steel with a proportional limit of 30,000 psi and an E of 30 x 
«a 6 p 3 ; u as a modulus of resilience of cr/2£ = (30,QQQ) 2 /2(3Q)!Q 6 = 15 in¬ 
lb/in 3 , whereas a good grade of Douglas fir, having a proportional limit 
of6450 psi and an £ of 1,920,000 psi has a modulus of resilience of (6,450) 2 / 

(1,920,000) = 10.8 in-lb/in 3 . 

By reasoning analogous to that before, the area under a complete stress- 
strain diagram, Fig. 2-37, gives a measure of a material’s ability to absorb 
energy up to fracture and is called its toughness. The larger ine iolai area 
undei the stress-strain diagram, the tougher the material. In the inelastic 
range, only a small part of the energy absorbed by a material is recover¬ 
able. Most of the energy is dissipated in permanently deforming the ma¬ 
terial and is lost in heat. The energy that may be recovered when a spec¬ 
imen has been stressed to some such point as A in Fig. 2-37(b) is 
represented by the triangle ABC. Line AB of this triangle is parallel to 
line OD, since all materials essentially behave elastically upon the release 
of stress. 



Stronger 

material 



Elastic Hyperelastic 

resilience resilience 


(b) 


( 2 - 22 ) 


Fig. 2-37 Some typical properties of materials. 
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EXAMPLE 2-9 

Two elastic bars, whose proportions are shown in Fig. 2-38, are to absorb the 
same amount of energy delivered by axial forces. .Neglecting stress concentra¬ 
tions, compare the stresses in the two bars. The cross-sectional area of the left 
bar is A, and that of the right bar is A and 2A as shown. 

Solution 

The bar shown in Fig. 2-38(a) is of uniform cross-sectional area, therefore, the 
normal stress crj is constant throughout. Using Eq. 2-23 and integrating over the 
volume V of the bar, one can write the total energy for the bar as 


Tl. = f 

'■ Jv2E 


where A is the cross-scctional area of the bar, and L is its length. 

The bar shown, in Fig. 2-38(b) is of variahle cross section. Therefore, if the 
stress cr 2 acts in the lower part of the bar, the stress in the upper part is icr 2 . 
Again, by using Eq. 2-23 and integrating over the volume of the bar, it is found 
that the total energy that this bar will absorb in terms of the stress 0-2 is 


r~^=s l..... 


If both bars are to absorb the same amount of energy, U\ = U2 and 


of 
2 £ 


(Ai) = iG Ai 


or a? = 1.265oi 


Hence, for the same energy load, the stress in the “reinforced" bar is 26.5 
percent higher than in the plain bar. The enlargement of the cross-sectional area 
over a part of the bar is actually detrimental. This situation is not found in the 
design of members for static loads. 


*2-12. Deflections by the Energy Method 

The principle of conservation of energy may be very effectively used for 
finding deflections of elastic members due to applied forces. General 
methods for accomplishing this will be discussed in Chapter 12. Here a 
more limited objective, determining the deflection caused by the appli¬ 
cation of a single axial force, is considered. For such a purpose, the 
internal strain energy U for a member is simply equated to the external 
work due to the applied force, i.e.. 


Sec. 2-12. Deflections by the Energy Method 


In this treatment, it is assumed that the external force is gradually 
applied. This means that, as it is being applied, its full effect on a member 
is reached in a manner similar to that shown in Fig. 2-36(b) for stress. 
Therefore, the external work W e is equal to one-half of the total force 
multiplied by the deflection in the direction of the force action. In the 
next section, this approach will be generalized for dynamic loads. 


Find the deflection of the free end of an elastic rod of constant cross-sectional 
area A and length L due to axial force P applied at the free end. 


U force r is grauuany appueu lu me i'Ou, CAicjuai wuirv, = v “, « *•» 

the deflection of the end of the rod. The expression for the internal strain energy 
U of the rod was found in Example 2-9, and since cr, = P/A , it is 


Then, from W e = U, 


which is the same as Eq. 2-9. 


The use of Eq. 2-24 can be extended to bar systems consisting of several 


energies for the several members can be simply added arithmetically. This 
total strain energy U can then be equated to the external work W e caused 
by one force for finding the deflection in the direction of that force. To 
illustrate, for the bracket shown in Fig. 2-24 for Example 2-4, 

11 — * PabPab i PbcLbc _ 1 ^^ 

2 AabE 2 AbcE 2 


V.’uCrt the s'libsciiptS lcfci tu luCuu 

deflection A of force P. 
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This method is extended in Chapter 12 to solution of problems with i 
any number of applied forces for finding the deflections at any point m , 
any direction. j. 

** 23 2-13. Dynamic and impact Loads 

A freely falling weight, or a moving body, that strikes a structure delivers \- 
what is called a dynamic or impact load or force. Problems involving such [ 
forces may be analyzed ralhei simply on the basis of the following ideal- i 
izing assumptions: I 

1. Materials behave elastically, and no dissipation of energy takes place 

at the point of impact or at the supports owing to local inelastic [' 
ueiormation of materials. j 

2. The ineitia of a system resisting an impact may be neglected. i 

3. The deflection of a system is directly proportional to the magnitude 
of the applied force whether a force is dynamically or statically ap¬ 
plied. 

Then, using the principle of conservation of energy, it may be further 
assumed that at the instant a moving body is stopped, its kinetic energy 
is completely transformed into the internal strain energy of the resisting 
system. At this instant, the maximum deflection of a resisting system 
occurs and vibrations begin. However, since only maximum stresses and ! 
deflections are of primary interest, this subject will not be pursued. \ 

As an example of a dynamic force applied to an elastic system, consider 
a falling weight striking a spring. This situation is illustrated in Fig. 2- 
39(a), where a weight W falls from a height h above the free length of a 
spring. This system represents u very general case, since conceptually, 

33 This is an optional section. 


—~w— t 



falling weight of spring 


lb) 

Fig. 2*39 Behavior of an elastic system under an impact force. 


(c) 
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eve ry elastic system may be treated as an equivalent spring. Using the 


Spring WUOium .v, UWX.WVWVSW 1- SI ~X «•**'* 

IV is A„ ( = W/k. Similarly, the maximum dynamic deflection A, 


p 6y Jk , where P^ y „ is the maximum dynamic force experienced by the 
spring. Therefore, the dynamic force in terms of the weight W and the 
deflections of the spring is 


(2-25) 


i__i~.:c?;„ n 

1I11S iwauuiwuip 13 ouv/wti m x ig. 

At the instant the spring deflects its maximum amount, all energy of 
the falling weight is transformed into the strain energy of the spring. There¬ 
fore, an equation representing the equality of external work to internal 
strain energy may be written as 


(2-26) 


A graphical interpretation of this equation is shown in Fig. 2-39(c). Note 
that a factor of one-half appears in front of the strain-energy expression, 
since the spring takes on the load gradually. Then, from F.q. 2-25, 


1 (A max ) 2 

2 A st 



(2-27) 


(2-28) 


Equation 2-27 gives the maximum deflection occurring in a spring struck 
by a weight W falling from a height h, and Eq. 2-28 gives the maximum 
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force experienced by the spring for the same condition. To apply these 
equations, the static deflection A M caused by the gradually applied known 
weight W is computed by the formulas derived earlier. 

After the effective dynamic force jP dyn is found, it may be used in com¬ 
putations as a static force. The magnification effect of a static force when 
dynamically applied is termed the impact factor and is given by the expres¬ 
sion in parentheses appearing in Eqs. 2-27 and 2-28. The impact factor is 
surprisingly iarge in most cases. For example, if a force is applied to an 
clastic system suddenly, i.e., h — 0, it is equivalent to twice the same 
force gradually applied. If h is larg e compared to A sl , the impact factor 
is approximately equal to \/7hlE~.. 

Similar equations may be derived for the case where a weight W is 
moving horizontally with a velocity v and is suddenly stopped by an elastic 
body. For this purpose, it is necessary to replace the external work done 
by the falling weight in the preceding derivation by the kinetic energy of 
a moving body, using a consistent system of units. Therefore, since the 
kinetic energy of a moving body is Wv^ilg, where g is the acceleration 
of gravity, it can be shown that 


1 ' 


i 



where A s[ is the static deflection caused by W acting in the horizontal 
direction. In F.q. 2-29, W is in II.S. customary units. 


EXAMPLE 2-11 

Determine the maximum stress in the steel rod shown in Fig. 2-40 caused by a 
mass of 4 kg falling freely through a distance of 1 m. Consider two cases: one as 
shown in the figure, and another when the rubber washer is removed. For the 
steel rod, assume E = 200 GPa, and for the washer, take k = 4.5 N/mm. 

Solution 

The 4-kg mass applies a static force F = ma = 4 x 9.81 = 39.2 N. The rod area 
A = 7T x 15-/4 — 177 mrrr. Note that the rod length is 1500 mm. 

Solution for rod with washer: 


PL . P = 39.2 x 1500 . 3^2 

AE T k 177 x 200 x 10 3 T 4.5 

= 1.66 x 1(T 3 + 8.71 = 8.71 mm 



Solution for rod without washer: 
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The large diffeience in the stresses for the two solutions suggests the need for 
flexible systems for resisting dynamic loads. A further study of this problem, and 
taking into account the results obtained in Example 2-9, leads to the conclusion 
that for obtaining the smallest dynamic stresses for the same system, one should: 


1. select a material with a small elastic modulus; 

2. make the total volume of the member large; 

3. stress the nialeiia'i uiiifumiiy, and avoid stiess concentrations. 



Several cases can be cited as illustrations of practical situations where 
these principles are used. Wood is used in railroad ties since its E is low, 
and the cost per unit volume of the material is small. In pneumatic cyl¬ 
inders and jackhammers, Fig. 2-41, very long bolts are used to attach the 
ends to the tube. Long bolts provide a large volume of material, which, 
in operation, is uniformly stressed in tension. In the early stages of the 
development of this equipment, short bolts were used, and frequent fail¬ 
ures occurred. 



fir,. 2-41 (a) Good desi 
(b) bad design of a 
pneumatic cylinder. 


Part B STATICALLY INDETERMINATE SYSTEMS 


2-14. Genera! Considerations 

As pointed out in Section 1-9, for some structural systems, the equations 
for static equilibrium are insuffficient for determining reactions. In such 
cases some of the reactions are superfluous or redundant for maintaining 
equilibrium. In some other situations, redundancy may also result if some 
of the internal forces cannot be determined using the equations of statics 
alone. Both cases of such statical indeterminacy can arise in axially 
loaded systems. Two simple idealized examples are shown in Fig. 2-42. 
For the system shown in Fig. 2-42(a), reactions R, and R 2 cannot be 
determined using equations of statics alone. However, for the system 
shown in Fig. 2-42(b), whereas the reaction can be readily found, the 
distribution of forces between the two springs requires additional con 
sideration. In both instances, the deformation characteristics of the sys¬ 
tem components must be considered. 

There are various procedures for resolving structural indeterminacy 
in order to reduce a problem to statical determinacy such that the internal 
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(Li) 

Fig. 2-42 Examples of (a) 
external statical 
indeterminancy, and (b) 
internal statical 


forces can readily be found. Common to all of these procedures, the same 
three basic concepts encountered before are applied, and must be satis¬ 
fied: 

1. Equilibrium conditions for the system must be assured both in the 
local and global sense. 

2. Geometric compatibility among the deformed parts of a body and | 

at the boundaries must be satisfied. |. 

3. Constitutive relations (stress-strain relations) for the materials of the j 

system must be complied with. I 

Two general methods for solving simpler problems will be presented. 

The approach in one of these methods consists of first removing and then 
restoring a redundant reaction such that the compatibility condition at the 
boundaries is satisfied. This is the force method of analysis, since solution 
is obtained directly for the unknown reaction forces. Alternatively, the 
compatibility of displacements of adjoining members and at the wound 
aries is maintained throughout the loading process, and solution for dis¬ 
placements; are obtained from equilibrium equations. This is the displace¬ 
ment method of analysis. 

It is important to reiterate that in any one of these methods, the fun¬ 
damental problem consists of fulfilling the three basic requirements: equi¬ 
librium, compatibility, and conformity with constitutive relations. The f 
sequence in which they are applied is immaterial. i 


2-15. Force Method of Analysis 

As an example of the force method of analysis, consider the linearly elastic 
axially loaded bar system shown in Fig. 2-43. The initially undeformed 
bars are shown in Fig. 2-43(a) with zig-zag lines as a reminder that they 
can be treated as springs. On applying force P at B , reactions R i and /? 2 
develop at the ends and the system deforms, as shown in Fig. 2-43(b). 
Since only one nontrivial equation of statics is available for determining 
the Lwo reactions, this system is statically indeterminate to the first de¬ 
gree. Here the upward direction of the applied force P, as well as that 
assumed for R •, and Rz, coincides with the positive direction of the x axis. 
For this reason, these quantities will be treated as positive. With this sign 
convention, if an applied force acts downward, it would be taken as neg¬ 
ative. A calculated reaction with a negative sign signifies that it acts in 
the opposite direction from the assumed. Adherence to this sign conven¬ 
tion is desirable, although in axially loaded bar problems, it is not essential 
since Lhe directions of deflections and reactions can be usually seen by 
inspection. However, for computer solutions, as well as for the more 
complex problems discussed in Chapter 13, a strict adherence to a. selected 
sign convention becomes necessary. 

In applying the force method to axially loaded bars, one of the reactions 
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By substituting Eqs. 2-30 and 2-31 into Eq. 2-32 and solving for R ,, one 
has 

R, = - P (2-33) : 

The negative sign of the result indicates that R i acts in the opposite di¬ 
rection from the assumed. As to he expected, according to Eq. 2-31. this 
also holds true for A i. 

The complete solution of this statically indeterminate problem is the 
algebraic sum of the solutions shown in Figs. 2-43(c) and (d). After the 
reactions become known, the previously discussed procedures for deter¬ 
mining the internal forces and deflections apply. > 

Inasmuch as uiembei flexibilities arc particularly useful in formulating •- 
solutions by the force method, this approach is also known as th eflexi- j 
bility method of analysis. | 

The algebraic sum of the two solutions, as before, is an application of ■ 
the principle of superposition, and will be frequently encountered in this 
text. This principle is based upon the premise that the resultant stress or 
strain in a system due to several forces is the algebraic sum ot their effects 
when separately applied. This assumption is true only if each effect is 
linearly related to the fort e causing it. It is only approximately true when 

in the effect of another force. Fortunately, the magnitudes of deflections 
are relatively small in most engineering structures. In that regard, it is 
important to note that the deformation shown in Figs. 2-43(b) to (d) are 
greatly exaggerated. Moreover, since the deformations are very small, 
the undeformed, i.e., the initial, bar lengths are used in calculating 
throughout. 

An illustralion of force-deformation relationships for linear and nonlin- 
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{a) (b) (c) (d) (e) 

Fig. 2-45 

doubling a displacement, say from A, to A 2 , also doubles the load. This 
is not so for a nonlinear system. Therefore, for linear systems experi¬ 
encing small deformations, the sequence or number of loads is immaterial. 

The procedure just described is very general for linear systems and any 
number of axial loads, bar cross sections, different material properties, 
as weii as Lhennai effecLs on the length of a uai system can be included 
in the analysis. However, the force method is not favored in practice 
systemic selection of the redundants for lar°e problems is dif¬ 
ficult. 

Three examples follow illustrating applications of the force method to 
axially loaded elastic bar systems. 


EXAMPLE 2-12 

An elastic bar at both ends is loaded as shown in Fig. 2-45. The known flexibility 
coefficients / and 2/ for each of the three bar segments are shown in the figure. 
Dciciniiuc iiic icaciiuns and plot die axiai force aim the axial displacement dia¬ 
grams for the bar. 

Solution 

Remove the lower support to obtain the free-body diagram shown in Fig. 2-45(b) 
and calculate A 0 . Since the applied forces act downward, because of the sign 
convention adopted in Fig. 2-43(b), they carry negative signs. The deflection 
caused by P 2 on an unloaded system is calculated next. Then, on solving Eq. 2- 
32, the reaction Kz is determined. The remainder of the solution follows the same 
procedure as that described in Example 2-2. 

A 0 = Y. fiPi = -2/P - /(2P + P) = -5/P 
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and A] = (2/ + / + f)Ri = 4fRz 

Since A[ + A 2 = 0, R 2 — 1.2 5P 

Note that the applied forces are supported by a compressive reaction at the bottom 
and a tensile reaction at the top. In problems where the bar lengths and the cross- 
sectional areas, together with the elastic moduli E for the materials, are given, 

The. axial force diagram is plotted in Fig. 2-45(d). The compressive force in the 
bottom third of the bar causes a downward deflection of 1.25P x 2/ = 2.5 Pf. 
The tensile forces stretch the remainder of the bar 0.75F/ + 1.75F/ such that 
displacement at the top is zero. In inis manner, the kinematic boundary conditions 
are satisfied at both ends of the bar. 

EXAMPLE 2-13 

An clastic bar is held at both ends, as shown in Fig 2-46 Tf the bar temperature 
increases by 8 T, what axial force develops in the bar? AE for the bar is constant. 

Solution 

First, the upper support is removed and A 0 is determined using Eq. 2-18. The 
raising of the temperature causes no axial force in the bar. Thus, by using Eq. 
2-13, A 1 is calculated. By applying Eq. 2-32, the axial force in the bar, R,, caused 
by the rise in temperature is found. 



EXAMPLE 2-14 

For the planar system of the three elastic bars shown in Fig. 2-47(a), determine 
the forces in the bars caused by applied force P. The cross-sectional area A of 
"cch bar is the same., and their elastic modulus is E. 

Solution 

A free-body diagram of the assumed primary system with the support from the 
middle bar removed by cutting it at point B is shown in Fig. 2-47(b). Then, by 
using statics, the forces in the bars are determined, and the deflection of point 
D is calculated using the procedure illustrated in Example 2-4. Since bar BD 
carries no force, deflection A 0 at point Bis the same as it is at point D. Recognizing 
symmetry, 






D 

(e) 
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Hence, per Eq. 2-9, the stretch of bar AD in the primary system is 

_ PL 

{ ^ ad)o ~ 2AE cos 2 a 
However, since A 0 equals DD A in Fig. 2-47(c), 


An cos a = (A^£))o and Ao — : 


where the ne n ative £i n n signifies that the deflection is downward. 

The same kind of relationship applies to the upward deflection of point D caused 
by the force F,; see Figs. 2-47(d) and (e). However, the deflection of point B is 
increased by the stretch of the bar BD. The latter quantity is calculated using Eq. 
2-9 again. On this basis, 

F, 7 F,I. 

A1 = ~AE + 7AE cos 3 a 
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By applying Eq. 2-32, i.e., Ao + Ai 
2 F 2 cos a = P, on simplification, 


0, and noting from statics that F| 


• cos 2 a (2-34) 


2-16, Introduction to the Displacement Method 

Another well-organized procedure for analyzing statically indeterminate 

-11;—. L . - - J — tVio ^iVnlnromonlr at polontoH r\ointe 

F 1 UUU.M1S IS UflJWJ VII —K—-- “ --. 

and providing information for finding the reactions and internal forces. 
As an example of this displacement method of analysis, consider the 
elastic axially loaded bar system shown in Fig. 2-48. The stiffnesses, k t 
= AiE-JLj, Eq. 2-12, for the bar segments are indicated in the figure as 
k\ and k 2 . An applied force Fat points causes reactions R { andF 2 . These 
forces and the displacement A at B are considered positive when they act 
in the positive direction of the ,i axis. This problem is statically indeter¬ 
minate to the first degree. 

The main objective in this method of analysis is to determine the dis¬ 
placement A, the principal parameter of the problem. In this example, 
there is only one such quantity and therefore the problem is said to have 
one degree of kinematic indeterminacy, or one degree of freedom. This 
is the only class of problems that is discussed in this section. More com¬ 
plex cases with several axial loads and changes in the cross sections of 
the bars, giving rise to several uegiees of freedom, are considered m t<>s 
next section. 



Xl . .r.. 


Fig. 2-48 Displacement 
(stiffness) method of analysis 


axiaily loaded bar. 


In this illustrative problem, it can be seen that the displacement A at 
B causes com n ression in the tinner bar 4 ft and tension in the lower bar 
RC. Therefore, if k\ and k 2 are the respective stiffnesses for the bars, the 
respective internal forces are k\ A and k 2 A. These internal forces and 
reactions are shown on isolated free-bodies at points A, B , and C in Fig. 
2-48(c). These points are referred to as the node points. The sense of the 
internal forces is known since the upper bar is in compression and the 
lower one is in tension. By writing an equilibrium equation fui the fiec 
body at node B, one has • 

-ki A - k 2 A + P - 0 (2-35) 


R , = -ki A and R 2 


-k 2 L (2-37) 


Hence, with the aid of Eq. 2-36, 


R i = - --— F and F 2 

k\ + k 2 


uvgouve signs ni j-.q. i-jo muiuaLc i 

posite direction from the assumed. 
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Since in this solution bar stiffnesses are employed, this procedure is 
often called the stiffness method. 


EXAMPLE 2-15 

An elastic stepped bar is loaded as shown in Fig. 2-49. Using the displacement 
method find the reactions. The bar segment stiffnesses k\ and k 2 , as well as their 
areas A, and A 2 , and E are given. j 


According to Eq. 2-12 the stiffnesses k's for the upper and lower bar segments, 
respectively, are 

k i = A]Elt 7 and k 2 — A 2 Elb 

Therefore, per Eq. 2-36, the deflection A at B due to downward force P\ is 


According to Eqs. 2-37, R t = —k, A and R 2 = - k 2 A. By substituting the 
previous expressions for A, k i and k 2 , one obtains 


** 24 2-17. Displacement Method with Several Degrees 
of Freedom 

In this section the displacement method is extended for axially loaded 
bars to include several degrees of freedom (d.o.f.). This method is the 
most wide!” used approach for solving both linear and nonlinear problems. 
However, the discussion will be limited to linearly elastic problems. As 
already noted in the previous section, solution of nonlinear problems using 
this method is beyond the scope of this text. 

The displacement method is perfectly general and can be used for the 
analysis of statically determinate as well as indeterminate problems. With 
this in mind, consider a bar system consisting uf tin ee segments of vai ia'ulc 
stiffness defined by their respective spring constants k’ s, as shown in 
Fi°. 2-5CKaT Each one of these segments terminates at a node point some 
of which are common to the two adjoining bar segments. Each node, 
marked in the figure from 1 to 4, is permitted to displace vertically in 


' tins section is more advanced ana can De omitted. 
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either direction. Therefore, this bar system has four degrees of freedom, 
i.e., one d.o.f. per node.- 

An application of forces at the nodes causes the har system to displace 
in a geometrically compatible manner, as shown in Fig. 2-50(b). Here 
both the applied forces and the node displacements are shown with the 
positive sense coinciding with the positive direction of the x axis. Possible 
displacements at the nodes give rise to several special cases. With no 
deflection at the ends, one has a statically indeterminate problem. If, 
howevei, only one node point is held and forces or displacements arc 
applied at the other nodes, the problem is statically determinate. How¬ 
ever, if a displacement is specified at a node, if is not possible to also 
specify an applied force and vice versa. 

With imposition of the applied forces and/or displacements, internal 
forces develop in the bar system. The magnitude and sense of these forces 
can be arrived at in the following manner. With the adopted sign con¬ 
vention, the bar segment extension 25 between the /th and the (i + l)th 
nodes is A,- — A,-+i. By multiplying tins stretch by the spring constant 
for the bar segment, the internal tensile force (A,- - A,-+ i)£/is determined. 

25 This can be clarified by noting the effect on a bar segment of node displace¬ 
ments taken one at a time. 
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Free-body diagrams for isolated nodes showing these internal as well as 
applied node forces are shown in Fig. 2-50(c). 

The problem is resolved by writing equilibrium equation X = 0 for 
each node. Thus, beginning with node 1, the following set of equations 
is obtained: 

Pi ~ A,(A, - A 2 ) 
p2 ■+■ K|(A] — A 2 ) — A 2 (A 2 - A 3 ) 

P 3 + k 2 ( A 2 - A 3 ) - A 3 (A 3 - A 4 ) 

P 4 + A 3 (A 3 - A 4 ) 

It is to customary recast these equations into the following form 

k] A] - k i A 2 

- k\ A, +(*, + k 2 ) A 2 -A 2 A 3 

— k 2 A 2 + (A'2 -I A 3 ) A 3 /c 3 A 4 

-& 3 A 3 4- A 3 a 4 

In most nrohlems, the applied forces Pi s are known, and the remaining 
Pi's occurring at nodes of zero displacement are reactions. However, 
these equations can be applied to a broader range of problems by spec¬ 
ifying displacements instead of applied forces. In such cases, at least one 
node must have a known (often zero) displacement where a reaction would 
develop. As noted earlier, at any one node, one can specify cither an 

_i:_ j c __K,,t r,/->t k/if-Vi T'Vw»cs* jiro 

appucu lun-c ui a. --- 

simultaneously for the unknown quantities. 

In typical applications of the displacement method, either the deflec¬ 
tions A/s or reactions Pi's are the unknowns, and for clarity, it is cus¬ 
tomary to recast Eq. 2-41 in the following matrix form: 

" k, -k\ 0 

— k\ k\ + k 2 — k 2 
0 k 2 k± + /c 3 


This equation shows how the system symmetric stiffness matrix is built 
up from the member stiffnesses. The pattern of this matrix repeats for 
any number of node points. This formulation more clearly than the earlier 
case of single d.o.f. system shows why this approach is often referred to 
as the stiffness method. Excellent computer programs are available for 
solving these equations simultaneously . 26 

- ft E. L. Wilson, CAL- 86 , Computer Assisted Learning of Structural Analysis 
and the CALISAP Development System. Report No. UCB/SESM-86/05, Depart¬ 
ment of Civil Engineering, University of California, Berkeley, California, August 
1986. 




= 0 

I l ■ (2-40) 
= 0 
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The displacement method is very extensively used in practice in the 
-nab'sis of large complex problems with the aid of computers. Two simple 
examples follow. 

EXAMPLE 2-16 

For the elastic weightless bar'held at both ends, as shown in Fig. 2-51, determine 
the node displacements and the reactions using the displacement method. The 
cross section of the bar is constant throughout. 

Solution 

Here only A 2 and A 3 have to be found as Ai = A 4 = 0. Therefore, the system 
has two degrees uf kinematic necduni. The stiffness coefficient k is the same for 
each segment of the bar. Applying Eqs. 2-41 and setting A! = A 4 = 0,one obtains 


-AA 2 = Ri 

2k A 2 -k A 3 = -P 
— k A 2 + 2k A 3 — — P 
-k A 3 = it 2 


By solving the second and third equations simultaneously, A 2 = A 3 = —P/k, 
then from the first and the last equations, Ri = R 2 = P. This result, which could 
be anticipated, means that, in effect, the upper load is hung from the top and the 
bottom one is supported at the base. The middle segment uf the bar does not 
distort and deflects as a ri-rid body through a distance of A 2 = A 3 . 

In this problem, the force method would be simpler to apply than the displace¬ 
ment method since there is only one degree of static indeterminacy. 


EXAMPLE 2-17 

(a) Consider the same loaded bar as in Example 2-16 supported only at the top 
and free at the bottom; see Fig. 2-52. Determine the node displacements and the 
reaction. Fui this case, R 2 = 0. (b) Rework part (a) if the free end is displaced 
3 p/k upwards. 

Solution 

(a) Here A, = 0, and three nodal displacements, A 2 , A 3 , and A 4 , must be de¬ 
termined. Therefore, this statically determinate problem has three degrees of free¬ 
dom. Applying Eqs. 2-41, one has 

-AA 2 = Ri 

2k A 2 ~ k A 3 ~ —P 

— k A 2 +2/cA 3 -k A 4 - ~P 
-k A 3 +k A„ = 0 

By solving the last three equations simultaneously, A 2 = 2 P/k, A 3 = A 4 = 
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- 3 p/k, and then from the first equation, P, = 2F. These results can be easily 
checked by the procedures discussed in Part A of this chapter. 

(b) In this case, a fuice R 2 of unknown magnitude must be applied at the free end 
to cause the specified displacement A 4 = 3P/&. As before, Ai = 0. Therefore, 
whereas the first three equations established for part (a) apply, the fourth equation 
must be revised to read 

-k A 3 + k A 4 = Ri 

After substituting the given value for A 4 and solving the four applicable equations 
simultaneously, &■> — 0, At = P/k, and R i = 0. 


2-18. Introduction to Statically Indeterminate Nonlinear 
Problems 

The procedures discussed in the preceding three sections are very effec¬ 
tive for solution of linearly elastic statically indeterminate axially loaded 
bar problems. By limiting the problems to one degree of kinematic in¬ 
determinacy, the procedure can be extended to include cases of inelastic 

. T il ’ ..L *L_ __CJ/v -> <1 CVT- tVvo 

material oenavior. in uus appiuauu, uu, m * « 6 . 

symmetric bars in Fig. 2 47 can be analyzed regardless of the mechanical 
properties in each part of a two-part system. On the other hand, the bar 
in Fig. 2-45(a), having two degrees of kinematic indeterminacy and three 
distinctly differently stressed segments, is not susceptible to this kind of 
analysis. 

In this extended approach, the forces remain the unknowns and are 
related at the juncture of the two systems by a compatibility condition. 
In such problems, a global equilibrium equation can always be written 
for a system. For example, for the bar in Fig. 2-53, such an equation is 



Then, to assure compatibility at the juncture of the two bar segments, the 
deflections at B are determined using two different paths. Therefore, since 
ends A and C are held, the deflection of bar AS at B is and that for 
bar BC is A B c\ and it follows that 
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In calculating these quantities, it is usually convenient to visualize the 
bars cut and separated at B, and to determine A’s for each part of the. 
system maintained in equilibrium by the forces at the cut. 

Any appropriate constitutive laws, including thermal effects and move¬ 
ment of supports, can be included in formulating the last equation. If the 
bar behavior is linearly elastic, with the aid of Eq. 2-9, the specialized 
equation becomes 


R l L l _ R 2 L 2 
A,£, “ A 2 E 2 


(2-45) 


Since no restrictions are placed on the constitutive relations for cal¬ 
culating deflections in Eq. 2-44, numerous nonlinear problems are tract¬ 
able. Problems with internal statical indeterminacy can be solved in a 
similar manner. It must be emphasized, however, that, except for con¬ 
tinuous members of linearly elastic material, superposition cannot be used 
with the described procedure. Several examples using die just-describeu 
procedure, as well as some other variations, follow. 


EXAMPLE 2-18 

A stepped bar is heiu al both cuds al immovable supports; see Fig. 2-54(a). The 
upper part of the bar has a cross-sectional area A { ; the area of the lower part is 
A 2 . (a) If the material of the bar is elastic with an elastic modulus E, what are 
the reactions P l and R 2 caused by the application of an axial force Pi at the point 
of discontinuity of the section? Use Eqs. 2-43 and 2-45. (b) If Ai = 600 mm 2 , A 2 
= 1200 mm 2 , a = 750 mm, b = 500 mm, and the material is linearly elastic— 
•'erfectl” "lastic, as shown in Fig. 2-54(d), determine the displacement A. of the 
step as a function of the applied force P\. Let E — 200 GPa. (c) Assuming that 
at the instant of impending yield in the whole bar, the applied force is removed, 
determine the residual force in the bar and the residual deflection at the bar step, 
(d) Using a stress-strain diagram for the material, show the stiaiu history for each 
of the two bar parts during application and removal of force Pi. 

Solution 

(a) In this approach, it is convenient to visualize the bar to be divided in iwo, as 
shown in Figs. 2 54(b) and (c). The upper part is subjected throughout its length 
to a tensile force Pi and elongates an amount Ai. The lower part contracts an 
amount A 2 under the action of a compressive force P 2 . These deflections must 
be equal. Therefore, using Eqs. 2-43 and 2-44 or its equivalent, Eq. 2-45, one has 
the following: 

From statics: 


Ri + Ri = Pi 
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yielding the same result as found in Example 2-15. 
(b) By direct substitution of data into F.qs. 2-39, 
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, „ 3 F, 

and i? 2 — ~r 


Hence, the normal stresses are 
a, = R, /Ai = P/24 00 


,/ield is found b v setting t- = 


At this load, the lower part of the bar just reaches yield, and the strain attains 
the magnitude of £ yp = <r yp /£ = 2 x 10 -3 . Therefore, from the previous rela¬ 
tionship between <t 2 and P, 

P y p = 1600 cjyp - 640 x 10 3 N — 640 kN 

and A 2 = A] = e yp b = 2 x 10 -3 x 500 = 1 mm 

These quantities locate point A in Fig. 2-54(e). 

On increasing F\ above 640 kN, the lower part of the bar continues to yield, 
carrying a compressive force R 2 = cr yp A 2 = 480 kN. At the point of impending 
yield for the whole bar, the upper part just reaches yield. This occurs when R } 
= cF y pAi = 240 kN and the strain in the upper part just reaches £ yp = o yp /E. 
Therefore, 


These quantities locate point B in Fig. 2-54{e). Beyond this point, the plastic flow 
is uncontained and P i = 720 kN is the ultimate or limit load of the. rod. 

Note the simplicity of calculating the limit load, which, however, provides no 
information on the deflection characteristics of the system. In general, plastic 
limit analysis is simpler than elastic analysis, which in turn is simpler than tracing 
the elastic-plastic luau-ueficcliuii iclatiuusbip. 

**(c) According to the solution in part (b), when the applied force Pi just reaches 
720 kN and deflects 1.5 mm, point B in Fig. 2-54(e), the whole bar becomes plastic. 
A»t this instant R — 210 kN and R- — 480 kN. Or. removin'* this force, the bar 
rebounds elastically (see Section 2-6). In the elastic equations, such a force must 
be treated with an opposite sign from that of the initially applied force. Therefore, 
per the solution found for part (b) based on Eqs. 2-39, the upper and lower re¬ 
actions caused by the removal of the force P\ are, respectively, —/V4aml — 3/V4. 

The residual force f? rcs in the bar is equal to the initial force in either one of 
the bar parts less the reduction in these forces caused by the removal of the applied 
force. Hence, for the upper part of the bar, 

Rrc*. = Rt - Pi/4 = 240 - 720/4 - 60 kN 


Likewise, for the lower part of the bar, 


R re , = R ? - 3P,/4 - 480 - 3 x 720/4 = 60 kN 
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Fig. 2-55 


Both resuits are the same, as they should be, as no applied force remains at the , 
bar discontinuity. , 

The residual deflection at the bar discontinuity can be determined using either 
part of the bar. For example, since the upper part loses P,/4 = 180 kN of the 
tensile force, based on Eq. 2-9, it contracts aP\i{4A\E) = 1.125 mm. Hence, the 
residual deflection is 1.5 - 1.125 = 0.375 mm, as shown in Fig. 2-49(c). The elastic 
rebound shown in this figure by the dashed line BD is parallel to OA. 

*(d) The strain histories for the two pans of the bar are given in Figs. 2-54(f) and 
(g). As shown in pait (b), the lower segment begins to yield first. At that instant, 

Aj = 1 mm and the strain in the lower bar is A |lb = 2 x 10 , whereas in the 

upper bar it is A, !a = 1.33 x 10" 3 . These results are identified by points A in 
the figures. The instant when the upper bar begins to yield occurs at Ai = 1.5 
mm. Therefore, the strains in both parts of the bar have increased by a factor of 

... , ... _ cz _u.. rM-»int= ft Kin increase in 

1.3 ana are so snown m me vj- w.w ■- -- - — 

the stress can occur in the lower har during this time, as it is in a state of pure 
plastic deformation. When the applied load is completely removed, the residual 
deflection A, - 0.375 mm. Hence, the corresponding residual strains A,/a and I 
A,/* are, respectively, 0.50 x 11T J and 0.75 x 10 ’ m/'in. The corresponding f 
points are identified by points D in Figs. 2-54(0 and (g). [ 


Solution 

This problem is internally statically indeterminate since the manner in which the 
resistance to the force P is distributed between the two materials is unknown. 
However, the total axial force at an arbitrary section can easily be determined; 
see Fig. 2-55(c). For an internal statically indeterminate problem, the. requirements 
of equilibrium remain valid, but an additional condition is necessary to solve the 
problem. This auxiliary condition comes from the requirements of compatibility 
of deformations. However, since the requirements of statics involve torces and 
deformations involve displacements, a connecting condition based on the prop¬ 
erty of materials must be added. 

I f>t subscripts a and s on P, s, and a identify these quantities as being for 
aluminum and steel, respectively. Then, noting that the applied force is supported 
by a force developed in steel and aluminum and that at every section, the dis¬ 
placement or me strain of the iwo materials is the same, auu tentatively assuming 
elastic response of both materials, one has the following: 

From equilibrium: 

P a + P s = Pi or P 2 


EXAMPLE 2-19 

. . , .. _i .i.Jtklri a cfppl-allnv tiihe - see Fips. 2-55/al 

A JU-in long aluminum iuu « .........--, -- - - - • 

and (b). The two materials are bonded together. If the stress-strain diagrams tor 
the two materials can be idealized as shown, respectively, in Fig. 2-55(d), what 
end deflection will occur for Pi = 80 kips and for = i25 kips/ ihe cross- 
sectional areas of steel A s and of aluminum A a ai c the same and equal to 0.5 in-. 


From compatibility: 


A, = A s or e, = £<= 


From material properties: 


£ a = uJE a 


and e s = dJE s 



lyl Y 

t p t p 


(a) Id 



W1 


B*' r.otin" that cr = P /A* and cr a = PJA it one can solve the three equations 
From the diagram the elastic moduli are E s = 30 x 10 6 psi and E a = 10 x 10 6 
psi. Thus, 

= OV = Os = = _P^ 

E ‘ " _ E, ~ E , A,E a A„E a 


Hence, P, = [A,£,/(A.£.)]P. = 3 P„ and P a + 3P, = P, = 80 k; therefore, P a 
- 20 k, and P s = 60 k. 

By applying Eq. 2-9 to either materiai, ihe lip deflection fui 80 kips will he 


P,L 


A. E 


PJL_ 

A a E a 


20 x IQ 3 x 30 
0.5 x 10 x 10 6 


0.120 in 


This corresponds to a strain of 0.120/30 = 4 x 10~ 3 in/in. In this range, both 
materials respond elastically, which satisfies the material-property assumption 
made at the beginning of this solution. In fact, as may be seen from Fig. 2-55(d), 
since for the linearly clastic response, the strain can reach 5 x 10 -3 in/in for both 
materials;, hv direct proportion, the applied force P can be as large as 100 kips. 

At P - 100 kips, the stress in aluminum reaches 50 ksi. According to the 
idealized stress-strain diagram, no higher stress can be resisted by this material, 
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Fig. 2-56 


although the strains may continue to increase. Therefore, beyond P - 100 kips, 


25 kips. The remainder of the applied load must be carried by the steel tube. 
Therefore for P 2 = 125 kips, 100 kips must be carried by the steel tube. Hence, 
a s = 100/0.5 = 200 ksi. At this stress level, e s = 200/(30 x !0 5 ) = 6.67 x 10~ 3 
in/in. Therefore, the tip deflection 


a - w = 6.67 x IQ -3 x 30 = 0.200 in 


Note that it is not possible to determine A from the strain in aluminum, since no 
unique strain corresponds to the stress of 50 ksi, which is all that the aluminum 
rod can carry. However, in this case, the elastic steel tube contains the plastic 
flow. Thus, the strains in both materials are the same, i.e., c s = e a = 6.67 x 
!0 -3 in/in; see Fig 2.55(d). 

If the applied force P 2 = 125 kips were removed, both materials in the rod 
would rebound elastically. Thus, if one imagines the bond between the two ma¬ 
terials broken, the steel tube would return to its initial shape. But a permanent 
set (stretch) of (6.67 — 5) x !0 3 — 1.67 x >0 in/in would occur in the aiu 
minum rod. This incompatibility of strain cannot develop if the two materials are 
bonded together. Instead, residual stresses develop, which maintain the same 
axial deformations in both materials. In this case, the aluminum rod remains 
slightly compressed and the steel tube is slightly stretched. The procedure for the 
solution of this kind of problem is illustrated in the next example. 


EXAMPLE 2-20 

A steel rod with a cross-sectional area of 2 in 2 and a length of 15.0025 in is loosely 

;_.-J _,..u„ rU/Mt/i, t?;<r -)_« TIip nnnnpr tnhp has n rrncc- 

lusciicu iiiiu a Luuk., tio ^ —-rr —-- 

sectional area of 3 in 2 and is 15.0000 in long. If an axial force P = 25 kips is 
applied through a rigid cap, what stresses will develop in the two materials? As¬ 
sume that the elastic moduli of steel and copper are £ s = 30 x 10° psi and E cu 
= 17 x 10 G psi, respectively. 



Solution 

If the applied force P is sufficiently large to close the small gap, a force P s will 
be developed in the steel rod and a force P ca in the copper tube. Moreover, upon 
loading, the steel rod will compress axially A s , which is as much as the axial 
deformation A,. u of the copper tube plus the initial gap. Hence, 

From statics: 


P s + P cu = 25,000 lb 


From compatibility: 


A = A + 0.0025 


By applying Eq. 2-9, A = PLIAE, substituting, and simplifying, 


PsLs _ Pcu-Lco 

A 5 E s ~ A cu £ cu 


0.0025 


15.0025 
2 x 30 x 10 6 


Ps 


15 

3 x 17 x 10 6 


P c 


= 0.0025 


P s - 1.176Pcu = 10,000 lb 


Solving the twu equations simultaneously, 

P cu = 6900 lb and P s - 18,100 lb 

and dividing these forces by the respective cross-sectional areas gives 

cr cu = 690U/3 = 2300 psi and a s = 18,100/2 = 9050 psi 

If either of these stresses were above the proportional limit of its material or if 
the applied force were too small to close the gap, the above solution would not 
be valid. Also note that since the deformations considered are small, it is suffi¬ 
ciently accurate to use L s = L cu . 

Alternative Solution 

The force F necessary to close the gap may be found first, using Eq. 2-9. In 
developing this force, the rod acts as a “spring” and resists a part of the applied 
force. The remaining force P' causes equal deflections As and Ac U in the two 
materials 


A A S E S 
L s 


0.0025 x 2 x 30 x 10 6 _ 
15.0025 

P' = P - F = 


10,0001b = 10 kips 
25 - 10 = 15 kips 
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Then if P' % is the force resisted by the steel rod, in addition to the force F, and 
tea is the force carried by the cupper cube. 

From statics: 

P' s + Pc u = P' = 15 


trom compatibility. 

AJ = 


p;l s = PcuPcu 
A S E S AcuEca 


1 5.0025 
2 x 30 x 10 6 


p, = iZp. 
20 s 


By solving the two appropriate equations simultaneously, it is found that P cu - 
Q n _ n( j pr = g_i j c ^ s> or p s = p[ + F = IS? 1 kins. 

If ( CTyp ) s = 40 ksi and (cr yp ) cu = 10 ksi, the limit load for this assembly can be 
determined as follows: 


P„ 1 , = (<T,p)sA, + = 110 kips 

...... j 0 _j {jQ.u m aterials yield, therefore, the small discrepancy in the 

initial lengths of the parts is of no consequence. 

EXAMPLE 2-21 

A Conner tube 12-in Iona and having a cross-sectional area of 3 in 2 is placed 
between two very rigid caps made of Invar -7 ; see Fig. 2-57(a). Four 3 -in steel 
bolts are symmetrically arranged parallel to the axis of the tube and are lightly 

27 Tnvar is a steel alloy which at ordinary temperatures has ana»0 and for 
this reason is used in the best grades of surveyor’s tapes and watch springs. 
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tightened. Find the stress in the tube if the temperature of the assembly is raised 
fr _ m 5 q°f to !60°F T.p.t F. cu = 17 x I0 6 psi, E._ = 30 x 10 6 psi. a r „ = 9.1 x 
IO -6 per D F, and a s = 6.5 x 10 -6 per °F. 

Solution 

If the copper tube and the steel bolts were free to expand, the axial thermal 
elongations shown in Fig. 2-57(b) would take place. However, since the axial 
deformation of the tube must be the same as that ot the bolts, the copper tube 
will be pushed back and the bolts will be pulled out so that the net deformations 
will be the same. Moreover, as can be established by considering a free body of 
the assembly above some arbitrary section such as A-A in Fig. 2-57(a), the com¬ 
pressive force P au in the copper tube and the tensile force P s in the steel bolts 
are equal. Hence, 

From statics: 

Pcu = Ps = P 

From compatibility: 

A cu - A s = A 

This kinematic relation, on the basis of Fig. 2-57(b) with the aid of Eqs. 2-18 
and 2-9, becomes 

P,.X,« _ PsL & 

- XZtu = + u 

or, since L cu = L s , 5 T = 100° and 0.442 in 2 is the cross section of one bolt. 



By solving the two equations simultaneously, P — 6750 lb. Therefore, the stress 
in the copper tube is cr cu = 6750/3 = 2250 psi. 

The kinematic expression just used may also be set up on the basis of the 
following statement: the differential expansion of the two materials due to the 
change in temperature is accommodated by or is equal to the elastic deformations 
that take njace in the two materials 


EXAMPLE 2-22 

A steel bolt having a cross-sectional area A\ ~ 1 in 2 is used to grip two steel 
washers of total thickness, L, each having the cross-sectional area A 2 - 9 in 2 ; 
see Fig. 2-58(a). If the bolt in this assembly is tightened initially so that its stress 
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(Di to 

Fig. 2-58 

is 20 ksi what will be the final stress in this hnlt after a force P = 15 kips is 
applied to the assembly? 

Solution 

A free-body corresponding to the initial conditions of the assembly is in Fig. 2- 
58(b), where I, is the initial tensiie force in the oolL, anu l c is the initial compressive 
force in the washers. From statics, A free-body of the assembly after the 

force P is applied is shown in Fie. 2-58(c). where X designates the increase in 
the" tensile force in the bolt, and Vis the decrease in the compressive force on 
the washers due to P. As a result of these forces, X and Y, if the adjacent parts 
remain in contact, the bolt elongates the same amount as the washers expand 
eiasticaily. Hcncc, the final conditions are as follows: 

Frnm statics: 

P + (I c - Y) = (/, + X) 

or since 7 C = /„ 

X + Y = P 

From compatibility: 

A toil — A washers 


By applying Eq. 2-9, 
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By solving the two equations simultaneously, 


Therefore, the increase of the stress in the bolt is X/A t - 1500 psi, and the 
stress in the bolt after the application of the force P becomes 21,500 psi. This 
remarkable result indicates that must of the applied force is earned by decreasing 
the initial compressive force on the assembled washers since Y = 0.9P. 

The solution is not valid if one of the materials ceases to behave elastically or 
if the applied force is such that the initial precompression of the assembled parts 
is destroyed. 

Situations approximating the above idealized problem are found in many prac- 
.•._i_ a hnt nNref ncpH in flip nccpmhlv nf nlates. unnn cooline. de- 

UCiU •*----- - ‘ _ • * 

velops within it enormous tensile stresses. Thoroughly tightened bolts, as m a 
head of an automobile engine or in a flange of a pressure vessel, have high initial 
tensile stresses; so do the steel tendons in a prestressed concrete beam. It is 
crucially important ihai un applying the working loads, only a small increase 
occurs in the initial tensile stresses. 


EXAMPLE 2-23 

Extend the solution of Example 2-14 for the frame shown in Fig, 2-59(a) into the 
plastic range of material behavior and plot a force-displacement diagram. The 
cross-sectional area A of each bar is the same. Assume ideal elastic-plastic be¬ 
havior with the material yielding at o- yp . 


°YP A 
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Solution 

The equilibrium equation for forces at joint C, Fig. 2-59(c), recognizing symmetry, 
is 


Fi + 2F 2 cos a = P 

The compatibility equation at joint C, Fig. 2-59(a). relating the elongations in 
bars AC' and DC' with that of bar BC' is 

A 2 — A ] cos a 

In both of these equations, it is assumed that the deformations are small. How- 
ever, these equations hold true whether the bar material behaves elastically or 
plastically. 

By noting that the inclined bars are L/(cos a) long, using Eq. 2-9 and the es¬ 
tablished compatibility equation, 


F 2 [LI cos a] 


FiL 

—— cos a or 


F 2 = Fi cos 2 a 


By substituting the last expression into the equilibrium equation at joint C, and 
simplifying leads to the same results as found in Example 2-14: 


It is seen from this solution that the maximum force occurs in the vertical bar. 
At the impending yield F, = a..-A, and, per Eq. 2.9. A ■ = o y „L/E. By substituting 
F, = <7 VP A into the left side of Eq. 2-34, the force P = a yp A(l + 2 cos 3 a) at 
the limit of elastic behavior is obtained. This value of P occurring at A, = cr yp L/ 
E is identified by point A in Fig. 2-59(c). 

By increasing force P above the first yield in the vertical bar, force Fi = cr yp A 
remains constant, and the equation of statics atjointCis sufficient for determining 
force F 2 until the stress in the inclined bars reaches ct vp . This occurs when F 2 = 
o- y pA. At the impending yield in the inclined bars, and the vertical bar already 
yielding, the joint C equilibrium equation gives P = <T yp A(l 4- 2 cus a). This 
condition corresponds to the plastic limit load for the system. Note that the pro¬ 
cedure of finding this load is rather simple, as the system is statically determinate 
when the limit load is reached. In Chapter 13, such a limit load is associated with 
the concept of the collapse mechanism. 

At the impending yield in the inclined bars, per Eq. 2-9, A 2 = (av P /F)[L/cos ct] 
and A 1 = A 2 /cos a - <J yp L/(E cos 2 a). This value of A, locates the abscissa for 
"cinti? in Fi°. 2-59(c). Beyond this nnint. all bars continue to yield without bound 
based on ideal plasticity. 
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It is important to note that the three basic concepts of engineering me¬ 
chanics of solids are included iu deriving this governing differential equa¬ 
tion. The requirements of statics are satisfied by making use of Eq. 2-17, 
and that of kinematics through the use of Eq. 2-6. The constitutive relation 
is defined by Eq. 2-3. A solution of Eq. 2-48 subject to the prescribed 
boundary conditions constitutes a solution of any given axially loaded 
elastic bar problem. Equation 2-48 is equally applicable to statically de¬ 
terminate and statically indeterminate problems. However for ease of 
solution pJAE should be a continuous function. When the function is 
discontinuous, several alternatives are possible. One of them consists of 


UUUUlllUg 5UIUUU1I5 IUI uux .11 jwgmwit. x-i u. wmi uiiv. 

conditions at the junctures. 29 This is related to the statically determinate 
procedure discussed in Section 2-7. and to the statically indeterminate 
procedure considered in Sections 2-16 and 2-17. For concentrated forces, 
singularity functions, discussed in Section 5-16, can be used to advantage. 
However direct use of Eq. 2-48 for bars where several axial loads are 
applied and/or cross sections change becomes cumbersome. Therefore 
the procedures discussed before, including the scheme for dividing prob¬ 
lems into statically determinate and indeterminate ones, are more useful 
in practical applications. 

The example that follows illustrates the procedure when p x is a con¬ 
tinuous function. 


EXAMPLE 2-24 

(a) Consider a bar of uniform cross section held between two rigid supports spun 
in a centrifuge such that an approximately uniformly distributed axial force p a N/m 
develops in the bar, as shown in Fig. 2-61(a). Determine the reactions at the ends. 

(b) If the same bar is supported only at one end, Fig. 2-61(b), what will the dis¬ 
placements h(.y) be along the bar? 


(a) Using Eq. 2-48, and noting Eq. 2-46, on integrating twice: 

AE fTi = = P° 

dx 


AE — ~ p„x + Ci = P 


29 This requires the displacements of the abutting bar segments at a disconti¬ 
nuity to be equal, and that the axial forces acting on an isulaled infinitesimal 
element at the discontinuit'' be in equilibrium. (See, for example, the element at 
B in Fig. 2-48(c) where at a discontinuity the force P may also be zero.) 
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The constants of integration C t and C 2 can be found by noting that the deflection 
„ is zero at both enris,i.e., «(0) = 0 and u(L) = 0. Hence, from the last equation, 

A£i/(0) - 0 and C 2 = 0 
AEu(L) = p 0 L z ! 2 + CiL = 0 and C, = - p a L!2 

Since «'(.t) = duldx, from Eq. 2-46, 

r 2 = p{ 0) = AEu'(0) = -p 0 Ll 2 

The negative sign shows that this force is generated by compressive stresses. 
Similarly, 

R i — r(L) — AE u'(L) = p„L!2 = p 0 E!2 

These results indicate that the applied forces are shared equally by the two sup- 
no rts. 

(b) The general solution for the problem found in (a) remains applicable. However, 
different constants of integration must be determined from the two boundary 
conditions. These are P( 0) = 0 and u(L) = 0; hence, AE «'(0) = 0 and Cj = 0. 
Similarly, 

AEu(L) ~ p 0 L 2 !2 + C. - 0 and C 2 = —p*L 2 l2 
Therefore, 

AEu = - ” {L 2 - x 2 ) 

As is lo be expected, 

/? 3 = AE u'(L) = p 0 L 


and 12 mm in diameter, what axial stress is caused by 
the applied force? Assume elastic behavior and let E 
= 75 GPa. 


2-1. A standard steel specimen of k in diameter is elon¬ 
gated 0.U087 in in an 8-in gage length when it was sub¬ 
known to be. in the elastic range, what is the elastic 
modulus of the steel? 

2-2. The axial strain for an aluminum rod due to an 
applied force is 10~ 3 m/m. If the rod is 400 mm long 


Section 2-7 

2 - 3 . A steel rod 10 m long used in a control mechanism 
must transmit a tensile force of 5 kN without stretching 
more than 3 mm, nor exceeding an allowable stress of 
150 MPa. (a) What is the diameter of the rod? Give 


Problems 

Section 2-4 
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the answer to the nearest millimeter. E = 210 GPa. 
T)np.s strength nr stiffness of the rod control the design? 
(b) Find the spring constant for the rod. 

2-4. Revise the data in Example 2-2 to read as follows: 
P i = 10 kips. ?3 = 100 kips, and P a = 30 kips, and 
the bar segments AB , BC, and CD are, respectively, 
4-, 2-, and 3-ft long. Then find (a) the force FS nec¬ 
essary for equilibrium and (b) the total elongation of 
rod AD. The cross-sectional area of the rod from A to 
B is 1 in 2 , from B to C is 4 in 2 , and from C to D is 2 
in 2 . Let E = 30 x iO 3 ksi. (c) Plot the axial displace¬ 
ment diagram along the bar. 

2-5. Find the axial spring constant for the bar of vari¬ 
able cross section in Example 2-2. 

2-6. Assume that segments L ,, Li, and L 3 of the cir¬ 
cular member of variable cross section in Problem 

1- 13 are, respectively, 600, 500, and400 mm long. Plot 
the axial force, the axial strain, anti the axial displace¬ 
ment diagrams along the bar length E = 200 GPa. 

2- 7. Find the axial spring constant for the bar in Prob¬ 
lem 2-6. 

2-8. A solid bar 50 mm in diameter and 2000 mm long 
consists of a steel and an aluminum part fastened to¬ 
gether as shown in the figure. When axial force P is 
applied to the system, a strain gage attached to the 
•aluminum indicates an axial strain of R73 urn/m (a) 

Determine the magnitude of applied force P. (b) If the 
system behaves elastically, find the total elongation of 
the bar. Let £ Sl = 210 GPa, and E M = 70 GPa. 



Fig. P2-8 


2-9 Twn wires are connected, to a rigid bar, as shown 
in the figure. The wire on the left is of steel, having A 
= 0.10 in 2 and E = 30 x 10 6 psi. The aluminum-alloy 
wire on the right has A = 0.20 in 2 and E = 10 x 10 6 
psi. (a) If a weight W - 2000 lb is applied as shown, 
how much will it deflect due to the stretch in the wires? 
(b) Where should the weight be located such that the 
bar would remain horizontal? 



2-10. In a California oil field, a very long steel drill 
pipe got stuck in hard clay (see figure). It was nec¬ 
essary to determine at what depth this occurred. The 
engineer on the job ordered the pipe subjected to a 
large upward tensile force. As a result of this opera¬ 
tion, the pipe came up elastically 2 ft. At the same time, 
the pipe elongated 0.0014 in in an 8-in gage length. 
Approximately where was the pipe stuck? Assume that 
the crnss-sectinnal area nf the pipe was constant and 
that the media surrounding the pipe hindered the elas¬ 
tic deformation of the pipe very little in a static test. 



Fig. P2-10 

2-11. A wall biackel is constructed as shown In the 
figure. All joints may be considered pin-connected. 
Steel rod AB has a cross-sectional area of 5 mm 2 . Mem¬ 
ber BC is a rigid beam. If a 1000-mm diameter fric- 



Pinned 

Fig. P2-11 

tionless drum weighing 500 kg is placed in the position 
shown, what will be the elongation of rod AB? Let E 
= 200 GN/m 2 . 

2-12. Determine the shortening of sled tuuulai 
spreader bar AB due to application of tensile forces at 
C and D. The cross-sectional area of the tube is 100 
mm 2 . Let E = 200 GPa. 



*2-13. Determine the elongation in rod AB in Problem 

1- 43 if it is made of 0.125-in-diameter aluminum-alloy 
wire. Let£ = 10 x 10 3 ksi. 

eter high-strength steel rod CD for the frame in Prob¬ 
lem 1-44. Let E = 200 GPa. 

2- 15. A rigid machine part AD is suspended by double 
hangers AE and BF, as shown in the figure. The hang¬ 
ers are made of cold-worked Monel Alloy (Ni-Cu) 
whose elastic modulus E ~ 180 GPa. This material 
yields at approximately 600 MPa. The cross-sectional 
area is 50 mm 2 for hanger pair AE and 100 mm 2 for 
hanger pair BF. Determine the deflection that would 
occur at D by applying a downward force uf 10 kN at 
C. Check hanger stresses to assure that an elastic so¬ 
lution is applicable. Sketch deflected member AD, 
greatly exaggerating the vertical displacements (since 


vertical displacements are small, the.horizontal dis¬ 
placements are negligibly small). 

2-16. A planar mechanical system consists of two rigid 
bars BD and EC and three rods, AB, CF, and EH, 
as shown in the figure. On application of force P at C 
the stress in all rods is 15 ksi. Each rod is 20 in. long, 
(a) Determine the vertical deflection of points B, D, 
E, and G caused by the application of force P = 300 
lb. (Since vertical displacements are small, the hori¬ 
zontal displacements are negligibly small.) (b) Show 
the deflected shape for the system, greatly exagger¬ 
ating the vertical displacements. Let £ = 30 x 10 3 ksi. 


——'aw* 

rT 



. ,.JS U 

=P 

P - 300 Ibt 


-SIT 


Fig. P2-16 

2-17. If in Example 2-3, the rod is a 1 in 2 aluminum 
bar weighing 1.17 Ib/ft, what should its length be for 
the free end to elongate 0.250 in under its own weight? 
E = 10 x 10° psi. 

2-16. What will be the deflection of the free end of the 

stress-strain relationship is a = F.e", where n is a num¬ 
ber dependent on the properties of the material? 

2-19. A rod of two different cross-sectional areas is 
made of soft copper and is subjected to a tensile load 
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Fig. P2-19 


as shown in the figure, (a) Determine the elongation 
of the rod caused by the application of force P - 5 
kips. Assume that the axial stress-strain relationship 
is 

E - cx/16,000 + (cr/165) 3 

where u is in ksi. (b) Find the icsidual bar elongation 
upon removal of force P. Assume that during unload¬ 
ing, copper behaves as a linearly elastic material with 
an E equal to the tangent to the virgin cr-e curve at the 
origin.' 

2-20. A two-bar system has the configuration shown 
in the figure. The cross-sectional area for bar AS is 
0.200 in 2 and for bar BC is 0.150 in 2 . If the stress-strain 
diagram for the rods is bilinear as shown, how‘much 
would each wire elongate due to the application of ver¬ 
tical force P = 4 kips? 



Fig. P2-20 


2-21. The small tapered symmetric.piece shown in the 
figure is cut from a 4-mm-thiclc plate. Determine the 
increase in length of this piece caused by its own 


20 mm 



~H H ~ 5 


Fig. P2-21 

weight when hung from the lop. The mass pci unit 
is E. 

2-22. Two bars are to be cut from a 1-in-thick metal 
plate so that both bars have a constant thickness of 1 
in. Bar A is to have a constant width of 2 in throughout 
its entire length. Bai B is to be 3 in wide at the top 
and * in wide at tbs bottom. Bach bar is to be subjected 
to the same load P. Determine the ratio L/JLb so that 
both bars will stretch the same amount. Neglect the 
weight of the bar. 


ft bft 



2-23. The dimensions of a frustum of a right circular 
cone supported at the large end on a rigid base are 
shown in the figure. Determine the deflection of the 
top due to the weight of the body. The unit weight of 
material is -y; the elastic modulus is E. Hint: Consider 
the origin of the coordinate axes at the vertex of the 
extended cone. 



*2-24. Find the total elongation A of a slender elastic 
bar of constant cruss-seelional aiea A, such as shown 
in the figure, if it is rotated in a horizontal plane with 
an angular velocity of co radians per second. The unit 
weight of the material is y. Neglect the small amount 
of extra material by the pin. Hint: First find the stress 
at a section a distance r from the pin by integrating the 
effect of the inertial forces between r and I. See Ex¬ 
ample 1-6. 


change in the length of the rod due to the application 
of force P. Assume that the support provided for the 
rod by the surrounding material varies linearly as 
shown. Express the answer in terms of P, A, a, and 
E, where E is the elastic modulus of the rod. 

2-26. Fur the same frame as in Example 2-4, Fig. 
2-24, find the horizontal and vertical deflections at 
point B caused by applying a horizontal force of 3 kips 
at B. Assume linearly elastic behavior of the material. 
2-27. Determine horizontal and vertical elastic dis¬ 
placements of load point B for the two-bar system hav¬ 
ing the dimensions shown m the figure. Assume that 
for each bar, AE = 10 4 kips. 



€ 



Fig. P2-24 

*2-25. An elastic rod having a cross-sectional area A 
is bonded to the surrounding material, which has a 
thickness a, as shown in the figure. Determine the 


2-28. For the data given in Problem 2-20, assuming 
linearly elastic behavior, find the horizontal and ver¬ 
tical displacements of load point B. Let E = 10 x 10 2 
ksi. 

2-29. A fib crane has the dimensions shown in the 
figure. Rod AB has a cross-sectional area of 300 mm 2 
and tube BC, 320 mm 2 , (a) Find the vertical stiffness 
of the crane at points, (b) Determine the vertical de¬ 
flection caused by the application of force P = 16 kN. 
Let E - 200 GPa. 
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Section 2-8 

2-30. A steel bar 2 in wide and 0.5 in thick is 25 in 
long, as shown in the figure. On application of force 
P, the bar width becomes narrower by 0.5 x 10 -3 in. 
Estimate the magnitude of applied force P and the axial 
elongation of the bar. Assume elastic behavior and 
take E = 30 x 10 3 ksi and v = 0.25. 



2-31. A 10-mm-thick low-alloy-steel plate 150 mm 
wide and 2000 mm long is subjected to a set of unf- 
formiy distributed frictional forces along its two edges, 
as shown in the figure. If the total decrease in the trans¬ 
verse 150-mm dimension at section a-n due to the ap¬ 
plied forces is 15 x 10~ 3 mm, what is the total elon¬ 
gation of the bar in the longitudinal direction. Let E 
~ 200 GPa and v = 0.25. Assume that the steel be- 


Section 2-9 

2-32. A rigid bar rests on aluminum-alloy and steel 
uprights, as shown in the figure, (a) Determine the in¬ 
clination of the horizontal bar after a raise in temper¬ 
ature of 100 U C. Assume the coefficients of thermal 
expansion for aluminum alloy and steel tu be, icspcc- 
tivplv. 23.2 x !0~ 6 /°C and 11.7 x iQ- 6 /°C. To a 
greatly exaggerated scale, sketch the position of the 
bar after the raise in temperature, (b) What stresses 
would develop in the upright members if their tops 
were prevented from expanding? Let die elastic mod¬ 
uli For aluminum alloy and steel be, respectively, 75 
GPa and 200 GPa. Compare the obtained stresses with 
those given in Table 1 of the Appendix. Hint: The ten¬ 


dency for thermal expansion is counteracted by elastic 
contraction. 

2-33. For the data given in Problem 2-20, find the ver¬ 
tical and Horizontal displacement of point D caused by 
a rise in temperature of 100 °F in the rod. Assume 
elastic behavior and use a and E given in Table I of 
the Appendix for 606I-T6 aluminum alloy. 

2-34. For the data given in Problem 2-29, find the ver¬ 
tical and horizontal displacements of point B caused 

a = 11.7 x IO-Vc. y 


Section 2-10 

2-35. A fi by 75 mm plate fiflfl mm long has a circular 
hole of 25 mm diameter located in its center. Find the 
axial tensile force that can be applied to this plate in 
the longitudinal direction without exceeding an allow- 

2-36. Determine the extent by which a machined flat 
tensile bar used in a mechanical application is weak¬ 
ened by having an enlarged section, as shown in the 
figure. Since the bar is to be loaded cyclically, consider 
stress concentrations. 


2-37. A machine pari 10 mm thick, having the di¬ 
mensions shown in the figure, is to be subjected to 
cyclic loading. If the maximum stress is limited to 60 
MPa, determine allowable force P. Approximate the 


stress concentration factors from Fig. 2-32. Where 
might a potential fracture occur? 

2-38. A machine part of constant thickness for trans¬ 
mitting cyclical axial loading should have the dimen¬ 
sions shown in the figure, (a) Select the thickness 
needed in the member for transmitting an axial force 
of 12 kN in order to limit the. maximum stress to 80 
MPa. Approximate the stress concentration factors 
from Fig. 2-32. (b) Where might a potential fracture 
occur? 


Sections 2-11 and 2-12 

2-40. Verify the vertical deflection of point B caused 
by applied force P = 3 kips in Example 2-4 using Eq. 
2-24. 

2-41. By applying Eq. 2-24, find the deflection of point 
G in Problem 2-16. 

2-42. Find the vertical deflection of point B caused 
by the applied load in Problem 2-27 using Eq. 2-24. 
2-43. Find the vertical deflection of point B caused 
by Ihe applied fuice P in Problem 2-29 using Eq. 2-24. 
2*44. A mechanical system consisting of a steel 
spreader bar AS and four high-strength steel rods, AC, 
CB, AD, and DB, is subjected to forces at C and D, 
as shown in the figure. Determine the increase in dis¬ 
tance CD that would occur on applying the two 8-kN 
forces. Both bars AC and CB have a cross-sectional 
area of 20 mm 2 , and both bars AD and DP, 40 mm^. 
The cross-sectional area of the spreader bar is 100 
mm 2 . Let E = 200 GPa. 




2-39. A long slot is cut out from a 1 by 6 in steel bar 
10 ft long, as shown in the figure, (a) Find the maxi¬ 
mum stress if axial force P =' 50 kips is applied to the 

plicable. (b) For the same case, determine the total 
elongation of the rod. Neglect local effects of stress 
concentrations and assume that the reduced cross-sec¬ 
tional area extends for 24 in. (c) Estimate the elon¬ 
gation of the same rod if P = 160 kips. Assume that 
steel yields 0.020 in per inch at a stress of 40 ksi. (d) 
On removal of the load in part (c), what is the residual 
deflection? Let E ~ 30 x 10 6 psi. 

2" wide slot 0" radii at ends) 


Section 2-13 

2-45. Compare the dynamic stresses in the three steel 

sssss 9 *-r— 

j 15 mm \ 
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response to 1.5-kg masses falling freely through a dis¬ 
tance of 1 m. I .et F. = 7.00 fiPa. Assume no energy is 
dissipated through plastic deformation of the impact 
surfaces, nor at points of high local stresses occurring 
at supports. 

2-46. Determine the stiffness required in the spring, 
for the system shown in the figure, for stopping a mass 
of 1 kg moving at a velocity of 3 m/sec such that, during 
impact, the spring deflection would not exceed 20 mm. 
Neglect frictional effects. 



Fig. P2-46 


Section 2-15 

2-47. An elastic bar of variable cross section, held at 
both ends, is loaded as shown in the figure. The flex¬ 
ibilities.of the bar segments are fl2. f, and f. Dete.r- 
mine the reactions, and plot the axial-force and axial- 
displacement diagrams. 



the deflection at b due to the application of a unit 
Force at n. T et A , = 7.A 2 . (Tn Section 1.3-4, it is shown 
that this relationship is true in general for elastic sys¬ 
tems. It is widely used in analysis. This conclusion can 
be reached by inspection for statically determinate 
bars.) 

2-49. Consider the bar given in Example 2-2 and as¬ 
sume that ends A and D are held and that P 2 — 300 
kN and P 3 = 200 kN act in the directions shown, (a) 
Determine the reactions, (b) Plot the axial force, axial 
strain, and axial displacement diagrams. 

2-50. If in Problem 2-49, in addition to the applied 
forces, there is a drop in temperature of 100 °F, what 
reactions would develop at the supports? Let a = 13 
x 10- 6 /°F. 

2-51. For the 2-in 2 constant cross-sectional elastic bar 
shown in the figure, (a) determine the reactions, and 
fu) plut the axial-fuiCe, aAial-suaiii, ami axial-uispiace- 
ment diagrams. Let E — 10 x 10 3 ksi. 



Fig. P2-51 


2-52. If a load of 1 kip is applied to a rigid bar sus¬ 
pended by three wires as shown in the figure, what 
force will be resisted by each wire? The outside wires 
are aluminum {E = 10 7 psi). The inside wire is steel 
(E = 30 x 10 6 psi). Initially, there is no slack in the 
wire. 


2-48. Consider the same elastic bar of variable cross- 
sectional area shown in the two alternative figures. 
Determine deflection A o£ , at a caused by the applica¬ 
tion of a unit force at b, and show that it is equal to 


lit 


Fig. P2-48 


mmm 
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Alum, wires 

L =25' 
Steel wire 
-* = 0.2 in 2 
I. = RfV 


Fig. P2-52 

2-53. Three identical equally spaced steel wires at¬ 
tached to a rigid bar support a mass M developing a 


downward force of 5 kN, as shown in the figure. Ini¬ 
tially, this force is equally distributed among the three 
wires. The stresses in the wires are well within the 
linearly elastic range of material behavior, (a) Deter¬ 
mine the forces in the wires caused by a temperature 
drop of 50 °C in the right wire. Properties of the wires: 
^ - 10 mm 2 , L = 2000 mm, E = 200 x 10 3 N/mm 2 , 
a = 12.5 x 10 _6 /°C. (b) At what change in temper¬ 
ature in the middle wire would it become slack? 


24 


22 ^ 







0 


Fig. P2-53 


2-54. Initially, on applying a 3-kN force to a rigid bar 
hung by three parallel wires (see the figure), all three 
wires become taut. What additional forces would de¬ 
velop in the wires if the left wire slips out 3 mm from 
its support. Each of the steel wires is 2000 mm long, 
has a cross-sectional area of 10 mm 2 , and an elastic 
modulus of 200 OPa. 


yy/g/y '//#//.■ '//#//, 


Fig. P2-54 


2-55. Rework Example 2-14 by changing the bar in¬ 
clination angles a to 30° and taking the cross-sectional 
area of bar BD as 2 A. The cross sections of bars AD 
and DC remain equal to A. 


Section 2-16 

2-56. An elastic bar held at both ends is loaded by an 
axial force P, as shown in the figure. Cross section A 
of the bar is constant, (a) Determine the reactions arid 
interpret the results in relation to the position of the 
applied force, (b) Plot the axial displacement diagram 
assuming that E is known. 



Fig. P2-56 


2-57. For symmetrically arranged springs in parallel, 
the combined spring constant k = see figuie 

(a) . Justify that for the springs in series, as in figure 

(b) . the system spring constant k follows from 1 Ik = 

Ukj, or, alternatively, f - fh where / is sys¬ 
tem flexibility, and the flexibility of an ith spring. 



Fig. P2-57 

2-58. A symmetrical arrangement of springs is at¬ 
tached to a rigid bar and carries an applied force P, as 
shown in the figure, (a) Find the reactions. Hint: Use 
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the relationships given in Problem 2-57. (b) How is the 
springs? 

2-59. Rework Problem 2-52 using the displacement 
method. 

2-60. An elastic bar of variable cross section and held 
at both ends is axially loaded, as shown in the figure. 
The cross-sectional area of the small pau is A auu of 
the larger, 2A. (a) Using the displacement method, find 
the reactions', (b) Plot a qualitative axial-displacement 
diagram. Hint: Use the relationship given in Problem 
2-57 for determining the combined stiffness of the bar 
segments to the left of P. 



*2-61. A bar of constant thickness and held at both 
ends has the geometry shown in the figure. Determine 
the reactions caused by the axially applied force F. 
Hint: First find the stiffness for the tapered part of the 
• bar. 



Fig. P2-61 


2-62. A rigid bar is hinged at end A and, in addition, 
is supported on three identical springs, each having 
stiffness k. (a) What is the degree of statical indeter¬ 
minacy of this system? (b) How many degrees of free- 


I P 

IK .-g- j . 



Fig. P2-62 


dom are there? (c) Find the forces acting on th e 

2-63. A rigid bar is supported by a pin at A and tw 0 
linearly elastic wires atS and C, as shown in the figure. 
The area of the wire at B is 60 mm 2 and for the one at 
C is 120 mm 2 . Determine the reactions at A, B, and c 
caused by applied force P = 6 kN. 



2-64. Five steel rods, each having a cross-sectional 
area of 500 mm- 4 , are assembled in a symmetrical man¬ 
ner, as shown in the figure. Assume that the steel be- 
haves as a linearly elastic material with E = 200 GPa. 
Determine the deflection of joint A due to downward 
force P = 2 MN. Assume that, initially, the rods are 
taut. 


.. ’ t 

2000 


Section 2-17 

2-65. An elastic bar of variable cross section and held 
at both ends is axially loaded at several points, as 
shown in the figure. The cross section for the larger 
area is 2A, and for the smaller, A. (a) Compare the 
degrees of kinematic and static indeterminacies. (b) 
Determine the reactions if P, — 3 P. P-> = IP, and P-i 
= P. (c) Plot axial-force diagram. 


Fig. P2-65 


2-66. Rework Problem 2-65 after removing force Pi. 
Hint: The degree of kinematic indeterminacy can be 
reduced by using a relationship given in Problem 2-57. 


Section 2-18 

2-67. A material possesses a nonlinear stress-strain 
relationship given as cr = Kt n , where K and n are ma¬ 
terial constants. If a rod made of this material and of 
constant area A is initially fixed at both ends and is 
then loaded as shown in the figure, how much of ap¬ 
plied force P is carried by the left support? 



Fig. P2-67 

2-68. A rod is fixed at A and loaded with an axial force 
P, as shown in the figure. The material is elastic per¬ 
fectly plastic, with E - 200 GPa and a yield stress of 
200 MPa. Prior to. loading, a gap of 2 mm exists be¬ 
tween the end of the rod and fixed support C. (a) Plot 
the load-displacement diagram for the load point as¬ 
suming P increases from zero to its ultimate value for 
the rod. The cross section from A to B is 200 mm 2 and 
that from B to C is 100 mm 2 , (b) What will be the re¬ 
sidual displacement of point B upon release of the ap¬ 
plied force? 



Fig. P2-68 


2-69. The cross section of a short reinforced concrete 
column is as shown in the figure. Four 1-in round bars 


, ly. , - W' 


serve as reinforcement, (a) Determine the instanta¬ 
neous elastic strength of the column i^ascu on Uuow 
able stresses, (b) Estimate the ultimate (plastic) 
strength of the column. Assume that both materials are 
elastic-perfectly plastic. For steel, let a a n ow = 24 ksi, 
CTyp = 60 ksi and is = 30 x 10 6 psi, and for concrete, 
u a iiow - 2000 psi, CTyp = 3600 psi and E — 2 x 10 6 
psi. (It has been shown experimentally that when steel 
yields, the concrete “yield” strength is approximately 
0.85<7uit, where ct l u is the ultimate compressive 
strength of an unreintorced cylindrical specimen of the 
same material, age, and curing conditions. In order to 
achieve ductile behavior of columns, the use oflateral 
ties or spiral reinforcement is essential.) 

2-70. A rigid platform rests on two aluminum bars (E 
= 10 7 psi) each 10.000 in long. A third bar made of 
steel (is = j0 x iu° psi) and standing in the middle is 
9.995 in long, (a) What will be the stress in the steel 
bar if a force P of 100 kips is applied on the platform? 
(b) How much do the aluminum bars shorten? (c) What 
will be the ultimate (plastic) strength for the system if 
(oVp)ai = 40 ksi and (a yp )s t = 60 ksi? 


I 




Fig. P2-70 
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2-71. A force P = 1 kN is applied to a rigid bar sus¬ 
pended by three wires, as shown in the figure. All 
wires are of equal size and the same material. For each 
wire, A = 80 mm 2 , E = 200 GPa, and L - 4 m. If, 
initially, there were no slack in the wires, how will the 
applied load distribute between the wires? 



2-72. An aluminum rod 7 in long, having two different 

shown in the figure. If at 60 °F no axial force exists in 
the aluminum rod, what will be the magnitude of this 
force when the temperature rises to 160 °F? E AI — 10 7 
psi and a A i = 12.0 x 10' 6 fF; E s , = 30 x 10 s psi ana 
a S i = 6.5 x 10“ 6 /°F. 


Steel link: area of each bar parallel 
0.30 in 7 to rod is 0.35 in 2 



rig. P2-/2 


2-73. An aluminum tube is axially compressed be¬ 
tween the two heavy nuts of a steel bolt, as shown in 
the figure. If it is known that the axial stress in the 
sleeve at 80 °C is 20 MPa, at what temperature does 
this prestress become zero? For the aluminum tube 1 
A = 1000 mm 2 , E = 70 x 10 3 MPa, and a = 23.2 x 
10 -6 per °C. For the steel bolt: A = 500 mm 2 , E - 
200 x 10 3 MPa, and a = 11.7 x I0' 6 per °C. 



Fig. P2-73 


2-74. Rework Example 2-23 after assuming that the 
smaller than that for the outside bars, i.e., E-> ~ Ey = 

3 Ey. 

2-75. Plot the load-deflection diagram for joint A in 
Problem 2-64 caused by the applied force P, assuming 
that the yield stress fur the material a yp = 250 MPa. 

Section 2-19 

*2-76. Rework Problem 2-25 using Eq. 2-48. 

2-77. Rework Problem 2-24 using Eq. 2-48. 

*2-78. Rework Problem 2-56 using Eq. 2-48 and con¬ 
tinuity Conditions ui singularity uinctiuus. 



3 _t, introduction 

In addition to the normal strain discussed in the previous chapter in con¬ 
nection with axially loaded bars, in general, a body may also be subjected 
to shear strains. For tiie purposes of deformation analysis, such strains 
must be related to the applied shear stress. This topic is discussed in Part 

A of this chanter In Part R opnml nwtl,am n *,V»T _*•__ . . 

x -■ —-uwuuuuuj iui uuunai 

and shear strains are given. Then, by employing the method of super¬ 
position, the generalized Hooke’s law is synthesized, relating stresses 
and strains for a three-dimensional state of stress. Next, in Part C. thin- 
walied pressure vessels and shells of revolution are considered. The gen¬ 
eralized Hooke’s law is employed for the deformation analysis of these 
important elements of construction. In the concluding part, Part D, a 
solution for thick-walled cylinders is developed. This illustrates a solution 
of a typical boundary-value problem in the mathematical theory of elas¬ 
ticity, and, at the same time, provides hounds on the applicability of the 
equations established for thin-walled pressure vessels using engineering 
solid mechanics. 


Part A CONSTITUTIVE RELATIONSHIPS FOR 
SHEAR 


3-2. Stress-Strain Relationships for Shear 

In addition to the normal strains related to the axial strains in bars 
discussed in Chapter 2, a body may be subjected to shear stresses that 
cause shear deformations. An example of such deformations is shown in 
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Fig. 3-1 Possible shear 
deformations of an element. 


Fig. 3-1. The change in the initial right angle between any two imaginary 
planes inabody defines shear strain y (gamma). For infinitesimal elements, 
these small angles are measured in radians. The y subscripts shown in 
Fig. 3-1 associate a particular shear strain with a pair of coordinate axes. 
Transformation of shear strain to any other mutually perpendicular set 
of planes will be discussed in Section 8-13. 

For the purposes of deformation analysis, it is essential to establish a 
relationship between shear strain and shear stress based on experiments 
As will become apparent in the next chapter, such experiments are most 
conveniently performed on thin-walled circular tubes in torsion. The ele¬ 
ments of such tubes are essentially in a state of pure shear stress. An 
illustration of the conditions prevailing in a tube wall are shown in Fig. 
3-2. The corresponding shear strains can be determined from the appro¬ 
priate geometric measurements. 

Note that per Section 1-4, the shear stresses on mutually perpendicular 
planes are equal; see Fig. 3-2(a). Moreover, since in this discussion, the 
stresses and strains are limited to a planar case, the subscripts for both 
can be omitted; see Fig. 3-2(b). By using experiments with thin-walled 
tubes, the generated shear stress-strain diagrams, except for their scale, 
greatly resemble those usually found for tension specimens (See Figs. 2- 
5, 2-6, and 2-13). 

Two -r-y diagrams are shown in Fig. 3-3. In the idealized diagram of 
elastic-perfectly plastic behavior, Fig. 3-3(b), -iyp and y yp designate, ie- 
spectively, the shear yield stress and the shear yield strain. 

In numerous technical problems, the shear stresses do not exceed the 
yield strength of the material. For most materials in this range of stress, 
just as for axially loaded bars, a linear relationship between pure shear 
stress and the angle y it causes can be postulated. Therefore, mathe¬ 
matically, extension of Hooke’s law for shear stress and strain reads 




Fig. 3-2 Element in pure 2 

shear. (a; (b) 


Sec. 3-3. Elastic Strain Energy for Shear Stresses 
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where G is a constant of proportionality called the shear modulus ofelas- relation between pure shear 
deity, or the modulus of rigidity. Like E, G is a constant for a given stress and strain, 
material. For emphasis, the relationship given by Eq. 3-1 is shown in Fig. 

3-4. 



An expression for the elastic strain energy for an infinitesimal element in 
pure shear may be established iu a manner analogous to that for one in 
uniaxial stress. Thus, consider an element in a state of shear, as shown 


1 P. B. Lindley, Engineering Design with Natural Rubber (Hertford, England: 
Malaysian Rubber Producers’ Research Association, 1978). 
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Fig. 3-6 An element for 
deriving strain energy due to 
pure shear stresses. 



n 


7 dy 




• ib) 

in Fig. 3-6(a). The deformed shape of this element is shown in Fig. 3-6(b), 
where it is assumed that the bottom plane of the element is fixed in po¬ 
sition. 2 As this element is deformed, the force on the top plane reaches 
a final value of t dx dz. The total displacement of this force for a small 
deformation of the element is y dy ; see Fig. 3-6(b). Therefore, since the 
external work done on the element is equal to the internal recoverable 
elastic, strain energy, 

dV, t t dx dz X y dy = 1 ry dx dy dz = *■ ry dV (3-2) 

average force distance 

where dV is the volume of the infinitesimal element. 

By recasting Eq. 3-2, the strain-energy density for shear becomes 

(U a U SSI = 

By using Hooke’s law for Sucar 
as 

(E/o) shear = 

or 

f^shear ~ 

Note the similarity of Eqs. 3-2—3-5 to Eqs. 2-20-2-23 for elements in 
a state of uniaxial stress. 

Applications of these equations are given in Chapters 4, 10, and 12. 

2 This assumption does not make the expression less general. 
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(3-3) 
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-dV 


(3-4) 

(3-5) 


B/jrt R SENERAUZED CONCEPTS OF STRAIN AND 
‘ " ~ HOoki’S LAW 


** 3 3-4. Mathematical Definition of Strain 

Since strains generally vary fium point Iu point, the definitions uf strain 
must relate to an infinitesimal element. With this in mind, consider an 
extensional strain taking place in one direction, as shown in Fig. 3-7(a). 
Some points like A and B move to A' and B respectively. During strain¬ 
ing, point A experiences a displacement u. The displacement of point B 
is « + A«, since in addition to the rigid-body displacement u, common 
to the whole element Ax, a stretch A u takes place within the element. 
On this basis, the definition of the extensional or normal strain is 4 


e 


A u 
m — 
-o Ax 


du 

dx 


(3-6) 


This and tuC next section Can be omitted without loss of continuity in die 
text. 

4 A more fundamental definition of extensional strain, more amenable to the 
more general concepts of stretching or extending, can be expressed, using Fig. 




lim 


D'C - DC 
DC 


(3-6a) 


where the vectorial displacements of points C and D are u c = CC' and Ud = 
DD'. For the small deformations considered here, Eq. 3-6a reduces to Eq. 3-6. 
Also see oections 8-11 and 12. 
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Fig. 3-7 One and two- 
dimensional strained 
elements in initial and final 
positions. 
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If a body is strained in orthogonal directions, as shown for a two-di¬ 
mensional case in Fig. 3-7(b), subscripts must be attached to e to differ¬ 
entiate between the directions of the strains. For the same reason, it is ; 
also necessary to change the ordinary derivatives to partial ones. There¬ 
fore, if at a point of a body, u, v, and w are the three displacement com¬ 
ponents occurring, respectively, in the x, y, and z directions of the co¬ 
ordinate axes, the basic definitions of normal strain become 


(3-7) 


Note that double subscripts, analogously to those of stress, can be used 
for these strains. Thus, 




where one of the subscripts designates the direction of the line element, 
and the other, 'the direction of the displacement. Positive signs apply to 
elongations. 

In addition to normal strains, an element can also experience a shear 
strain as shown for example in the x-y plane in Fig. 3-7(c). This inclines 
the sides of the deformed element in relation to the x and the y axes. 
Since v is the displacement in the y direction, as one moves in the x 
direction, dv/dx is the slope of the initially honzonta. side of the infini¬ 
tesimal element. Similarly, the vertical side tilts through an angle du/dy. 
On this basis, the initially right angle CDE is reduced by the amount dvldx 
+ du/dy. Therefore, for small angle changes, the definition of the shear 
strain associated with the xy coordinates is 


(3-9) 


are equal to the angles themselves in radian measure. Positive sign for 
the shear strain applies when the element is deformed, as shown in Fig. 
3-7(c). (This deformation corresponds to the positive directions of the 
shear stresses; see Fig. 1-4.) 

The definitions for the shear strains for the xz and yz planes are similar 
to Eq. 3-9: 

[ 
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From these equations, the strain tensor in matrix representation can be 
assembled as follows: 


Jxy Jxz 
2 2 


7w Jzy 
2 2 



(3-12) 


The strain tensor is symmetric. Mathematically, the notation employed 
in the last expression is particularly attractive and has wide acceptance 
in continuum mechanics (elasticity, plasticity, rheology, etc.). Just as for 
the stress tensor, using indicial notation, one can write e, 7 for the strain 
tensor. 

Analogously to the stress tensor, the strain tensor can be diagonalized, 
having only ei, e 2 , and e 3 as the surviving components. For a two-di¬ 
mensional problem, e 3 = 0; aiiu one has the case of plane strain. The 
tensor for this situation is 



The transformation of strain suggested by Eq. 3-13 will be considered in 
Chapter 8. 

defined in Section 1-4, will be discussed in the next section after the 
introduction of the generalized Hooke’s law. 

The reader should note that in discussing the concept of strain, the 
mechanical properties of the material were not involved. The equations 
are applicable whatever the mechanical behavior of the material. How¬ 
ever, only small strains are defined by the presented equations. Also note 
that strains give only the relative displacement of points; rigid-body dis- 


3-6. Generalized Hooke’s Law for Isotropic Materials 

In this article, six basic relationships between a general state of stress 
and strain are synthesized using the principle of superposition from the 
previously established simpler stress-strain equations. This set of equa¬ 
tions is referred to as the generalized Hooke's law. These equations are 
applicable only to homogeneous isotropic materials , i.e., materials having 
the same properties in all directions. Hooke's law becomes mors complex 
for anisotropic materials. For example, wood has decidedly different 


properties in the longitudinal, radial, and transverse directions, i.e., in 

have nine independent material constants, whereas, as it will be shown 
in the next section, isotropic materials have only two. For fully aniso¬ 
tropic crystalline materials the number of independent material constants 
can be as large as 21. 6 In this book consideration is basically limited to 
isotropic materials, although by properly selecting the directions of axes, 
the deveioped procedures can be applied to orthotropic problems. Notable 
examples of these are wood and man-made materials, such as corrugated 
sheets or filament-reinforced plastics. 

According fo the. hasic concept of Hooke’s law a linear relationship 
exists between the applied stress and the resulting strain, such as shown 
in Fig. 3-9. During this process, a lateral contraction or expansion of a 
body-takes place, depending on whether a body is being stretched or 
compressed. The extent of the lateral deformation is analytically for¬ 
mulated using Poisson’s ratio (see Section 2-8). Qualitative illustrations 
of deformations caused by sti esses applied along Lne coordinate axes are 
shown in Fig. 3-10. 

Consider first that the element chrmm in Pin i_ineo\ ^„i.. 

....^JV^U UU |, 

to a tensile stress o\, as shown in Fig. 3-10(b). For this case, from a - 
£e, Eq. 2-3, one has ef = a x /E, where is the strain in the x direction. 
The corresponding lateral strains ej and t' z along the y and z axes, re- 

6 A. P. Doresi and O. M. Sideboltom, Advanced Mechanics of Materials, 4th 
ed.. (New York: Wiley, 1985) T. $ .‘sokolnikoff, Mathematical Theory of Elas¬ 
ticity (New York: McGraw-Hill, 1956). L. E. Malvern, Introduction to the Me¬ 
chanics of a Continuous Medium, (Englewood Cliffs, NJ: Prentice-Hall, 1969). 



/ 

/ 



Fig. 3-9 Linear relation 
between uniaxial stress and 
extensional strain. 


Fig. 3-10 Element 
deformations caused hy 
normal stresses acting in 
directions of coordinate 
axes. 
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strain must be multiplied by the member’s length. For example, the nor¬ 
mal detormation A, in the x direction is given as 

A* = £ x L x (3-15) 

where L x is the member’s length in the x direction. Similar relations apply 
for A v and A z . An integration process is used when strains vary along 
the length. 

From the generalized Hooke’s law equations, some useful comments 
can be made to clarify the distinction between plane stress and plane 
strain prubiems. An examination of Eq. 1-3 for the plane stress problem 
shows that a x and cr y may exist. If either one or both of these stresses 
are ^resent, according to the third E n . 3-14 a normal strain c W'l! de¬ 
velop. Conversely, in the plane strain problem, defined by Eq. 3-13, the 
normal strain £ z must be zero. Therefore, in this case, if either ov and/or 
Oy are present, it can be concluded from the third Eq. 3-14 that a z should 
not be zero. The similarity and the difference between the two kinds of 
problems can be further clarified from the table, where the stresses and 
strains aie shown in matrix form. 



EXAMPLE 3-2 

A 50 mm cube of steel is subjected to a uniform pressure of 200 MPa acting on 
all faces. Determine the change in dimension between two parallel faces of the 
cube. Let E = 200 CiPa and v = 0.25. 

Solution 

Using the first expression in Eq. 3-14 and Eq. 3-15, and noting that pressure is 
a compressive stress, 

= (- 200 ) _ / 1 \ (- 200 ) _ / 1 \ (- 200 ) 

* ?nn v m3 \ a I onn v m3 \ a J --mn ^ m3 

— „ .. -v, \'/ •• w 

= —5 x 10 4 mm/mm 

A x = c x L x - -5 x 10 -4 x 50 = —0.025 mm (contraction) 


In this case = A y = A z . 
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In order to demonstrate the relationship among E, G, and v, first it must 
be shown that a state of pure shear, such as shown in Fig. 3-11(a), can 
be transformed into an equivalent system of normal stresses. This can be 
shown in the following manner. 

Bisect square element ABCD by diagonal AC and isolate a triangular 
element, as shown in Fig. 3-11(b). If this element is dz thick, then each 
area associated with sides AB or BC is dA, and that associated with the 
diagonal AC is V2 dA. Since the shear stress acting on the areas dA is 
t, the forces acting on these areas are t dA. The components of these 
forces acting toward diagonal BD are in equilibrium. On the other hand, 
the components parallel to diagonal BD develop a resultant t'\/2 dA acting 
normal to AC. This force is equilibrated by the normal stresses rrj acting 
on area V2 dA associated with diagonal AC. This gives rise to a force 
ctiV2 dA shown in the figure. Since the shear stress resultant and this 
force must be equal, it follows that cti - t. These stresses are shown in 
Eq. 3-11(c) and cannot be treated as forces. 

By isolating an element with a side BD, as shown m Eq. 3-11(d), and 
proceeding in the same manner as before, a conclusion is reached that 
o r 2 = -7. The results of the two analyses are displayed in Fig. 3-11(e). 
This representation of stress is completely equivalent to that shown in 
Fig. 3-11(a). Therefore, a pure shear stress at a point can be alternatively 
represented by the normal stresses at 45° with the directions of the shear 
stresses, as shown in Fig. 3-11(e), and numerically, 


CTl = -0-2 = 7 


(3-16) l 


This important stress transformation enables one to proceed in establish¬ 
ing the relationship among E, G and v. For this purpose, consider the 
deformed element shown in Fig. 3-12, and determine the strain in diagonal 
DB on two different bases. In one approach, determine strain from shear 
stresses; in the other, from the equivalent normal stresses. 

Considering only infinitesimal deformations, and letting sin y - tan y 
=■ y and cos y = 1, it follows that displacement BB r due to shear is ay. 

The projection of this displacement onto diagonal DB' , which, to the order 
of the approximation adopted, is equal to the stretch of DB, is ay/V2. 
Therefore, since the length of DB is Via, its normal strain e 45 = is y/2. 
Hence, recalling that 7 = Gy, Eq. 3-1, one has 

^ (3-17) ; 

However, the shear stresses causing the deformation shown in Fig. 3- 
12 are equivalent to the normal stresses represented in Fig. 3-11(e). There¬ 
fore, if the x axis is directed along diagonal DB the first Eq 3-14 can be 
applied by taking <t x - o-|, a y - -<j 2 , and cr z - 0. In this manner an 
alternative expression for the normal strain in diagonal DB is found. 
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e«. = ^ - V = (1 + v) (3-18) 

Ci it, it. 

Equating the two alternative relations for the strain along the shear 
diagonal and simplifying, 


(3-19) 


This is the basic relation between E, G, and v; it. shows that these quan¬ 
tities are not independent of one another. If any two of these are deter¬ 
mined experimentally, the third can be computed. Note that the shear 
modulus G is always less than the elastic modulus E, since the Poisson 
ratio v is a positive quantity. For most materials, v is in the neighborhood 

of 4. 



** 7 3-8. Dilatation and Bulk Modulus 

By extending some of the established concepts, one can derive an equa¬ 
tion for volumetric changes in elastic materials subjected to stress. In the 
process of doing this, two new terms are introduced and defined. 

The sides dx, dy, and dz of an infinitestimal element after straining 
become (1 + e*) dx, (1 + e y ) dy, and (1 + e z ) dz, respectively. After 
subtracting the initial volume from the volume of the strained element, 
the change in volume is determined. This is 

7 Study of this section is optional. 
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~ (r.. t + £>■ + £ c) dx dy dz 

where the products of strain t x t y + z y z z + c z z x + e. c e > e i , being small, 
are neglected. Therefore, in the infinitesimal (small) strain theory, e, the 
change in volume per unit volume, often referred to as dilatation, is de¬ 
fined as 



The shear strains cause no change in volume. 

Based on the generalized Hooke’s law, the dilatation can be found in 
terms of stresses and material constants. For this purpose, the first three 
Eqs. 3-14 must be added together. This yields 

1 — 2v . 

e = Z x + £v + e z = -P — (cr.< + o-j, + CTJ O-^IJ 

t, 

which means that dilatation is proportional to the algebraic sum of all 
normal stresses. 

If an elastic body is subjected to hydrostatic pressure of uniform in- 
tensity p, so that cr x = tr y — o z — —p, then from Eq. 3-21, 



The quantity k represents the ratio of the hydrostatic compressive stress 
to the decrease in volume and is called the modulus of compression, or 
bulk modulus. 

Part C THIN-WALLED PRESSURE VESSELS 

3=9. Cylindrical and Spherical Pressure Vessels 

in this section, attention is directed toward l wo types of thin-walled pres¬ 
sure vessels: cylindrical and spherical. Both of these types of vessels are 
very- widely used in industry; hence, this topic is of great practical im¬ 
portance, Tn analyzing such vessels for elastic deformations, an appli¬ 
cation of the generalized Hooke’s law is required. 
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(d) (ei d! 

Fig. 3-13 Diagiams for analysis of thin-wallcd cylindrical pressure vessels. 

The walls of an ideal thin-walled pressure vessel act as a membrane, 
i.e., no bending of the walls takes place. A sphere is an ideal shape for 
a closed pressure vessel if the contents are of negligible weight; a cylin¬ 
drical vessel is also good with the exception of the junctures with the 
ends, a matter to be commented on in more detail in the next section. 

The analysis of pressure vessels will begin by considering a cylindrical 
pressure vessel such as a boiler, as shown in Fig. 3-13(a). A segment is 
isolated from this vessel by passing two planes perpendicular to the axis 
of the cylinder and one additional longitudinal plane through the same 
axis, shown in Fig. 3-13(b). The conditions of symmetry exclude the pres¬ 
ence of any shear siiesses m the planes of the sections, as shear stresses 
would cause an incompatible distortion of the tube. Therefore, the stresses 
that can exist on the sections of the cylinder can only be the normal 
stresses, cri and a,, shown in Fig. 3-13(b). These stresses, multiplied by 
the respective areas on which they act, maintain the element of the cyl¬ 
inder in equilibrium against the internal pressure. 

Let the internal pressure in excess of the external pressure be p psi or 
Pa (gage pressure), and let the internal radius of the cylinder be r t . Then 
the force on an infinitesimal area Lr, dQ (where dQ is an infinitesimal angle) 
of the cylinder caused by the internal pressure acting normal thereto is 
pLr-, dti; see Fig. 3-13(c). The component of this force acting in the hor¬ 
izontal direction is {pLri d%) cos 0; hence, the total resisting force of 2 P 
acting on the cylindrical segment is 

pu/2 

2P ~ 2 f pLr- t cos <20 = 2 pr t L 


\2~LD) 
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A°ain from s' , mmetr' / , half of this total force is resisted at the to r ' cu* 
through the cylinder and the other half is resisted at the bottom. The 
normal stresses cr 2 acting in a direction parallel to the axis of the cylinder 
do not enter into the above integration. 

Instead of obtaining the force 2 P caused by the internal pressure by 
integration, as above, a simpler equivalent procedure is available. From 
an alternate point of view, the two forces P resist the force developed by 
the internal pressure p, which acts perpendicular to the projected area 
A\ of the cylindrical segment onto the diametral plane; see Fig. 3-13(d). 
This area in Fig. 3-13(b) is 2r,X; hence, 2P - A x p = 2r,Lp. This force 
is resisted by the forces developed in the material in the longitudinal cuts, 
and since the outside radius of the cylinder is r 0 , the area of both lon¬ 
gitudinal cuts is 2A = 2 L(r a - r,-). Moreover, if the average normal stress 
acting on the longitudinal cut is cti , the force resisted by the walls of the 
Qi/iinHgr jg '2JL(r 0 — _ Equating the two forces, 2,rjLp ~ 2 L(_r a — 

Since r a — rj is equal to t, the thickness of the cylinder wall, the last 
expression simplifies' to 


(3-24) 


The normal stress given by Eq. 3-24 is often referred to as the circum¬ 
ferential or the hoop stress. Equation 3-24 is valid only for thin-walled 
cylinders, as it gives the average stress in the hoop. However, as is shown 
in Example 3-6, the wall thickness can reach one-tenth of the internal 
radius and the error in applying Eq. 3-24 wili still be small. Since Eq. 3- 
24 is used primarily for thin-walled vessels, where r,- r a , the subscript 
for the radius is usually omitted. 

Enuation 3-24 can aiso be derived bv massing two longitudinal sections, 
as shown in Fig. 3-13(e). Because of the assumed membrane action, the 
forces P in the hoop must be considered acting tangentially to the cylinder. 
The horizontal components of the forces P maintain the horizontal com¬ 
ponent of the internal pressure in a state of static equilibrium. 

The other normal stress cr 2 acting in a cylindrical pressure vessel acts 
longitudinally, Fig. 3-13(b), and it is determined by solving a simple axial- 
force problem. By passing a section through the vessel perpendicular to 
its axis, a free-body as shown in Fig. 3-13(f) is obtained. The force de¬ 
veloped by the internal pressure is pirr }, and the force developed by the 
longitudinal stress cr 2 in the walls is o- 2 (tt - ir/f). Equating these two 
forces and solving for cr 2 , 

p-nrj = cr 2 (-ir r\ — i\r}) 
pn prj 

" 2 ri - rj + v,-)(('„ - r,) 




Note thal for thin-walled cylindrical pressure vessels, cr 2 « cri/2. 

a_ Inf onolvcis non iicpH to an PYnrfxssfnn 

nil auaiuguuj uivuiuu ui ~ - 

for thin-walled spherical pressure vessels. By passing a section through 
the center of the sphere of Fig. 3-14(a), a hemisphere shown in Fig. 3- 
14(b) is isolated. By using the same notation as before, an equation iden¬ 
tical to Eq. 3-25 can be derived. However, for a sphere, any section that 
passes through the center of the sphere yields the same resuit whatever 
the inclination of the element’s side; see Fig. 3-14(c). Hence, the maxi¬ 
mum membrane stresses for thin-walled spherical pressure vessels are 





Infinitesimal elements for the vessels analyzed showing the normal 
stresses cri and cr 2 viewed from the outside are indicated in Figs. 3-13(a), 

3-14(a), and 3-14(c). According to Eq. 1-10, the maximum shear stresses (c) 

associated with these normal stresses are half as large. The planes on Fig. 3-14 Thin-walled 
which these shear stresses act may be identified on elements viewed to- spherical pressure vessel. 

ward a section through the wall of a vessel. Such a section is shown in u.- t _ 

Fig. 3-15. The stress cr 2 acts perpendicularly to the plane of the figure. J 


EXAMPLE 3-3 

Consider a closed cylindrical steel pressure vessel, as shown in Fig. 3-13(a). The 
radius of the cylinder is 1000 mm and its wail thickness is 10 mm. (a) Determine 
the hoop and the longitudinal stresses in the cylindrical wall caused by an internal 
pressure of 0.80 MPa. (b) Calculate the change in diameter of the cylinder caused 
by pressurization. Let E = 200 GPa, and v = 0.25. Assume that r,- r a r. 


Solution 

The stresses follow by direct application of Eqs. 3-24 and 3-25: 


cri 


or 

t 


0.8 x 1 
10 x 10" 3 


= 80 MPa 


Planes of maximum 
shear stresses 

Fig. 3-15 In yielded steel 
pressure vessels shear slip 
planes at 45° can be 

/-ihegrygH Qrj gtched 

specimens. 
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Sec. 3-10. Remarks on Thin-Walled Pressure Vessels 


and 


CT2 


EL 

21 


0.8 x 1 

2 x 10 x 10" 3 


= 40 MPa 




0.15 x 10 -3 x 10 3 = 0 15 


The stress perpendicular to the cylinder wall, cr* = p = 0.80 MPa, on the inside 
decreases to zero on the outside. Being small, it can be neglected. Hence, on 
setting <J X = cr,, a y = cr 2 , and cr z = 0 in the first expression in Eq. 3-14, one 
obtains the hoop strain e t : 


o i (?2 _ 80 

£i = - v— - 2 qq x IQ 3 


40 

4 x 200 x 10 3 


= 0.35 X 10 


mm/mm 


On pressurizing the cylinder, the radius r increases by an amount A. For this 
condition, the hoop strain £i can be found by calculating the difference in the 
strained and the unstrained hoop circumferences and dividing this quantity by 
the initial hbo n length. Therefore, 


£i 


+ A) - 2w _ A 
2-nr r 


(3-27) 


EXAMPLE 3-5 

For an industrial laboratory a pilot unit is to employ a pressure vessel of the 
dimensions shown in Fig. 3-16. The vessel will operate at an internal pressure of 
0.7 MPa. If for this unit 20 bolts are to be used on a 650 mm bolt circle diameter, 
what is the required bolt diameter at the root of the threads? Set the allowable 
stress in tension for the bolts at 125 MPa; however, assume that at the root of 
the bolt threads the stress concentration factor is 2. 

Solution 

The vertical force F acting on the cover is caused by the internal pressure p of 
0.7 MPa acting on the horizontal projected area within the self-sealing rubber 
gasket, i.e., 


F = 0.7 x 10 6 x it( 600/2) 2 - 198 x 10 9 N 


-500 mm 

'^zzazzzzzz 

Figure 3-16 


By recasting this expression and substituting the numerical value for e : found 
earlier, 


A = e,r = 0.35 x 10 -3 x 10 3 = 0.35 mm 


EXAMPLE 3-4 

Consider a steel spherical pressure vessel of radius 1000 mm having a wall thick¬ 
ness of 10 mm. (a) Determine the maximum membrane stresses caused by an 
internal pressure of 0.80 MPa. (b) Calculate the change in diameter in the sphere 
caused by pressurization. Let E — 200 GPa, and v = 0.25. Assume that r-, ~ r„ 


Assuming that this force is equally distributed among the 20 bolts, the force F 
per bolt is 198 x 10 9 /20 = 9.90 x 10 9 N. Using the given stress-concentration 
factor K = 2 and applying Eq. 2-19, the required bolt area A at the root of the 
threads, 


A 


= K 


P 

fallow 


2 x 9.90 x IQ 9 
125 x 10 6 


158 mm 2 


Hence the required bolt diameter d at the root of the threads d = iVAhr = 14.2 
mm. Note from Example 2-22 that initial tightening of the bulls results in a rela¬ 
tively small increase in total bolt stress when the vessel is pressurized. 


Solution 
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The maximum membrane normal stresses follow directly from Eq. 3-26. 


pr _ 0.80 x 1 

2r “ 2 x 10 x 10- 


* 40 MPa 


The same procedure as in the previous example can be used for finding the 
expansion of the sphere due to pressurization. Hence, if A is the increase in the 
radius r due to this cause, A = t^r, where £1 is the membrane strain on the great 
circle. However, from the first expression in Eq. 3-14, one has 

e, = - vrr =-—— 5 - ———z - 0-15 x 10 -3 mm/mm 

t b 200 x ICF 4 x 200 x lir 


It is instructive to note that for comparable size and wall thickness, the 
maximum normal stress in a spherical pressure vessel is only about one- 
half as large as that in a cylindrical one. The reason for this can be clarified 
by making reference to Figs. 3-17 and 3-18. In a cylindrical pressure ves¬ 
sel, the longitudinal stresses, cr 2 , parallel to the vessel’s axis, do not con¬ 
tribute to maintaining the equilibrium of the internal pressure p acting on 
the curved surface - whereas in a spherical vessel, a system of equal 
stresses resists the applied internal pressure. These stresses, given by 
Eqs. 3-24-3-26, are treated as biaxial, although the internal pressure p 
acting on the wall causes local compressive stresses on the inside equal 
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Fig. 3-17 An element of a Fig. 3-18 An element of a 

tVi5n.il/aHgri cylindrical thin-walled spherical 

pressure vessel. pressure vessel. 

to this pressure. As already pointed out in Example 3-3, such stresses are 
small in comparison with the membrane stresses crj and < 72 , and are gen¬ 
erally ignored for thin-walled pressure vessels. A more complete discus¬ 
sion of this problem is given in Seclion 3-13 and Example 3-6. A much 
more important problem arises at geometrical changes in the shape of a 
vessel. These can cause a disturbance in the membrane action. An illus¬ 
tration of this condition is given in Fig. 3-19 using the numerical results 
found in Examples 3-3 and 3-4. 

If a cylindrical pressure vessel has hemispherical ends, as shown in 
Fig. 3-19(a), and if initially the cylinder and the heads were independent 
of each other, under pressurization ihey would tend to expand, as shown 
by the dashed lines. In general, the cylinder and the ends would expand 
by different amounts and would tend to create a discontinuity in the wall, 
as shown at A. However, physical continuity of the wall must be main¬ 
tained by local bending and shear stresses in the neighborhood of the 
juncture, as shown in Fig. 3-19(b). If instead of relatively flexible hemi- 



(c) Deformation of the same 
cylindrical pressure vessel 
at a flat head 


Fig. 3-19 Exaggerated deformations of pressure vessels at discontinuities. 
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_ugr-igoi ends, thick end nlates are used, the local bending and shear 

stresses increase considerably; see Fig. 3-19(c). For this reason, the ends 
(heads) of pressure vessels must be very carefully designed. 9 Flat ends 
are very undesirable. 

A majority of pressure vessels are manufactured from curved sheets 
that are joined together by means of welding. Examples of welds used in 
pressure vessels are shown in Fig. 3-20, with preference given to the 
different types of butt joints. Some additional comments on welded joints 
may be found in Section 1-14. 

In conclusion, it must be emphasized that the formulas derived for thin- 
walled pressure vessels in the preceding section should be used only for 
cases of internal pressure. If a vessel is to be designed for external pres¬ 
sure, as in the case of a vacuum Lank or a submarine, instability (buckling) 
of the walls may occur, and stress calculations based on the previous 
^rmulas can be meaningless. 



(b) 

Fig. 3-20 Examples of welds 
used in pressure vessels, (a) 
Double-fillet lap joint, and 
(b) double-welded butt joint 
with V-grooves. 


Part D THICK-WALLED CYLINDERS 


** 10 3-11. Introduction 

Analysis of thick-walled cylinders under internal and external pressure 
is discussed in this part. This problem is related to the thin-walled cylin¬ 
drical pressure vessel problem treated earlier. In order to solve the posed 
problem, a characteristic method of the mathematical theory of elasticity 
is employed. This consists of assuring equilibrium for each infinitesimal 
element, arid, through the .use of geometric relations, allowing only their 
compatible (possible) deformations. The equilibrium conditions are re¬ 
lated to those of deformation using the generalized Hooke’s law. Then 
the governing differential equation established on the preceding bases is 
solved subject to the prescribed boundary conditions. This approach dif¬ 
fers from that used in engineering mechanics of solids, where the internal 
statical indeterminancy is resolved by means of a plausible kinematic 
assumption in each particular case. Occasionally, m engineering me¬ 
chanics of solids, it becomes necessary to draw upon the solutions ob¬ 
tained using the methods of the mathematical theory of elasticity. This, 
for example, was already resorted to in treating stress concentrations at 
discontinuities in axially loaded bars. Solutions of two- and three-dimen¬ 
sional problems using the finite-element approach, philosophically, are in 

9 The ASME Unfired Pressure Vessel Code gives practical information on the 
design of ends; the necessary theory is beyond the scope of this text. In spite of 
this limitation, the elementary formulas for thin-walled cylinders developed here 
are suitable in the maioritv of cases, 

10 The remainder of this chapter can be omitted in a first course. 
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many respects similai to the methods of the umthcmatieal theory of elas¬ 
ticity. In both cases, one seeks solutions to boundary-value problems. 

Mathematically, the problem of thick-walled cylinders is rather simple, 
yet it clearly displays the characteristic method used in elasticity. Here 
the solution is carried further by including inelastic behavior of thick- 
walled cylinders. Both the elastic-plastic and the plastic states are ex¬ 
amined. 

The solution of the problem of thick-walled cylinders under internal 
pressure provides bounds on the applicability of the equations developed 
earlier for thin-walled cylinders. This solution is also useful for the design 
of extrusion molds and other mechanical equipment. 


**3-12. Solution of the General Problem 


Consider a long cylinder with axially restrained ends whose cross section 
has the dimensions shown in Fig. 3-21(a). u The inside radius of this cyl¬ 
inder is r,-; the outside radius is r a . Let the internal pressure in the cylinder 
be D; and the outside, or external, pressure be p 0 . Stresses in the wall of 
the cylinder caused by these pressures are sought. 

This problem can be conveniently solved by using cylindrical coordi¬ 
nates. Since the cylinder is long, every ring of unit thickness measured 
perpendicular to the plane of the paper is stressed alike. A typical infin- 


and an angle d<j>, as shown in Fig. 3-21(b). 

If the normal radial stress acting on the infinitesimal element at a dis¬ 


tance r from the center of the cylinder is 07 , this variable stress at a 
distance r + dr will be o> + ( dujdr) dr. Both normal tangential stresses 


acting on the other two faces of the element are 07 . These stresses, anal¬ 
ogous to the hoop stresses in a thin cylinder, are equal. Moreover, since 
from the condition of symmetry, every element at the same radial distance 
ftvMn renter must be stressed alike no shear stresses o.ct on the ele- 


11 This problem was originally solved by Lame, a French engineer, in 1833 and 
is sometimes referred to as Lhe Lame problem. 


& i 
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... ent shown. Further, the axial stresses cr_ on the two faces of the element 
are equal and opposite normal to the plane of the paper. 

The nature of the stresses acting on an infinitesimal element having 
been formulated, a characteristic elasticity solution proceeds along the 
following pattern of reasoning. 

Static Equilibrium 

The element chosen must be in static equilibrium. To express this mathe¬ 
matically requires the evaluation of forces acting on the element. These 
forces are obtained by multiplying stresses by their respective areas. The 
area on which 07 acts is 1 x r d§; that on which a, + do r acts is 1 x 
(r + dr) c/4>; and each area on which u, acts is 1 x dr. The weight of the 
element itself is neglected. Since the angle included between the sides of 
♦he element is d<^, both tangential stresses are inclined § d <b to the line 
perpendicular to OA. Then, summing the forces along a radial line, J F r 
= 0 , 

<j,r d§ + 2 rr, dr - (°> + ~ dr'j (r + dr) = 0 

Simplifying, and neglecting the infinitesimals of higher order, 

d(Jr r. for . OV - n -,o\ 

07 — 07 — 1 — r~ — 0 or ~— 1 - — 0 (3-2o) 

dr dr r 

This one equation has two unknown stresses, <r, and o r . Intermediate 
steps are required to express this equation in terms of one unknown so 
that it can be solved. This is done by introducing Lhe geometry of defor¬ 
mations and properties of materials into the problem. 


Geometric Compatibility 

The deformation of an element is described by its strains in the radial and 
tangential directions. If u represents the radial displacement or movement 
of a cylindrical surface of radius r. Fig. 3-21(a), u + ( duidr) dr is the 
radial displacement or movement of the adjacent surface of radius r -l 
dr. Hence, the strain t r of an element in the radial direction is 


The strain e, in the tangential direction follows by subtracting from the 
length of the circumference of the deformed cylindrical surface of radius 
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the difference by the latter length. Hence, 

2ir(r + u) - 2nr u tn 

E, = ..■=- = “ (->30) 

2rrr r 

Note that Eqs. 3-29 and 3-30 give strains expressed in terms of one 
unknown variable u. 

PrQngrties of Mdt€PW.I 

The generalized Hooke’s law relating strains to stresses is given by Eq. 
3-14, and can be restated here in the form 12 


e, - — (- vov + cr, - - ver*) 

E 

Ex = 4( — V<Tr “ ver, + CTx) 


However, in the case of the thick-walled cylinder with axially restrained 
deformation, the problem is one of plane strain, i.e., e. x — 0. The last 
equation then leads to a relation for the axial stress as 

cr.r = v(oy + o'/) (3-34) 

Introducing this result into Eqs. 3-31 and 3-32 and solving them simul¬ 
taneously gives expressions for stresses cr, and a, in Lerms of strains: 


cr, = n , v, --rr [d ~ v)e, + ve,] (3-35) 

(1 + v)(l - 2v) 

I™? + « - vm 0-36) 

(1 -I- v)(l - 2v) 


These equations bring the plane strain condition into the problem for 
elastic material. 


Formation of the Differential Equation 

Now the equilibrium equation, Eq. 3-28, can be expressed in terms of 
one variable u. Thus, one eliminates the strains e r and e, from Eqs. 3-35 

12 Since an infinitesimal cylindrical element includes an infinitesimal angle be¬ 
tween two of its sides it can be treated as if it were an element in a Cartesian 
coordinate system. 



Solution of the Differential Equation 

As can be verified by substitution, the general solution of Eq. 3-38, which 
gives the radial displacement u of any point on the cylinder, is 

(3-39) 


where the constants A\ and A 2 must be determined from the conditions 
at the boundaries of the body. 

Unfortunately, for the determination of the constants A t and A 2 , the 
displacement u is not known at either the inner or the outer boundary of 
the cylinder’s wall. However, the known pressures are equal to the radial 
stresses acting on the elements at the respective radii. Hence, 

ov(r/) = - pi and ov(r 0 ) = -p a (3-40) 

where the minus signs are used to indicate compressive stresses. More¬ 
over, since u as given by Eq. 3-39 and du/dr = A\ — A 2 lr 2 can be sub¬ 
stituted into the expression for oy given by Eq. 3-37, the boundary con¬ 
ditions given by Eqs. 3-37 become 



OrOi) 

Ur('o) 


~Pi ~ 

po = 


E _ 

a + v)(f- 2v) 

E 


(1 + v)(l - 2v) 


[a, - (1 - 2v)^j 

L'“ '* 


(3-41) 
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ouivmg uiese equations sniiUnaucOUMy iOi' ai aiiu ^12 yieius 


(1 + v)(l - 2v ) pir} - p n r 2 
E rl — rf 

1 + v (Pi ~ Po)r}rl 

E rl - rf 


These constants, when used in Eq. 3-39, permit the determination of the 
radial displacement of any point on the elastic cylinder subjected to the 
specified pressures. Thus, displacements of the inner and outer bound¬ 
aries of the cylinder can be computed. 

If Eq. 3-39 and its derivative, together with the constants given by E°s 
3-42, are substituted into Eqs. 3-37, and the results are simplified, general 
equations for the radial and tangential stresses at any point of an elastic 
cylinder are obtained. These are 


Sec. 3-13. Special Cases 

It is these stress-strain relations that must be used in the solution process. 
However, the resulting differential equation remains the same as Eq. 3- 
38 , and the radial and tangential stresses are also identical to those in the 
thick-walled cylinder and are given by Eq. 3-43. The only difference is 
that a different constant Ai must be used in Eq. 3-39 for determining the 
radial displacement u. The constant A 2 remains the same as m Eq. 3-42, 
whereas A\ becomes 



**3-13. Special Cases 

Internal pressure only, i.e., p t =£ 0 and p 0 = 0, Fig. 3-22. For this case, 
Eqs. 3-43 simplify to 


Fig. 3-22 An element in 
which Tmax occurs. 


Dili (. rl\ 

a ' “ + d) 

Since rl/r 2 > 1, oy is always a compressive stress and is maximum at r 
- r h Similarly, o f is always a tensile stress, and its maximum also occurs 


Note that cr r 4- cr, is constant over the whole cross-sectional area of 
the cylinder. This means that the axial stress oy as given by Eq. 3-34 is 
also constant over the entire cross-sectional area of the thick-walled cyl¬ 
inder. 

Remarks on the Thin-Disc Problem 

The stress-strain relations used for a thick-walled cylinder corresponded 
to a plane strain condition. If, on the other hand, an annular thin disc 
were to be considered, the plane stress condition (i.e., ay = 0 and e. T = 
- v(oy + (j y )/E ) governs. (See the discussion at the end of Section 3-6.) 
For this case, the stress-strain Eqs. 3-31 and 3-32 reduce to 

£ r = 4 (oy - voy) and e f = 7 ; (“ vo > + ov) (3-44) 


For brittle materials, the second Eq. 3-47 generally governs the design. 
However, for ductile materials, such as mild steel, it is more appropriate 
to adopt the criterion for the initiation of yielding due to shear rather than 
the material’s capacity for resisting normal stress. This issue does not 
arise for thin-walled cylinders. In such problems, the maximum radial 
stress, equal to p is negligible in comparison with cy. Therefore, ac¬ 
cording to Eq. 1-10, the relationship between the maximum normal and 
shear stresses is simple and direct, being T max = rrj/2, and either the 
normal or shear yield can be used as a criterion. However, for thick- 
walled cylinders, the radial stress oy may be of the same order of mag¬ 
nitude as 04 . For such a case, the maximum shear stress must be found 
by superposing the effects from both of the large normal stresses 13 in the 
manner shown in Fig. 3-23. Both of these stresses reach their maximum 
values at the inner surface of the cylinder. The maximum shear stress 
found in this manner should be compared with the maximum shear stress 
that a material can attain. Such a value can be taken as cr yp /2, where cr yp 
is the normal yield stress in uniaxial tension. On this basis, 




and by solving these equations simultaneously, 

E E 

ay = -- 2 ( £ r + v£ i) and = --5 ( £ r + ve r ) (3-45) 


2 ~ d- d ~ 2 iw 

Fig. 3-23 Stress 

13 The axial stress a, given by Eq. 3-34 does not enter the problem, since for transformations for obtaining 
0 < v < 0.5, this stress has an intermediate value between 07 and oy. maximum shear stresses. 
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External pressure only, i.e,, p-, = 0 and p n # 0. For this case, Eqs. 3- 
43 simplify to 



Since tjfr 2 s 1, both stresses are always compressive. The maximum 
compressive stress is 07 and occurs at r = n. 

Equations 3-50 must not be used for very thin-walled cylinders. Buck¬ 
ling of the waiis may occur and sir engih formulas give misleading results. 


EXAMPLE 3-6 

Make a comparison of the tangential stress distribution caused by the internal 
pressure p; as given by the Lam6 formula in Section 3-12 with the distribution 
given by the approximate formula for thin-walled cylinders of Section 3-9 if (a) 
r a = l.l/v, and if ( b ) r a = 4rv; see Fig. 3-24. 


Solution 

(a) Using Eq. 3-47b for ct,, 


(a r )r-n = (CT|) t 
(O-,)^ = (07), 



I 11 7 .. W I 


10.5p, 
: 9.5p,- 


while, since the wall thickness t = 0.lr h the average hoop stress given by Eq. 
3-24 is 


(Cr)avg ~ 


p,-r,- 

O.lr, 


= 10 /?,- 


These results are shown in Fig. 3-24(a). Note particularly that in using Eq. 3- 
24, no appreciable error is involved. 

{b) By using Eq. 3-47bforoy, the tangential stresses are obtained as before. These 
are 
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Radial stresses Tangential stresses 


(a) r 0 = I.I /7 or f = 0.1/> (b) r D = 4r ; or r,. = 3r, Fig. 3-24 

The tangential stress is plotted in Fig. 3-28(b). A striking variation of the tangential 
stress car. be observed from this figure. The average tangential stress given by 
F.q. 3-24, using t - 3r f , is 


5 1 

15 P ' ” 3 P ' 


The stress is nowhere near the true maximum stress. 

The radial stresses were also computed by using Eq. 3-47a for <j r , and the results 
are shown by the shaded area in Fig. 3-24(b). 

It is interesting to note that no matter how thick a cylinder is made to resist 
internal pressure, the maximum tangential stress 1 ** will not be smaller than p,-. In 
practice, this necessitates special techniques to reduce the maximum stress. For 
example, in gun manufacture, instead of using a single cylinder, another cylinder 
is shrunk onto the smaller one, which sets up initial compressive stresses in the 
inner cylinder and tensile stresses in the outer one. In operation, the compressive 
stress in the inner cylinder is released first, and only then does this cylinder begin 
to act in tension. A greater range of operating pressures is obtained thereby. 


**3-14. Behavior of Ideally Plastic Thick-Walled 
Cylinders 

The case of a thick-walled cylinder under internal pressure alone was 
considered in the previous section, and Eq. 3-49 was derived for the onset 
of yield at the inner surface of the cylinder due to the maximum shear. 
Upon subsequent increase in the internal pressure, the yielding progresses 
toward the outer surface, and an elastic-plastic state prevails m the cyl- 


See Problem 3-21. 
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(a) (b) (c) Fig. 3-25 

o r — cryp lii r + C (3-53) 

For a cylinder with inner radius a and outer radius b, the boundary con¬ 
dition (zero external pressure) can be expressed as 

oy(6) — 0 = Oyp In b + C (3-54) 

Hence, the integration constant C is given as 

C ~ -o-y- In b 

The radial and tangential stresses are then obtained, using Eqs. 3-53 and 
3-51, respectively. Thus, 

ov = o-yp(ln r - In b) = o yp In rib (3-55) 

cr, = o-yp + o r - cr yp (l + hi rib) (3-5G) 

The stress distributions ^iven b v E n s. 3-55 and 3-56 are shown in Fig. 3- 
25(c), whereas Fig. 3-25(b) shows the elastic stress distributions. Since 
the fully plastic state represents the ultimate collapse of the thick-walled 
cylinder, the ultimate internal pressure, using Eq. 3-55, is given as 

p u it = cr r (a) = cr yp In aib (3-57) 

Elastic-Plastic Behavior of Thick-Walled Cylinders 
For any value of p,- that is intermediate to the yield and ultimate values 
given by Eq. 3-49 and Eq. 3-57, respectively, i.c., p yp < p,- < pun > the 
cross section of the cylinder between the inner radius a and an inter¬ 
mediate radius c. is fully plastic, whereas that between c and the outer 
radius b is in the elastic domain, Fig. 3-26. At the elastic-plastic interface, 
the yield condition is just satisfied, and the corresponding radial stress X 
can be computed using Eq. 3-49 with n = c and r 0 = b\ hence, 





168 


Hooke’s Law, Pressure Vessels, and Thick-Walled Cylinders 


elastic. As the pressure increases, the radius c also increases until, even¬ 
tually, the entire cross section becomes fully plastic at the ultimate load. 

In the following discussion, as before, the maximum shear criterion for 
ideally plastic material will be assumed as 


As noted earlier, this implies that ay has an intermediate value between 
a, and cr r . A reexamination of Eqs. 3-34 and 3-47 shows this to be true 
in the elastic range, provided that 0 < v < 0.5, but in the plastic range, 
this applies only if the ratio of outer to inner radius, rjn, is less than a 
certain value. 15 For v = 0.3, this ratio can be established to be 5.75; 
hence, the solutions to be obtained in this section will be valid only as 
long as r 0 < 5.75/y (with v = 0.3). The task of finding the stress distribution 
is more complicated when this condition is not satisfied and is beyond 
the scone of this book. 

Plastic Behavior of Thick-Walled Cylinders 

The equations of static equilibrium are applicable, regardless of whether 
the elastic or plastic state is considered. Hence, Eq. 3-28 is applicable, 
but must be supplemented by a yield condition. 

Static equilibrium, Eq. 3-28: 


Yield condition, Eq. 3-51: 


tsy COinoillirig uiesc lWO cqueuiuna, uk. unaiv uuiu wiLitu v,vju. 

comes 


• = 0 or du r = “ dr 


The solution of this can be written as 


15 See W. T. Koiter, “On Partially Plastic Thick-Walled Tubes,'’ Biezeno An- 

•w i u«n«rwi. ur cum iQsr» W- 

mversary volume on /tyyueu meLnum^ iiiaoiiun, ~ 

251 . 
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(a) lb) (cl Fig. 3-25 

ay = Uyp In r + C (3-53) 

For a cylinder with inner radius a and outer radius b , the boundary con¬ 
dition (zero external pressure) can be expressed as 

<j r {b) = 0 = tjyp In b + C (3-54) 

Hence, the integration constant C is given as 

C = - cryp In b 

The radial and tangential stresses are then obtained, using Eqs. 3-53 and 
3-51, respectively. Thus, 

oy = oy p (in r - In b) = o yp In rib (3-55) 

oy = cr yp 4- ay = cr yp (l + In rib) (3-56) 

The stress distributions (riven bv Eos. 3-55 and 3-56 a.re shown in Fig. 3- 
25(c), whereas Fig. 3-25(b) shows the elastic stress distributions. Since 
the fully plastic state represents the ultimate collapse of the thick-walled 
cylinder, the ultimate internal pressure, using Eq. 3-55, is given as 

Pun = oy(a) = a yp in aib (3-57) 

Elastic-Plastic Behavior of Thick-Walled Cylinders 

For any value of p- t that is intermediate to the yield and ultimate values 

u.. r- _ -> /in_i t?~ i en ,„i,. : „ „ __ 

6»vwi uy jj,q. auu J^.q. j-ji, i i.apiA.uv ciy, i.v., y yp y; y<ult., L11 '' 

cross section of the cylinder between the inner radius a and an inter¬ 
mediate radius c is fully plastic, whereas that between c and the outer 
radius b is in the elastic domain, Fig. 3-26. At the elastic-plastic interface, 
the yield condition is just satisfied, and the corresponding radial stress X 
can be computed using Eq. 3-49 with n = c and r 0 = b \ hence, 
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By substituting this value of C into Eq. 3-55, the radial stress in the plastic 
region is obtained as 


a. 


gyp b 2 - c 2 
2 b 2 


(3-61) 


and by using t,q. 3-3 1 , tne tangential stress in me plastic zone becomes 


= gy P ( 1 + In -) 


The internal pressure p t at which the plastic zone extends from a to c can 
be obtained, using Eq. 3-61, simply as p ; = oy(tt). Equations 3-47, with 
)■; — r and r a = h, provide the necessary relations for calculating the 
stress distributions in the elastic zone. 
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problems 

Section 3-2 

3-1. Redesign the shear mounting in Example 3-1 to 
retain the same shear spring constant k s , but changing 
its dimensions to a square pad with 10-mm-tluck rub¬ 
ber. 


Sections 3-7 and 3-8 

3-5. Using the values for E and G given in Table 1A 
of the Appendix, calculate Poisson’s ratios for 2024- 
T4 aluminum alloy and steel. 

3-6. Using Table 1A in the Appendix, calculate the 
bulk moduli for 6061-T6 alluminum alloy and steel in 
U.S. customary units. 


Section 3-6 

3-2. Consider a 4-in square steel bar subjected to 
transverse biaxial tensile stresses of 20 ksi in the x 
direction and 10 ksi in the y direction, (a) Assuming 
the bar to be in a state of plane stress, determine the 
strain in the z direction and the elongations of the plate 
in the x and y directions, (b) Assuming the bar to be 
in a state of plane strain, determine the stress in the z 
direction and rhe. elongations of the bar in the .r and y 
directions. Let E = 30 x 10 3 ksi and v = 0.25. 

3*3. A piece of 50 by 250 by 10 mm steel plate is sub¬ 
jected to uniformly distributed stresses along its edges 
(see the figure), (a) TfP x - 100 kN and P y = 200 kN, 
what change in thickness occurs due to the application 
of these forces? (b) To cause the same change in thick¬ 
ness as in part (a) by P x alone, what must be its mag¬ 
nitude? Let E « 200 GPa and v = 0.25. 


ntuutut 


3-4. A rectangular steel block, such as shown in Fig. 
3-10(a), has the following dimensions: a = 50 mm, b 
= 75 mm, and c - 100 mm. The faces of this block 
are subjected to uniformly distributed forces of 180 kN 
(tension) in the x direction, 200 kN (tension) in the y 
direction, and 240 kN (compression! in the z direction. 
Determine the magnitude of a single system of forces 
acting only in the y direction that would cause the same 
deformation in the y direction as the initial forces. T ,et 
v = 0.25. 


Section 3-9 

3-7. A stainless-steel cylindrical shell has a 36-in in¬ 
side diameter and is 0.5 in. thick. If the tensile strength 
of the material is 80 ksi and the factor of safety is 5, 
what is the allowable working pressure? Assume that 
appropriate hemispherical ends are provided. Also es¬ 
timate the bursting pressure. 

3-8. A “penstock,” i.e., a pipe for conveying water 
to a hydroelectric turbine, operates at a head of 90 m. 
If the diameter of the penstock is 0.75 m and the al¬ 
lowable stress 50 MPa, what wall thickness is re¬ 
quired? 

3-9. A tank of butt-welded construction for the stor¬ 
age of gasoline is to be 40 ft in diameter and 16 ft high, 
(a) Select the plate thickness for the bottom row of 
plates. Allow 20 ksi for steel in tension and assume 
the efficiency of welds at 80%. Add approximately £ 
in to the computed wall thickness to compensate for 
corrosion. Neglect local stresses at the juncture of the 
vertical wails with the bottom. (Specific gravity of the 
gasoline to be stored is 0.721.) (b) Assuming that the 
bottom of the tank does not restrain the displacement 
of the tank walls, what increase in diameter would 
occur at the bottom? E = 29 x 10 J ksi and v = 0.25. 
3-10. A cylindrical vessel is used for storing ammonia 
(NH 3 ) at the maximum temperature of 50 °C. The 
vapor pressure of NH 3 at 50 °C is 20 atm. The thickness 
of the vessel material is limited to 20 mm with a tensile 
strength of 400 MPa. (a) If the factor of safety is 5, 
assuming that all welds will be inspected with X-rays, 
what can be the maximum diameter of the vessel? (b) 
For the selected wall thickness, calculate the change 
in diameter that would occur with ammonia at 50 °C. 
3-11. An air chamber for a pump, the sectional side 
view of which is shown in mm on the figure, consists 
of two pieces. Compute the number of 19-mm bolts 
{net area 195 mm 2 ) required to attach the chamber to 
the cylinder at plane A-A. The allowable tensile stress 
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Fig. P3-11 


in the bolts is 40 MPa, and the water and air pressure 
is 1.5 MPa. 

3-12. A water tank made of wood staves is 5 m in 
diameter and 4 m high. Specify the spacing of 30 by 6 
mm steel hoops if the allowable tensile stress for steel 
is set at 90 MPa. Use uniform hoop spacing within each 
meter of the tank’s height. 

3-13. A cylindrical pressure vessel of 120 in outside 
diameter, used for processing rubber, is 30 ft long. If 
the cylindrical n ortion of the vessel is made from 1-in 
thick steel plate and the vessel operates at 120-psi 
internal pressure, determine the total elongation of 
the circumference and the increase in the diameter’s 
dimension caused by the operating pressure. E = 
29 x !0 6 psi and v = 0,7-5. 

3-14. A thin ring is heated in oil 150 °C above room 
temperature. In this condition, the ring just slips on a 
solid cylinder, as shown in the figure'. Assuming the 



cylinder to be completely rigid, (a) determine the hoop 
stress that develops in the ring upon cooling, and (b) 
determine what bearing develops between the ring and 
the cylinder. Let a - 2 x 10- S /°C and E - 7 x lo 7 
kN/m 2 . 

3-15. An aluminum alloy wire is stretched taut across 
the diameter of a cylindrical pressure vessel, as shown 
in the figure. For the wire: A - 0.060 mm 2 , E — 70 
x 10 3 MPa, and c*ai = 23.4 x 10 -6 /°C. The diameter 
of the steel pressure vessel is 2000 mm and the wall 
thickness is 10 mm. (In calculations, do not differen¬ 
tiate between the inside and mean diameters of the 
cylinder.) For steel, let E = 200 x i0 3 MPa, a St = 
11.7 x 10 -fi /°C, and Poisson’s ratio v = 0.30. If this 
vessel is pressurized ro 1 MPa and, at the same time, 
the temperature drops 50 °C, what stress would de¬ 
velop in the wire? Assume that the temperature of the 
wire as well as that of the cylinder simultaneously be¬ 
comes lower and that the deformation of the cylinder 
caused hy the pull of the wire can be neglected. 



Fig. P3-15 


3-16. A cylindrical pressure vessel shown in the figure 
is made by shrinking a brass tube over a mild steel 
tube. Both cylinders have a wall thickness of Jin. The 
nominal diameter of the vessel is 30 in and is to be 
used in all calculations involving the diameter. When 
the brass cylinder is heated 100 °F above room tem¬ 
perature, it exactly fits over the steel cylinder, which 
is at room temperature. What is the stress in the brass 
cylinder when the composite vessels cool to room tem¬ 
perature? For brass: Eq t = 16 x 10 6 psi and cter = 
10.7 x IQ-'rF. For steel; £st = 30 x lOpSiandust 
- 6.7 x 10 -6 /°F. 


Brass tube 
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* 3 - 17 , An aluminum-alloy tube is shrunk onto a steel 
tube to form the pressure vessel illustrated in the fig¬ 
ure. The wall thickness of each tube is 4 mm. The 
average'diameter of the assembly to be used in cal¬ 
culations is 400 mm. If the composite tube is pressur¬ 
ized at 2 MPa, what additional hoop stress develops 
in the aluminum tube? Assume that the ends of 
the tube can freely expand, preventing the develop¬ 
ment of longitudinal stresses, i.e., a x ~ 0. Let E M = 
70 x 10 3 MPa and .Est “ 200 x 10 3 MPa. Hint: The 
interface pressure, say p, between the two materials 
acts to cause hoop tension in the outer tube and hoop 
compression in the inner tube. 



Fig. P3-17 


*3-18. Exceptionally light-weight pressure vessels 
have been developed by employing giass filaments for 
resisting the tensile forces and using epoxy resin as a 
binder. A diagram of a filament-wound cylinder is 
shown in the figure. If the winding is needed to resist 
only hoop stresses, the helix angle a = 90°. If, how¬ 
ever, the cylinder is closed, both hoop ana longitudinal 
forces develop, and the required helix angle of the fil¬ 
aments a = 55° (tan 2 a = 2). Verify this result. (Hint: 
Isolate an element of unit width and a developed length 
of tan a as in the figure. For such an element, the same 
number of-filaments is cut by each section. Therefore, 
if F is a force in a filament and n is the number of 
filaments at a section, P y = Fn sin a. Force P x can be 
found similarly. An equation based on the known ratio 
between the longitudinal and the hoop stress leads to 
the required result.) 



Filaments 

Developed element 


Fig. P3-18 


Sections 3-12 and 3-13 

3-19. Verify the solution of Eq. 3-38. 

3-20. Show that the ratio of the maximum tangential 
stress to the average tangential stress for a thick- 
walled cylinder subjected only to internal pressure is 
(1 + p~)/(1 + (3), where |3 = r a lrj. 

3-21. Show that no matter how large the outside di¬ 
ameter of a cylinder, subjected only to internal pres¬ 
sure, is made, the maximum tangential stress is not 
less than p-,. (Hint: Let r 0 -» “T 
3-22. An alloy-steel cylinder has a 6-in ID (inside di¬ 
ameter) and a 18-in OD. If it is subjected to an interna! 
pressuie of p,- = 24,000 psi (p„ = 0), (a) determine the 
radial and tangential stress distributions and show the 
results on a plot, (b) Determine the maximum (prin¬ 
cipal) shear stress.-(c) Determine the change in exter¬ 
nal and internal diameters. E = 30 x 10 f ’ psi and v - 


0.45 m OD. If it is subjected to an internal pressure of 
Pi = 160 MPa (p„ = 0), (a) determine the radial and 
tangential stress distributions and show the results on 
a plot, (b) Determine the maximum (principal) shear 

ternal diameters. E = 200 x 10 3 MPa and v = 0.3. 
3-24. Rework Problem 3-23 with p t = 0 and p a = 80 
MPa. 

3-25. Rework Problem 3-23 with /?,- - 160 MPa and 
p 0 = 80 MPa. 

3-26. Isolate one-half of the cylinder of Problem 3-25 
by passing a plane through the axis of the cylinder. 
Then, by integrating the tangential stresses over the 
respective areas, show that the isolated free body is 
in equilibrium. 

3-27. Design a thick-walled cylinder of a 4-in internal 
diameter for an internal pressure of 8000 psi such as 
to provide: (a) a factor of safety of 2 against any yield¬ 
ing in the cylinder, and (b) a factor of safety of 3 against 
ultimate collapse. The yield stress of steel in tension 
is 36 ksi. 

3-28. A 16 in OD steel cylinder with approximately a 
10-in bore (ID) is shrunk onto another steel cylinder 
of 10-in OD with a 6-in ID. Initially, the internal di¬ 
ameter of the outer cylinder was 0.01 in smaller than 
the external diameler of the inner cylinder. The as¬ 
sembly was accomplished by heating the larger cyl¬ 
inder in oil. For both cylinders, E = 30 x 10 6 psi and 
v = 0.3. (a) Determine the pressure at the boundaries 
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between the two c”linders. ( Hint: The elastic increase 
in the diameter of the outer cylinder with the elastic 
decrease in the diameter of the inner cyclinder accom¬ 
modates the initial interference between the two cyl¬ 
inder.) (b) Determine the tangential and radial 
stresses caused by the pressure found in part (a). Show 
the results on a plot, (c) Determine the internal pres¬ 
sure to which the composite cylinder may be subjected 
without exceeding a tangential stress of 20,000 psi in 
the inner cylinder. (Hint: After assembly, the cylinders 
act as one unit. The initial compressive stress in the 
inner cylinder is released first.) (*d) Superpose the tan¬ 
gential stresses found in part (b) with the tangential 
stresses resulting from the internal pressure found in 
part (c). Show the results on a plot. 


3-29. Set up the differential equation for a thin disk 
rotating with an angular velocity of w rad/s. The unit 
weight of the material is y. Hint: Consider an element 
as in Fig. 3-21(b) and add an inertia term. 

O A A 

gttfuiiwii *j- i*t 

3 - 30 . For a thick-walled cylinder of inner radius a and 
outer radius b = 2a, (a) calculate the internal pressure 
at which the elastic-plastic, boundary is at r = 1.5 a, 
(b) determine the radial and tangential stress distri¬ 
butions due to the internal pressure found in part (a) 
and show them on a plot, and (c) calculate the ultimate 
collapse load. Assume the material to be elastic-per- 
fectly plastic, with a yield stress of 250 MPa. 




4-1. Introduction 

Detailed methods of analysis for determining stresses and deformations 
in axially loaded bars were presented in the First two chapters. Analogous 
relations for members subjected to torques about their longitudinal axes 
are developed in this chapter. The constitutive relations for shear dis¬ 
cussed in the preceding chapter will be employed for this purpose. The 
investigations are. confined to the effect of a single type of action, i.e., 
of a torque causing a twist or torsion in a member. Members subjected 
simultaneously to torque and bending, frequently occurring in practice, 
are treated in Chapter 9. 

By far, the major part of this chapter is devoted io the consideration 
of members having circular, cross sections, either solid or tubular. Solution 
of such elastic and inelastic problems can be obtained using the proce¬ 
dures of engineering mechanics of solids. For the solution of torsion prob¬ 
lems having noncircular cross sections, methods of the mathematical the¬ 
ory of elasticity (or finite elements) must be employed. This topic is briefly 
discussed in order to make the reader aware of the differences in such 
solutions from that for circular members. Further, to lend emphasis to 
the difference in the solutions discussed, this chapter is subdivided into 
four distinct parts. It should be noted, however, that in practice, members 
for transmitting torque, such as shafts for motors, torque tubes for power 
equipment, etc., are predominantly circular or tubular in cross section. 
Therefore, numerous applications fall within the scope of the formulas 
derived in this chapter. 

4-2. Application of the Method of Sections 

In engineering solid mechanics, in analyzing members for torque, re¬ 
gardless of the type of cross section, the basic method of sections (Section 
1-2) is employed. For the torsion problems discussed here, there is only 
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one rc icvant equation of statics. Thus, if the x axis is directed along a 
member, such an equation is X Mx = 0. Therefore, for statically deter¬ 
minate systems, there can only be one reactive torque. After determining 
this torque, an analysis begins by separating a member of a section per¬ 
pendicular to the axis of a member. Then either side ot a member can 
be isolated and the internal torque found. This internal torque must bal¬ 
ance the externally applied torques, i.e., the external and the internal 
torques are equal, but have opposite sense. In statically determinate prob¬ 
lems, the formal calculation of a reaction may be bypassed by isolating 
a bar segment with the unsupported end. Nevertheless, an equilibrium of 
the whole system must always be assured. In statically indeterminate 
problems, the reactions must always be found before one can calculate 
the internal torques. Some guidance on calculating reactions in statically 
indeterminate problems is provided in Section 4-9 of this chapter. 

For simplicity the members treated in this chapter will be assumed 
“weightless” or supported at frequent, enough intervals to make the effect 
of bending negligible. Axial forces that may also act simultaneously on 
the bars are excluded for the present. 

EXAMPLE 4-1 

Find the internal torque at section K-K for the shaft shown in Fig. 4-l(a) and 
acted upon by the three torques indicated. 

Solution 

The 30 N-m torque at C is balanced by the two torques of 20 and 10 N-m at A 
and B, respectively. Therefore, the body as a whole is m equilibrium. Next, by 
passing a section K-K perpendicular to the axis of the rod anywhere between A 
and B, a free body of a part of the shaft, shown in Fig. 4-1(b), is obtained. Where¬ 
upon, from X = 0, or 

externally applied torque - internal torque 


the conclusion is reached that the internal or resisting torque developed in the 
shaft between A and B is 20 N-m. Similar considerations lead to the conclusion 
that the internal torque resisted by the shaft between B and C is 30 N-m. 



XL may be 5t.cn intuitively tn&t xor a msniusr oi constant cross section, 
the maximum internal torque causes the maximum stress and imposes the 
most severe condition on the material. Hence, in investigating a torsion 
member, several sections may have to be examined to determine the 
largest internal torque. A section where the largest internal torque is de¬ 
veloped is the critical section, in Example 4-1, the critical section is any¬ 
where between points B and C. If the torsion member varies in size, it is 
more difficult to decide where the material is critically stressed. Several 
sections may have to be investigated and stresses computed to determine 
the critical section. These situations are analogous to the case of an axially 
loaded rod, and means must be developed to determine stresses as a 
function of the internal torque and the size of the member. In the next 
several sections, the necessary formulas are derived. 

Instead of curved arrows as in Fig. 4-1, double-headed vectors following 
the right-hand screw rule sign convention will also be used in tms text; 
see Fig. 4-2. 


Peart A torsion of circular elastic bars 


4-3. Basic Assumptions for Circular Members 

To establish a relation between the internal torque and the stresses it sets 
up in members with circular solid and tubular cross sections, it is nec¬ 
essary to make two assumptions, the validity of which will be justified 
later. These, in addition to the homogeneity of the material, are as follows: 

1. A plane section of material perpendicular to the axis of a circular 
member remains plane after the torques are applied, i.e., no warpage 
or distortion of parallel planes normal to the axis of a member takes 
place. 1 

2. In a circular member subjected to torque, shear strains y vary lin¬ 
early from the central axis reaching y max at the periphery. This as¬ 
sumption is illustrated in Fig. 4-3 and means that an imaginary plane 
such as DOiO-iC moves to D'OiOiC when the torque is applied. 
Alternatively, if an imaginary radius 0 3 C is considered fixed in di¬ 
rection, similar radii initially at 0 2 B and 0\D rotate to the respective 
new positions 0 2 B' and 0\D'. These radii remain straight. 

1 Actually, it is also implied that parallel planes perpendicular to the axis re¬ 
main a constant distance apart. This is not true if deformations are large. How¬ 
ever, since the usual deformations are very small, stresses not considered here 
are negligible. For details, see S. Timoshenko, Strength of Materials, 3rd. ed., 
Part II, Advanced Theory and Problems (New York: Van Nostrand, 1956), Chap¬ 
ter VI. 


Fig. 4-2 Alternative 
representations of torque. 



Fig. 4-3 Variation of strain in 


torque. 



Ii must be empnasizeu Luai tnesc assumptions nuiu winy j or cir¬ 
cular solid and tubular members. For this class of members, these 
assumptions work so well that they apply beyond the limit of the 
elastic behavior of a material. These assumptions will be used again 
in Section 4-13, where stress distribution beyond the proportional 
limit is discussed. 

3. If attention is confined to the linearly elastic material, Hooke’s law 
applies, and, it follows that shear stress is proportional to shear 
strain. For this case complete agreement between experimentally 

J A n 1 nntilioc ip fn 1 1nrl u/itli thfl ctre»pp 

UCIC1 lllU11b.il HIIU UlUipULlU yiUCUU.ll.tVO lO luu.iu IIUU ~w. ..vw u.. woj 

and deformation formulas based on these assumptions. Moreover, 
their validity can be rigorously demonstrated by the methods of the 
mathematical theory of elasticity. 

4 - 4 . The Torsion Formula 

Iii the elastic case, on the basis of the previous assumptions, since stress 
is proportional to strain, and the latter varies linearly from the center, 
stresses vary linearly from the central axis of a circular member. The 
stresses induced by the assumed distortions are shear stresses and lie in 
the plane parallel to the section taken normal to the axis of a rod. The 
variation of the shear stress follows directly from the shear-strain as¬ 
sumption and the use of Hooke's iaw for shear, Eq. 3-1. This is illustrated 
in Fig. 4-4. Unlike the case of an axially loaded rod, this stress is not of 
uniform intensity. The maximum shear stress occurs at points most re¬ 
mote from the center O and is designated T ma x- These points, such as 
points C and D in Figs. 4-3 and 4-4, lie at the periphery of a section at a 
distance c from the center. For linear shear stress variation, at any ar¬ 
bitrary point at a distance p from O, the shear stress is (p/c)T ma x- 

The resisting torque can be expressed in terms of stress once the stress 
distribution at a section is established. For equilibrium this internal re¬ 
sisting torque must equal the externally applied torque T. Hence, 


.stress^ area, 
force 


where the integral sums up all torques developed on the cut by the infin¬ 
itesimal forces acting at a distance p from a member’s axis, O in Fig. 4- 
4, over the whole area A of the cross section, and where T is the resisting 
Lorque. 


relation can be written as 


nstanf hence the nre.vjous 



where d is the diameter of a solid circular shaft. If c or d is measured in 
millimeters, J has the units of rnm 4 ; if in inches, the units become in . 

By using the symbol J for the polar moment of inertia of a circular area, 
Eq. 4-1 may be written more compactly as 


(4-3) 


This equation is the well-known torsion formula 3 for circular shafts that 
expresses the maximum shear stress in terms of the resisting torque and 
the dimensions of a member. In applying this formula, the internal torque 
T can be expressed 4 in newton-meters, N-m, or inch-pounds, c in meters 



2 An annulus is an area contained between two concentric circles. 

3 It was developed by Coulomb, a French engineer, in about 1775 in connection 
with his work on electric instruments. His name has been immortalized by its use 


for a practical unit of quantity in electricity. 
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for the polar moment of inertia of a section. 
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[N-m][m] _ f Nl 

[m 4 ] IVJ 

or pascals (Pa) in SI units, or 

[in-lb] [in] [” lb ”1 

[in 4 ] “ Lin 2 J 

or psi in the U.S. customary units. 

A more general relation than Eq. 4-3 for a shear stress, t, at any point 
a distance p from the center of a section is 


Equations 4-3 and 4-4 are applicable with equal rigor to circular tubes, 
since the same assumptions as used in the previous derivation apply. It 
is necessary, however, to modify J. For a tube, as may be seen from Fig. 
4-5, the limits of integration for Eq. 4-2 extend from b to c. Hence, for 


f . f c , . TTC 4 7T b 4 

J = Ja P dA = Jb 2irp dp = ~2 -2~ 


the outer diameter and -J for a solid shaft using the inner diameter. 

For very thin tubes, if b is nearly equal to c, and c - b = t, the thickness 
of the tube, J reduces to a simple approximate expression: 


where R zv = (b + c)/2, which is sufficiently accurate in some applica- 
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If a circular bar is made from two different materials honried together, 
as shown in Fig. 4-6(a), the same strain assumption applies as for a solid 
member. For such a case, through Hooke’s law, the shear-strew distri¬ 
bution becomes as in Fig. 4-6(b). If the shear modulus for the outer stiffer 
tube is G\ and that of the inner softer core is Cr 2 , the ratio of the respective 
shear stresses on a ring of radius OB is GJG 2 . 

Procedure Summary 

For the torsion problem of circular shafts the three basic concepts of 
engineering mechanics of solids as used above may be summarized in the 
following manner: 

1 Equilibrium conditions are used for determining the internal resisting 
torques at a section. 

2. Geometiy of deformation (kinematics) is postulated such that shear 
strain varies linearly from the axis of a shaft. 

3. Material properties (constitutive relations) are used to relate shear 
strains to shear stresses and permit calculation of shear stresses at 
a section. 

Only a linear elastic case using Hooke’s law is considered in the preceding 
discussion. This is extended to non-linear material behavior in Section 4- 
13. 

These basic concepts are used for determining both stresses and angles- 
of-twist of circular shafts. However, similar to the case for axially loaded 
bars, large local stresses arise at points of application of concentrated 
torques or changes in cross section. According Lo Saint-Venunl’s principle 
the stresses and strains arc accurately described by the developed theory 
only beyond a distance about equal to the diameter of a shaft from these 
locations. Typically local stresses are determined by using stress con¬ 
centration factors. 
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So far the shear stresses as given by Eqs. 4-3 and 4-4 have been thought 
of as acting only in the plane of a cut perpendicular to the axis of the 
shaft. There indeed they are acting to form a couple resisting the externally 
applied torques. However, to understand the nrohlem further, an infini¬ 
tesimal cylindrical element, 5 shown in Fig. 4-7(b), is isolated. 

The shear stresses acting in the planes perpendicular to the axis of the 
rod are known from Eq. 4-4. Their directions coincide with the direction 
of the internal torque. (This should be clearly visualized by the reader.) 
On adjoining parallel planes of a uisc-iike element, these stresses act in 
opposite directions. However, these shear stresses acting in the plane of 
the cuts taken normal to the axis of a rod cannot exist alone , as was 
shown in Section 1-4. Numerically, equal shear stresses must act on the 
axial planes (such as the planes aef and beg in Fig. 4-7(b» to fulfill the 
requirements of static equilibrium for an element. 6 

Shear stresses acting in the axial planes follow the same variation in 
intensity as do the shear stresses in the planes perpendicular to the axis 
of the rod. This variation of shear stresses on the mutually perpendicular 
planes is shown in Fig. 4-7(c), where a portion of the shaft has been 
removed for the purposes of illustration. 

According to Section 3-7, such shear stresses can be transformed into 
an equivalent system of normal stresses acting at angles of 45° with the 
shear stresses (see Fig. 3-11). Numerically, these stresses are related to 
each other in the following manner: t = cn = -ct 2 . Therefore, if the 
shear strength of a material is less than its strength in tension, a shear 
failure takes place on a plane perpendicular to the axis of a bar; see Fig. 
4-8. This kind of failure occurs eraduallv and exhibits ductile behavior. 


Fig. 4-7 Existence of shear 
stresses on mutually 
perpendicular planes in a 
circular shaft subjected to 
torque. 


5 Two planes perpendicular to the axis of the rod, two planes through the axis, 
and two surfaces at different radii are used to isolate this element. Properties of 
such an element are expressible mathematically in cylindrical coordinates. 

6 Note that maximum shear stresses, as shown diagrammatically in Fig. 4-7(a), 
actually act on planes perpendicular to the axis of the rod and on planes passing 
through the axis of the rod. The representation shown is purely schematic. The 
free surface of a shaft is free of all stresses. 


Ductile material 
" failure plane 


Fig. 4-8 Potential torsional 
and brittle materials. 





Alternatively, if the converse is true, i.e., cri < t, a brittle fracture is 
caused by the tensile stresses along a helix forming an angle of 45° with 
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specimen is shown in Fig. 4-9, and that of a brittle fracture for cast iron 
in Fig. 4-10. Another examples of a brittle fracture for sandstone is shown 
in Fig. 4-11. 

The stress transformation brought into the previous discussion, since 
it does not depend on material properties, is also applicable to anisotropic 
materials. For example, wood exhibits drastically different properties of 
strength in different directions. The shearing strength of wood on planes 
parallel to the grain is much less than on planes perpendicular to the grain. 
Hence, although equal intensities of shear stress exist on mutually per¬ 
pendicular planes, wooden shafts of inadequate size fail longitudinally 
along axial planes. Such shafts are occasionally used in the process in¬ 
dustries. 


EXAMPLE 4-2 

Find the maximum torsional shear stress in shaft AC shown in Fig. 4-l(a). Assume 

Solution 

From Example 4-1, the maximum internal torque resisted by this shaft is known 
to be 30 N-m. Hence, T = 30 N-m, and c = d/2 - 5 mm. From Eq. 4-2, 


it df _ it X 10 4 
J = IT 32 


982 mm 4 


7 Ordinar 1 chalk behaves similarly. This may be demonstrated in the classroom 
by twisting a piece of chalk to failure. 


Fig. 4-10 Fractured cast iron 
Specimen in torsion. The 
photograph on the right 
shows the specimen more 
widely separated. (Threaded 
ends are normally not used 
for such specimens). 



Fig. 4-11 Part of fractured 
sandstone core specimen in 
torsion. (Experiment by D. 
Pirtz). 
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and from Eq. 4-3, 

Tc 30 x 10 3 x 5 

W = T “-982- = 153 MPa 

This maximum shear stress at 5 mm from the axis of the rod acts in the piane 
of a cut perpendicular to the axis of the rod and along the longitudinal planes 
passing through the axis of the rod (Fig. 4-7(c)). Just as for a Cartesian element 
the shear stresses on mutually perpendicular planes for a cylindrical element are 
equal. It is instructive to note that the results of this solution can be represented 


' 0 T max 0 

Tmax 0 0 

( 0 0 0 


0 153 0\ 

153 0 0 MPa 

0 0 0 / 


This is to be contrasted with the fully populated stress lensoi given by Eq. 1-lb. 


EXAMPLE 4-3 

Consider a long tube of 20 mm outside diameter, d 0 , and of 16 mm inside diameter, 
di, twisted about its longitudinal axis with a torque T of 40 N-m. Determine the 
shear stresses at the outside and the inside of the tube; see Fig. 4-12. 


— u ) ihu 0 — ut) n\iu — ru ) 

_ = — = — : 


and from Eq. 4-3, 


Similarly from Eq. 4-4, 


Tc 40 x 10 3 x 10 


To 40 x 10 3 x 8 

Tmm ~~ j ~ 9270 — MPa 


In a rhin-wa!leri tube, all of the material works at approximately the same stress 
j level. Therefore, thin-walled tubes are more efficient in transmitting torque than 
solid shafts. Such tubes are also useful for creating an essentially uniform “field” 
of pure shear stress needed for establishing T-y relationships (Section 3-2). To 
avoid local buckling, however, the wall thickness cannot be excessively thin. 
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4-6, Design of Circular Members in Torsion 

In designing members for strength, allowable shear stresses must be se¬ 
lected: These depend on the information available from experiments and 
on the intended application. Accurate information on the capacity of ma¬ 
terials to resist shear stresses comes from tests on thin-walled tubes. Solid 
shafting is employed in routine tests. Moreover, as torsion members are 
so often used in power equipment, many fatigue experiments are done. 
Typically, the shear strength of ductile materials is only about half as 
large as their tensile strength. The ASME (American Society of Mc- 
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ing gives an allowable value in shear stress of 8000 psi for unspecified 
steel and 0.3 of yield, or 0.18 of ultimate, shear strength, whichever is 
smaller. 8 In practical designs, suddenly applied and shock loads warrant 
special considerations. (See Section 4-11.) 

After the torque to be transmitted by a shaft is determined and .the 
maximum allowable shear stress is selected, according to Eq. 4-3, the 
proportions of a member are given as 



where Jlc is the parameter on which the elastic strength of a shaft de¬ 
pends. For an axially loaded rod, such a parameter is the cross-sectional 
area of a member. For a solid shaft, Jlc = ire 3 /?., where c. is the outside 
radius. Ry using this expression and Eq. 4-8, the required radius of a shaft 
can be determined. Any number of tubular shafts can be chosen to satisfy 
Eq. 4-8 by varying the ratio of the outer radius to the inner radius, clb, 
to provide the required value of Jlc. 

The reader should carefully note that large local stresses generally de¬ 
velop at changes in cross sections and at splines and keyways, where the 
torque is actually transmitted. These questions, of critical importance in 
the design of rotating shafts, are briefly discussed in the next section. 

Members subjected to torque are very widely used as rotating shafts 
for transmitting power. For future reference, a formula is derived for the 
conversion of horsepower, the conventional unit used in the industry, into 
torque acting through the shaft. By definition, 1 hp does the work of 745.7 
N-in/s. One N-m/s is conveniently referred to as a watt (W) in the SI units. 
Thus 1 hp can be converted into 745.7 W. Likewise, it will be recalled 
from dynamics that power is equal to torque multiplied by the angle, 

8 Recommendations for other materials may be found in machine design books. 
For example, see J. E. Shiglcy, Mechanical Engineering Design, 3rd ed. (New 
York: McGraw-Hill. 1977) or R. C. Juvinal, Stress, Strain, and Strength (New 
York: McGraw-Hilh 1967). 
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For practical purposes, a 16-mm shaft would probably be selected. 


EXAMPLE 4-5 

Select solid shafts to transmit 200 hp each without exceeding a shear stress of 
10,000 psi. One of these shafts operates at 20 rpm and the other at 20,000 rpm. 

Solution 

Subscript 1 applies to the low-speed shaft and 2 to the high-speed shaft. From 


hp x 63,000 _ 200 x 63,000 


Jx _ Ttd\ 
c 16 


C T ma x 10,000 


or dJ = ^631 = 321 in 3 


Hence, d\ - 6.85 in and d 2 = 0.685 in 

This example illustrates the reason for the modem tendency to use high-speed 
machines in mechanical equipment. The difference in size of the two shafts is 
striking. Further savings in-the weight of the material can be effected by using 
hollow Lubes. 


4-7. Stress Concentrations 

Equations 4-3 4-4 and 4 8 apply only to solid and tubular circular shafts 
while the material behaves elastically. Moreover, the cross-sectional 
areas along the shaft should remain reasonably constant. If a gradual 
variation in the diameter takes place, the previous equations give satis¬ 
factory solutions. On the other hand, for stepped shafts where the di¬ 
ameters of the adjoining portions change abruptly, large perturbations of 
shear stresses take place. High local shear stresses occur at points away 
from the center of the shaft. Methods of determining these local concen¬ 
trations of stress are beyond the scope of this text. However, by forming 
a ratio of the true maximum shear stress to the maximum stress given by 
Eq. 4-3, a torsional stress-concentration factor can be obtained. An anal- 
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Fig. 4-13 Torsional stress 
concentration factors in 
circular shafts of two 
diameters. 


(4-12) 


where the shear stress Tc/J is determined for the smaller shaft. 

A study of stress-concentration factors shown in Fig. 4-13 emphasizes 
the need for a generous fillet radius r at all sections where a transition in 
the shaft diameter is made. 

Considerable stress increases also occur in shafts at oil holes and at 
keyways for attaching pulleys and gears to the shaft. A shaft prepared 
for a key, Fig. 4-14, is no longer a circular member. However, according 
to the procedures suggested by the ASME, in ordinary design, compu¬ 
tations for shafts with keyways may be made using Eq. 4-3 or 4-8 , but 
the allowable shear stress must be reduced by 25%. This presumably 
compensates for the stress concentration and reduction m cross-sectional 
area. 

Because of some inelastic or nonlinear response in real materials, for 

10 This figure is adapted from a papei by L. S. Jacobsen, “Torsional-Stress 
Concentrations in Shafts of Circular and Variahle Piamptpr ” Tmnt a twr 47 
(1925): 632. 



Fig. 4-14 Circular shaft with a 
key way. 




0 0.08 0.16 0.24 


rip 

ogous method was used for obtaining the stress-concentration factors in 
axially loaded members (Section 2-10). These factors depend only on the 
geometry of a member. Stress-concentration factors for various propor¬ 
tions of stepped round shafts are shown in Fig. 4-13. 10 

To obtain the actual stress at a geometrical discontinuity of a stepped 
shaft, a curve for a particular Did is selected in Fig. 4-13. Then, corre¬ 
sponding to the given rf(df 2) ratio, the stress-concentration factor K is 
read from the curve. Lastly, from the definition of K, the aciuai maximum 
shear stress is obtained from the modified Eq. 4-3 
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reasons analogous to those pointed out in Section 2-10, the theoretical 
stress concentrations based on the behavior of linearly elastic material 
tend to,be somewhat high. 

4-8. Angle-of-Twist of Circular Members 

In this section, attention will be directed to a method for determining the 
angle-of-twist for solid and tubular circular elastic shafts subjected to 
torsional loading. The interest in this problem is at least threefold. First, 
it is important to predict the twist of a shaft per se since at times it is not (b) 

sufficient to design it only to be strong enough: it also must not deform Fig 4 . 15 circular shaft (a) 
excessively. Then, magnitudes of angular rotations of shafts are needed before and (b) after torque is 
in the torsional vibration analysis of machinery. Finally, the angular twist applied, 
of members is needed in dealing with statically indeterminate torsional 
problems. 

^ According to assumption 1 stated in Section 4-3, planes perpendicular 
to the axis of a circular rod do not warp. The elements of a shaft undergo 
deformation of the type shown in Fig. 4-15(b). The shaded element is 
shown in its undistorted form in Fig. 4-15(a). From such a shaft, a typical 
element oflength dx is shown isolated in Fig. 4-16 similar to Fig. 4-3. 

In the element shown, a line on its surface such as CD is initially parallel 
to the axis of the shaft. After the torque is applied, it assumes a new 
position CD'. At the same time, by virtue of assumption 2, Section 4-3, 
radius OD remains straight and rotates through a small angle d§ to a new 
position OD'. 

Denoting the small angle DCD' by y max , from geometry, one has two 
alternative expressions for the arc DD': 

arc DD' - y ma * dx or arc DD' = d$ c 

where both angles are small and are measured in radians. Hence, 

"Yitiax dx = d$ c (4-13) 

-y maJS applies only in the zone of an infinitesimal “tube” of constant max¬ 
imum shear stress T ma x- Limiting attention to linearly elastic response 
makes Hooke’s law applicable. Therefore, according to Eq. 3-1, the angle 
-ymax is proportional to T max , i.e., 7max = T max /G. Moreover, by Eq. 4-3, 

W = TclJ. Hence, y max = Tcl(JG). u By substituting the latter expres- cl 
sion into Eq. 4-13 and simplifying, the governing differential equation for 
the angie-of-twist is obtained. 

" The foregoing argument can be carried out in terms of any y, which pro¬ 
gressively becomes smaller as the axis of the rod is approached. The only dif- Fig. 4-16 Uetormation of a 
ference in derivation consists in taking an arc corresponding to BD an arbitrary circular bar element due to 
distance p from the center of the shaft and using TplJ instead of TclJ for t. torque. 
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dx JG 


d<& 


T dx 
~JG~ 


l 

(4-14) ! 


This gives the relative angle-of-twist of two adjoining sections an infini¬ 
tesimal distance dx apart. To find the total angle-of-twist 4> between any 
two sections A and B on a shaft a finite distance apart, the rotations of 
all elements must be summed. Hence, a general expression for the angle- 
of-twisl between any two sections of a shaft of a linearly elastic material 
is 



f 3 ,, [*T x dx 


(4-15) 


where and 4 >a are, respectively, the global shaft rotations at ends B 
and A. The rotation at A may not necessarily be zero. In this equation, 
the internal torque T x and the polar moment of inertia J~ may vary along 
the length of a shaft. The direction of the angle of twist 4> coincides with 
the direction of the applied torque T. 

Equation 4-15 is valid for both solid and hollow circular shafts, which 
follows from the assumptions used in the derivation. The angle <f> is mea¬ 
sured in radians. Note the great similarity of tins relation to Eq. 2-7 for 
the deformation of axially loaded rods. The following three examples 
illustrate applications of these concepts. 


EXAMPLE 4-6 

Find the relative rotation of section B-B with respect to section A-A of the solid 
elastic shaft shown in Fig. 4-17 when a constant torque T is being transmitted 
through it. The polar moment of inertia of the cross-sectional area J is constant. 

Solution 

In this case, T r = T and J x = J\ hence, from Eq. 4-15, 


4> 


[ B T * dx - f L Ih = J_ f L dx = Ik 

\a J x G Jo JG JG Jo JG 



Fig. 4-17 radians. Also observe the great similarity of this relation to Eq. 2-9, A = PL/AE, 


, r axially loaded bars. Here <j) A, T » P, J <=> A, and G & E. Analogous to 
Eq 2-9, Eq. 4-16 can be recast to express the torsional spring constant, or tor¬ 
sional stiffness, k, as 


JKJ 

: T 


r:„ iu"l 

J ^ 


"N-m" 

rad 



Fig. 4-18 Schematic 
(4-17) representation of a torsion 
spring. 


... • --- tka tnrnns rArrlltrAH tn MTISP 3 rotation of 1 rfllllfln. I.P... 
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= 1, It depends only on the material properties and size of the member. As 
for axially loaded bars, one can visualize torsion members as springs; see Fig. 4- 


18. 


The reciprocal of k, defines the torsional flexibility Hence, for £ 

kollow ckQft 



This constant defines the rotation resulting from application of a unit torque, i.e., 
T - 1. On multiplying by the torque T, one obtains Eq. 4-16. 

If in the analysis, a shaft must be subdivided into a number of regions, appro- 

. , .„ . , . . , j rrii rs„ kl< T3 ac 

pnate identifying suoscnpis snouiu uc auatucu uil uuuuuuuo ^ ^ M o. 
4-17 and 4-18. For example, for the ?th segment of a bar, one can write (£,),- = 
JiG-JLi and (/,),• = LJJiG,. 

The previous equations are widely used in mechanical vibration analyses of 
transmission shafts, including crank shafts. 12 These equations are also useful for 

, . .... n_. j.*_In fViA npvt cAntion THaqa 

solving Siancauy lliucuciiiimaw. ijiuuiuuo, ill ill- 11 — 1 - o— 1 —.. ------ 

equations are required in the design of members for torsional stiffness when it is 
essential to limit the amount'of twist. For such applications, note that J, rather 
than the J!c used in strength calculations, is the governing parameter. In axially 
loaded bar problems, the cross-sectionai area A serves both pui poses. 

Lastly, it should be noted that since in a torsion test, 4>, T, L, and J can be 
measured or calculated from the dimensions of a specimen, the shear modulus 
of elasticity for a specimen can be determined from Eq. 4-16 since G =' TLIJ$. 


EXAMPLE 4-7 

Consider the stepped shaft shown in Fig. 4-19(a) rigidly attached to a wall at E, 
and determine the angle-of-twist of the end A. when the two torques at B and at 
D are applied. Assume the shear modulus G to be 80 GPa, a typical value for 
steels. 

17 According to S. P. Timoshenko, Vibration Problems in Engineering, 2d ed. 
(New York: Van Nostrand, 1937), in 1902, H. Frahm, a German engineer, was 
the first to recognize and study this important problem. 
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Angle-of-twist diagram 


Fig. 4-19 

Solution 

Except for the difference in parameters, the solution of this problem is very similar 
to that of Example 2-2 fui an axially loaded bar. First, ine torque at E is determined 
to assure equilibrium. Then internal torques at arbitrary sections, isolating the 
left segment of a shaft, such as shown in Fig. 4-19(b), are examined. If the direction 
of the torque vector T coincides with that of the positive x axis, it is taken as 
positive, or vice versa. This leads to the conclusion that between A and B there 
is no torque, whereas between B and D the torque is +150 Nm. The tuique 
between D and E is +1150 Nm. The torque diagram is drawn in Fig. 4-19(c). The 
internal torques, identified by subscripts for the various shaft segments, are: 

Tab ~ 0. Tbd ~ Tbc = Tcd = 150 N-m, and Tp E — 1150 N’in 

The polar moments of inertia for the two kinds of cross sections occurring in 
this problem are found using Eqs. 4-2 and 4-5 giving 
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To find the angle-of-twist of the end A, Eq. 4-15 is applied for each segment 
and the results summed. The limits of integration for the segments occur at points 
where the values of T or / change abruptly. 


_ C E Txdx^ f B TAsdx [ f c T BC dx [ f D T C pdx { C E T DE dx 

^ Ja J x G Ja JabG Js J b cG Jc J C dG Jd Jp E G 

In the last group of integrals, T s and J’s arc constant between the limits con¬ 
sidered, so each integral reverts to a known solution, Eq. 4-16. Hence, 

_ v TjLj _ TabLab T bc L b c TcdLcd Tp E Lp E 
^ f J;Gi JabG JbcG JcdG JdeG 
150 x 10 3 x 200 150 x 10 3 x 300 

= 0 + 38.3 x 10 3 x 80 x 10 3 + 575 + 10 3 X 80 x 10 3 

1150 x 10 3 X 500 
+ 575 x 10 3 X 80 X 10 3 

= 0 + 9.8 x 10 -3 + 1.0 x 10 -3 + 12.5 x 10~ 3 = 23.3 x 10 -3 rad 

As can be noted from the above, the angles-of-twist for the four shaft segments 
starting from the left end are: 0 rad, 9.8 x 10 3 rad, 1.0 x 10 3 rad, and 12.5 
x 10~ 3 rad. Summing these quantities beginning from A, in order to obtain the 
function for the angle-of-twist along the shaft, gives the broken line from A to E, 
shown in Fig. 4-19(d). Since no shaft twist can occur at the built-in end, this 
function must be zero at E, as required by the boundary condition. Therefore, 
according to the adopted sign convention, the angle-of-twist at A is —23.3 x 
IO' 3 rad occurring in the direction of applied torques. 

No doubt local disturbances in stresses and strains occur at the applied con¬ 
centrated torques and the change in the shaft size, as well as at the built-in end. 
However, these are local effects having limited influence on the overall behavior 
of the shaft. 


**cXAiviPLE 4-8 

Determine the torsional stiffness k, for the rubber bushing shown in Fig. 4-20. 
Assume that the rubber is bonded to the steel shaft and the outer steel tube, which 
is attached to a machine housing. The shear modulus for the rubber is G. Neglect 
deformations in the metal parts of the assembly. 

Solution 

Due to the axial symmetry of the problem, on every imaginary cylindrical surface 
of rubber of radius r, the applied torque T is resisted by constant shear stresses 
t. The area of the imaginary surface is IttrL. On this basis, the equilibrium equa- 
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tion fnr The applied torque T and the resisting torque developed by the shear 
stresses t acting at a radius r is 

T = (2nr.L)ir [area x stress x armj 

From this relation, t - T!2^r 2 L. Hence, by using Hooke’s law given by Eq 3 . 
1 , the shear strain y can be determined for an infinitesimal tube of radius r and 
thickness dr, Fig. 4-20(a), from the following relation: 

- 1 - T 
<jr l-nLUr*- 

This shear strain in an infinitesimal tube permits the shaft to rotate through an 
infinitesimal angle d<&. Since in the limit r + dr is equal to. r, the magnitude of 
this angle is 



The total rotation 4> of the shaft is an integral, over the rubber bushings, of these 
infinitesimal rotations, i.e., 

' r J " T 2ttLG Jdn r i TT LG\d 2 D 2 ) 

From which 


T = TtLG 
4 ” Md 2 - 1 ID 2 


(4-19) 


* 4 - 9 . Statically Indeterminate Problems 


The analysis of statically indeterminate members subjected to twist par- 


with axially loaded bars. In considering linearly elastic problems with one 


degree of external indeterminacy, i.e., cases where there are two reac¬ 
tions, the force (flexibility) method is particularly advantageous. Such 
problems are reduced to statical determinacy by removing one of the 


redundant reactions and calculating the rotation 4> 0 at the released sup¬ 
port. The required boundary conditions are then restored by twisting the 


member at the released end through an angle cf>i such that 


(4-20) 



where the shear moduli are riven as G\ and Gz to provide for the possibility 
of different materials in the two parts of the shaft. 

Solutions for one d.o.f. statically indeterminate inelastic problems 
closely follow the procedure given in Example 2-18 for axially loaded 
bars. 

The previous procedures can be applied io ihe analysis of statically 
indeterminate bars having cross sections other than circular, such as dis¬ 
cussed in Sections 4-14 and 4-16. 

An example of an application of the force method for a statically in¬ 
determinate elastic problem follows. 
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T„ = 150 N-m T n = 1000 N-r 

i i-4- 


C D 

^ 25D _ 200 300 500 mm I 



( t >1 _ ^JiC, T/l X 103 ^38.3 x 10 3 x 80 x 10 3 + 575 x 10 3 x 80 x 10 3 J 
- (147 x 10“* + 17 x l<r 6 )2U - 164 x Hr 6 ^ rad 

where Ta has the units of N-m. 

Using Eq. 4-20 and defining rotation in the direction of T A as positive, one has 
-23.3 x 1(T 3 + 164 x 10“ 6 r A = 0 
r. = 142 N-m and = 1150 - !4? = 1008 N-m 



The torque diagram for the shaft is shown in Fig. 4-22(d). As in Fig. 4-19(c) of 
Example 4-7, if the direction of the internal torque vector T on the left part of 
an isolated shaft segment coincides with that of the positive x axis, it is taken as 
positive. Note that most of the applied torque is resisted at the end F.. Since the 
shaft from A to C is more flexible than from C to E, only a small torque develqps 
at A. 

Calculating the angles-of-twist for the four segments of the shafts, as in Example 
4-7, the angle-of-twisi diagram along the shaft. Fig. 4-22(c), can be obtained. 
(Verification of this diagram is left as an exercise for the reader.) The angle-of- 
twist at A and E must be zero from the prescribed boundary conditions. As to 
be expected, the shaft twists in the direction of the applied torques. 

Whereas this problem is indeterminate only to the first degree, it has three 

torques and one with the change in the shaft size. Therefore, an application of 
the displacement method would be more cumbersome, requiring three simul¬ 
taneous equations. 


EXAMPLE 4-9 

Assume that the stepped shaft of Example 4-7, while loaded in the same manner, 
is now built-in at both ends, as shown in Fig. 4-22. Determine the end reactions 
and plot the torque diagram for the shaft. Apply the force method. 


** 13 4-10, Alternative Differentia! Equation Approach for 
Torsion Problems 

For constant JG, Eq. 4-14 can be recast into a second order differential 
equation. Preliminary to this step, consider an element, shown in Fig. 4- 
23, subjected to the end torques Tand T + dT and to an applied distributed 
torque t x having the units of in-lb/in or N-m/m. By using the right-hand 

13 This and the next two sections can be omitted. 


There are two unknown reactions. T A and 7V. One of them can be considered as 
redundant, and, arbitrarily, reaction T A is removed. This results in the free-body 
diagram shown in Fig. 4-22(b). The solution to Example 4-7 gives the end rotation 
4o = 23.3 x 10" 3 rad. 

From Example 4-7, J AC - 38.3 x I0 3 mm 2 and J CE - 575 x 10 3 mm 2 . By 
applying T A to the unloaded bar. as shown in Fig. 4-22(c), end rotation <h, at end 
A is found using Eq. 4-16. 


Fig. 4-23 Infinitesimal 
element of a circular bar 
subjected to torque. 










Torsion 


screw rule for me torques, all Lhese quantities are shown in the figure as 
having a positive sense. For equilibrium of this infinitesimal element, 

t x dx + dT = 0 or -t x (4-25) 

ax 

On differentiating Eq. 4-14 with respect to x, 



(4-26) 


The constants appearing in the solution of this differential equation are 
determined from the boundary conditions at the ends of a shaft, and either 
the rotation 4> or the torque T must be specified. The rotation boundary 
conditions for 4> should be evident from the problem, whereas those for 
the torque T follow from Eq. 4-14 since T = JG dfy/dx. 

Equation 4-26 can be used for solution of statically determinate and 
indeterminate problems. By making use of singularity functions, dis¬ 
cussed in Section 5-16, this equation can be employed for problems with 
concentrated moments. 

The following example illustrates the application of Eq. 4-26 when the 
applied torque is a continuous function. 


""tAMMPLC 4-1U 

Consider an elastic circular bar having a constant JG subjected to a uniformly 
varying torque t x , as shown in Fig. 4-24. Determine the rotation of the bar along 
its length and the reactions at ends A and D for two cases: {&) Assume that end 
A is free and that end B is built-in, (b) assume that both ends of the bar are fixed. 

Solution 

(a) By integrating Eq. 4-26 twice and determining the constants of integration Q 
and Cz from the boundary conditions, the required solution is determined. 
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which is the same as Eq. 4-16. 


Sec. 4-12. Shad Couplings 
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Frequently, situations arise where the available lengths of shafting are 
not long enough. Likewise, for maintenance or assembly reasons, it is 
often desirable to make up a long shaft from several pieces. To join the 
■. _gg Qp n ghnft together the so-called flanged shaft couplings of the type 
shown in Fig. 4-26 are used. When bolted together, such couplings are 
termed rigid , to differentiate them from another type called flexible that 
provides for misalignament of adjoining shafts. The latter type is almost 
universally used to join the shaft of a motor to the driven equipment. Here 
only rigid-type couplings are considered. The reader is referred to ma¬ 
chine-design texts and manufacturer’s catalogues for the other type. 

For rigid couplings, it is customary to assume that shear strains in the 
bolts vary directly (linearly) as their distance from the axis of the shaft. 
Friction between the flanges is neglected. Therefore, analogous to the 
torsion problem of circular shafts, if the bolts are of the same material, 
elastic shear stresses in the bolts also vary linearly as their respective 
distances from the center of a coupling. The shear stress in any one bolt 
is assumed to be uniform and is governed by the distance from its center 
to the center of the coupling. Then, if the shear stress in a bolt is multiplied 
by its cross-sectional area, the force in a bolt is found. On this basis, for 
example, for bolts of equal size in two “bolt circles,” the forces on the 
bolts located by the respective radii a and b are as shown in Fig. 4-26(c). 
The moment of the forces developed by the bolts around the axis of a 
shaft gives the torque capacity of a coupling. 

The previous reasoning is the same as that used in deriving the torsion 
formula for circular shafts, except that, instead of a continuous cross 
section a discrete number of n oints is considered. This analysis is crude, 
since stress concentrations are undoubtedly present at the points of con¬ 
tact of the bolts with the flanges of a coupling. 

The outlined method of analysis is valid only for the case of a coupling 
in which the bolts act primarily in shear. However, in some couplings, 
the bolts are tightened so much that the coupling acts in a different fashion. 
The initial tension in the bolts is great enough to cause the entire coupling 
to act in friction. Under these circumstances, the suggested analysis is 


^4 




Fio. 4-26 Flanged shaft coimlir 







Sec. 4-13. Shear Stresses and Deformations in Circular Shafts 



(b) 


203 




(a) Assumed strain 
variation 


(d) Stress-strain relations 


Fig. 4-28 Stresses in circular 
members due to torque. 


variation is shown schematically in the same figure. Some possible me¬ 
chanical properties of materials in shear, obtained, for example, in ex¬ 
periments with thin tubes in torsion, are as shown in Figs. 4-28(b), (c), 
and (d). The corresponding shear-stress distribution is shown to the right 
in each case. The stresses are determined from the strain. For example, 
if the shear strain is a at an interior annulus, Fig. 4-28(a), the correspond¬ 
ing stress is found from the stress-strain diagram. This procedure is ap- 
nijable to solid shafts as well as to Integra! shafts made of concentric tubes 
of different materials, provided the corresponding stress-strain diagrams 
are used. The derivation for a linearly elastic material is simply a special 
case of this approach. 

After the stress distribution is known, torque 1 carried by these stresses 


is round as betore, i.e., 


: ^ (7 M) P 


This integral must be evaluated over the cross-sectional area of the shaft. 
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Elastic stress distribution 



Fig. 4-29 For thin-wailed 
tubes the difference between 
clastic and inelastic stresses 
is small. 


Although the shear-stress distribution after the elastic limit is exceeded 
is nonlinear and the elastic torsion formula, Eq. 4-3, does not apply, it j s 
sometimes used to calculate a fictitious stress for the ultimate torque. The 
computed stress is called the modulus of rupture ; see the largest ordinates 
of the dashed lines on Figs. 4-28(f) and (g). It serves as a rough index of 
the ultimate strength of a material in torsion. For a t hin -wailed tube the 
stress distribution is very nearly the same regardless of the mechanical 
properties of the material; see Fig. 4-29. For this reason, experiments 
with thin-walled tubes are widely used in establishing the shear stress- 
strain t -7 diagrams. 


If a shaft is strained into the inelastic range and the applied torque is 
then removed, every “imaginary” annulus rebounds elastically. Because 
of the differences in the strain paths, which cause permanent set in the 
material, residual stresses develop. This process will be illustrated in one 
of the examples that follow. 

For determining the rate of twist of a circular shaft or tube, Eq. 4-13 
can be used in the following form: 

,V»4» Al 


“v _ r max _[£ 

dx C Pa 


(4-28) 


Here either the maximum shear strain at c or the strain at p a determined 
from the stress-strain diagram must be used. 


EXAMPLE 4-13 

A solid steel shaft of 24-mm diameter is so severely twisted that only an 8 -mm 


uiaiui»it,i waonv wn, iwuuiuo uu uu. jhoiuw, i 15. -t-juw it m«* iiiciiviicu ynjyi.ii.ica 

can be idealized, as shown in Fig. 4-3Q(b), what residual stresses and residua! 
rotation will remain upon release of the applied torque? Let G = 80 GPa. 


Solution 

To begin, the magnitude of the initially applied torque and the corresponding angle 
of twist must be determined. The stress distribution corresponding to the given 
condition is shown in Fig. 4-30(c). The stresses vary linearly from 0 to 160 MPa 

n «• /s «• 4 rr tka rtrorc Jc mnstOTt 1 <(1 MTV. frw „ A mrr, Vr,„^ri^r. 


4-27 can be used to determine the applied torque T. The release of torque T causes 
elastic stresses, and Eq. 4-3 applies; see Fig. 4-30(d). The difference between the 
two stress distributions, corresponding to no external torque, gives the residual 
stresses. 

T = tp dA = 2-ittp 2 d P = l 160^2-irp 2 dp 
+ J (160)2Trp 2 c/p 


- (16 + 558) x 10 3 N-mm - 574 x 10 3 N-mm 
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(e) Eiastoplastic stress (d) Elastic rebound (e) Residual stresses 

distribution stresses Fig. 4-30 

Note the small contribution to the total of the first integral. 


Tc 

J 


574 x IQ 3 x 12 
(ir/32) x 24 4 


= 211 MPa 


At p = 12 mm, T rcs j dU ai - 211 - 160 = 51 MPa. 

Two alternative residual stress diagrams are shown in Fig. 4-30(e). For clarity, 
the initial results are replotted from the vertical line, in the entire shaded portion 
of the diagram, the residual torque is clockwise; an exactly equal residual torque 
acts in the opposite direction in the inner portion of the shafr. 

The initial rotation is best determined by calculating the twist of the elastic 
core. At p = 4 mm, y = 2 x 10 -3 . The elastic rebound of the shaft is given by 
Eq. 4-16. The difference between the inelastic and the elastic twists gives the 
residual rotation per unit length of shaft. If the initial torque is reapplied in the 
same direction, the shaft responds elastically. 


Inelastic: 


cty _ 7 a _ 2 x IQ - 3 
dx p a 4 X 10"' 


0.50 rad/m 


d$ __ 2 1 _ 574 x 10 3 x IQ 3 

dx ~ JG ~ (ir/32) x 24 4 x 80 x 10 3 


Elastic: 
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- = 0.50 - 0.22 = 0.28 rad/m 


r esu! rs found in the preceding example, line AB is the elastic rebound, and point 
B is the residual 0 for the same problem. 

It should be noted that in machine members, because of the fatigue properties 
of materials, the ultimate static capacity of the shafts as evaluated here is often 
of minor importance. 


EXAMPLE 4-14 

Determine the ultimate torque carried by a solid circular shaft of mild steel when 
shear stresses above the proportional limit are reached essentially everywhere. 
For mild steel, the shear stress-strain diagram can be idealized to that shown in 
Fig. 4-31(a). The shear yield-point stress, T yp , is to be taken as being the same 
as the proportional limit in shear, t p1 . 


IUK9IVN Mf 9MLIU nM^MiKMULAK 

MEMBERS 


ii a very targe torque is imposed on a memoer, large strains taice place everywnere 
except near the center. Corresponding to the large strains for the idealized material 
considered, the yield-point shear stress will be reached everywhere except near 
the center. However, the resistance to the applied torque offered by the material 
located near the center of the shaft is negligible as the corresponding p’s are small, 
Fig. 4-3l(b). (See Lhe contribution to torque T by the elastic action in Example 
4-13.) Hence, it can be assumed with a sufficient degree of accuracy that a constant 
shear stress r yp is acting everywhere on the section considered. The torque cor¬ 
responding to this condition may be considered the ultimate limit torque. (Figure 
4-31(c) gives a firmer basis for this statement.) Thus, 

Tuit — (T yp (2A)p — 2-irp Typ dp — - T yp 


Since the maximum elastic torque capacity of a solid shaft is T yp = t yp J/c, Eq. 
4-3, and T u i t is § times this value, the remaining torque capacity after yield is 3 
of that at yield. A plot of torque T vs. 0, the angle of twist per unit distance, as 
full plasticity develops is shown in Figure 4-31(c). Point A corresponds to the 



#/| = 1 ^ 4 ^ Solid Bars of A»ny Gross Socfion 

The analytical treatment of solid noncircular members in torsion is beyond 
the scope of this book. Mathematically, the problem is complex. IS The 
first two assumptions stated in Section 4-3 do not apply for noncircular 
members. Sections perpendicular to the axis of a member warp when a 
torque is applied. The nature of the distortions that take place in a rec¬ 
tangular section can be surmised from Fig. 4-32. 16 For a rectangular mem¬ 
ber, the corner elements do not distort at all. Therefore shear stresses at 
the corners are zero; they are maximum at the midpoints of the long sides. 
Figure 4-33 shows the shear-stress distribution along three radial lines 
emanating from the center. Note particularly the difference in this stress 
distribution compared with that of a circular section. For the latter, the 
stress is a maximum at the most remote point, but for the former, the 
stress is zero at the most remote point. This situation can be clarified by 

15 This problem remained unsolved until the famous French elastician B. de 
Saint Venant developed a solution for such problems in 1853. The general torsion 
problem is sometimes referred to as the St. Venant problem. 

16 An experiment with a rubber eraser on which a rectangular grating is ruled 
demonstrates this type of distortion. 




Fig. 4-32 Rectangular bar (a) 
before and (b) after a torque 
is applied. 
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Fig. 4-33 Shear stress 
distribution in a rectangular 
shaft subjected to a torque. 



Fig. 4-34 The shear stress 
shown cannot exist. 


considering a corner element, as shown in Fig. 4-34. If a shear stress t 
existed at the corner, it could be resolved into two components parallel 
to the edges of the bar However as shears always occur in pairs acting 
on mutually perpendicular planes, these components would have to be 
met by shears lying in the planes of the outside surfaces. The latter sit¬ 
uation is impossible as outside surfaces are free of all stresses. Hence, t 
must be zero. Similar considerations can be applied to other points on 
the boundary. All shear stresses in the plane of a cut near the boundaries 
act parallel to them. 

Analytical solutions for torsion of rectangular, elastic members have 
been obtained. 17 The methods used are heyond the scope of this book. 
The final results of such analysis, however, are of interest. For the max¬ 
imum shear stress (see Fig. 4-33) and the angle-of-twist, these results can 
be put into the following form: 



(4-30) 


where T as before is the applied torque, b is the length of the long side, 
and t is the thickness or width of the short side of a rectangular section. 
The values of parameters a and p depend upon the ratio bit. A few of 
these values are recorded in the following table. For thin sections, where 
b is much greater than f, the values of a and (3 approach h. 


Tjjtijo <jf QrtgfKgjgujc for Rectangular Bars 17 


bit 

1.00 

1.50 

2.00 

3.00 

6.00 

10.0 

CO 

a 

0.208 

0.231 

0.246 

0.267 

0.299 

0.312 

0.333 

ft 

0.141 

0.196 

0.229 

0.263 

0.299 

0.312 

0.333 


17 S. Timoshenko and J. N. Goodier, Theory of Elasticity, 3rd ed. (New York: 
McGraw-Hill, 1970), 312. The table is adapted from this source. 


n is useful to recast the second Eo. 4-30 to express the torsional stiffness 
fa for a rectangular section, giving 

k, = f = (ibt 3 j (4-31) 

q) L 

Formulas such as these are available for many other types of cross- 
sectional areas in more advanced books. 18 

For cases that cannot be conveniently solved mathematically, a re¬ 
markable method has been devised. 19 It happens that the solution of the 
partial differential equation that must be solved in the elastic torsion prob¬ 
lem is mathematically identical to that for a thin membrane, such as a 
soap film, lightly stretched over a hole. This hole must be geometrically 
similar to the cross section of the shaft being studied. Light air pressure 
must be kept on one side of the membrane. Then the following can be 
shown to be true: 

1. The shear stress at any point is proportional to the slope of the 
stretched membrane at the same point, Fig. 4-35(a). 

2. The direction of a particular shear stress at a point is at right angles 
to the slope of the membrane at the same point, Fig. 4-35(a). 

3. Twice the volume enclosed by the membrane is proportional to the 
torque carried by the section. 

18 R. J. Roark and W. C. Young, Formulas for Stress and Strain, 5th ed. (New 
York: McGraw-Hill, 1975). Finite-element analyses for solid bars of arbitrary 
cross section are also available. See, for example, L. R. Herrmann, “Elastic 
Torsional Analysis of Irregular Shapes,” J. Eng. Mech. Div., ASCE (December 
1965). 

19 This analogy was introduced by the German engineering scientist L. Prandtl 
in 1903. 




Fig. 4-35 Membrane analogy: 

and (b) multiply connected 
(tubular) region. 
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(a) (b) (c) 

Fig. 4-36 Illustration of the membrane analogy for a rectangular bar in torsion. 


itie roregotng analogy is caned me membrane analogy, in addition to 
its value in experimental applications, it is a very useful mental aid for 
visualizing stresses and torque capacities of members. For example, con¬ 
sider a narrow rectangular bar subjected to torque T, as shown in Fig, 4- 
36. A stretched membrane for this member is shown in Fig. 4-36(a). If 
such a membrane is lightly stretched by internal pressure, a section 
through the membrane is a parabola, Fig. 4-36(b). For this surface, the 
maximum slope, hence maximum shear stress, occurs along the edges, 
Fig. 4-36(c). No shear stress develops along u line bisecting the bur thick¬ 
ness t. The maximum shear stresses along the short sides are small. The 
volume enclosed by the membrane is directly proportional to the torque 
the member can carry at a given maximum stress. For this reason, the 
sections shown in Fig. 4-37 can carry approximately the same torque at 
the same maximum shear stress (same maximum slope of the membrane) 
since the volume enclosed by the membranes would be approximately 
the same in all cases. (For all these shapes, b — L and the t's are equal.) 


contour lines of a soap film will “pile up” at points a of re-entrant corners. 
Hence, high local stresses will occur at those points. 

Another analogy, the sand-heap analogy, has been developed for plas¬ 
tic torsion . 20 Dry sand is poured onto a raised flat surface having the 
shape of the cross section of the member. The surface of the sand heap 
so formed assumes a constant slope. For example, a cone is formed on 
a circular disc, or a pyramid on a square base. The constant maximum 
slope of the sand corresponds to the limiting surface of the membrane in 
the previous analogy. The volume of the sand heap, hence its weight, is 
proportional to the fully plastic torque carried by a section. The other 
items in connection with the sand surface have the same interpretation 
as those in the membrane analogy. 


20 A. Narlai. Thpnrv nf Flnw niiii Fracture nfSnlitis Vnl 1 2nd f*d Y^rk: 

McGraw-Hill,'1950)." 
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la) (b) (c) (d) (e) 

Fig. 4-37 Members nf equal cross-sectional areas of the same thickness carrying the same torque. 

Statically indeterminate bars having any cross section are susceptible 
to the analysis procedures discussed in Section 4-9. 


EXAMPLE 4-15 

By using the membrane analogy, determine an approximate value for the torsion 
constant 7 equiv for a W12 x 65 steel beam; see Fig. 4-38. Compare the calculated 
value with the 2.18 in 4 given in the A1SC Manual of Steel Construction. 

Solution 

By comparing the equations given for 4> for a circular section, Eq. 4-16, with that 
for a rectangular bar, Eq. 4-30, it can be concluded that 7 C quiv - Further, 
a W12 x 65 section can be approximated, as implied in Fig. 4-37(e), by three 
separate narrow bars: two flanges and a web. Since bit for the flanges is 12/0.605 
= 19.8 and that for the web is 10.91/0.390 = 28.0, from the table for both cases, 
(3 » 3 . Hence, 

•/equiv = 1(2 X 12 X 0.605 3 + 10.91 x G.390 3 ) = 1.99 in 4 

The value given in the A1SC Manual is larger (2.18 in 4 ). The discrepancy can be 
attributed to neglecting the fillets at the four inside comers. 

This problem can be solved from a different point of view using Eq. 4-21. The 
numerical work is identical. 


** 21 4 . 15 . Warpage of Thin-Walled Open Sections 

The solution of the general elastic torsion problem discussed in the pre¬ 
ceding section is associated with the name of Saint-Venant. Solutions 
based on this rigorous a^^roach (which includes membrane analogy,) for 
thin-walled open sections 22 may result in significant inaccuracies in some 
engineering applications. As pointed out in connection with the twist of 

21 This section presents only a qualitative discussion of this important topic. 

22 In mathematics the boundaries of such sections are referred to as sim.nlv 
connected, i.e., such sections are neither tubular nor hollow. 


0.605" 


.1 



Fig. 4-38 



Fig. 4-39 Cross-sectional 
warpage due to applied 
torque. 




a narrow rectangular bar, Fig. 4-36, no shear stresses develop along a 
line bisecting thickness t. This means that no in-plane deformation can 
take place along the entire width and length of the bar's middle surface. 
The same holds true for middle surfaces of curved bars,' as well as for an 


of three flat bars, and, during twisting, the three middle surfaces of these 
bars do not develop in-plane deformations. 

By virtue of symmetry, this I section twists around its centroidal axis, 
which in this case is also the center of twist. During twisting, as the beam 
flanges displace laterally, the undeformed middle surface abed rotates 
about point A, Fig. 4-39(a). Similar behavior is exhibited by the middle 
surface of the other flange. In this manner, plane sections of an I beam 
warn, i.e., cease to be nlane, durin° twisting. B v contrast for circular 
members, the sections perpendicular to the axis remain plane during twist¬ 
ing (See Section 4-3, assumption 1). Although warpage of the cross section 
does take place for other thick sections, including rectangular bars, this 
effect is negligible. On the other hand, for thin-walled torsion members, 
commonly employed in aircraft, automobiles, ships, bridges, etc., the 
cross-scctional warpage, or its restraint, may have an important effect 23 
on member strength, and, particularly on its stiffness. 

Warpage of cross sections in torsion is restrained in many engineering 
applications. For example, by welding an end of a steel / beam to a rigid 
support, the attached cross section cannot warp. To maintain required 
compatibility of deformations, in-plane flange moments M, shown in Fig. 
4-39(b), 24 must develop. Such an enforced restraint effectively stiffens a 
beam and reduces its twist. This effect is local in character and, at some 
distance from the support, becomes unimportant. Nevertheless, for short 
beams, cutouts, etc., the warpage-restraint effect is dominant. This im¬ 
portant topic is beyond the scope of this text. 25 


is V. Z. Vlasov in a series of 1940 papers made basic contributions to this 
subject. See his book, Thin-walled Elastic Beams, 2nd ed. (Washington, DC: 
Israel Translations, Office of Technical Services, 1961). 

24 Shears that occur in the flanges and efficiently carry part of the applied torque 
are not shown in the diagram. 

25 For details, see, for example, J. T. Oden and E. A. Eipperger, Mechanics of 
Elastic Structures, 2nd ed. (New York: McGraw-Hill, 1981). 
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Part D TORSION OF THIN-WALLED TUBULAR 
MEMBERS 


*4-16. Thin-Walled Hollow Members 


Unlike solid noncircular members, thin-walled tubes of any shape can be 
rather simply analyzed for the magnitude of the shear stresses and the 
angle-of-twist caused by a torque applied to the tube. Thus, consider a 
tube of an arbitrary shape with varying wall thickness, such as shown in 
Fig. 4-40(a), subjected to torque T. Isolate an element from this tube, as 
shown enlarged in Fig. 4-40(b). This element must be in equilibrium under 
the action of forces F t , F 2 , F 3 , and F 4 . These forces are equal to the 
shear stresses acting on the cut planes multiplied by the respective areas. 

From X F* - 0, Fi = F 3 , but F\ = 7 2 t 2 dx, and F 3 = rUj dx, where 
T 2 and T| are shear stresses acting on the respective areas t 2 dx and t\.dx. 
Hence, x 2 t 2 dx = tHi dx, or Tjfi = r 2 t 2 . However, since the longitudinal 
sections were taken an arbitrary distance apart, it follows from the pre¬ 
vious relations that the product of the shear stress and the wall thickness 
is the same, i.e., constant, on any such planes. This constant will be 
denoted by q, which is measured in the units of force per unit distance 
along the perimeter. Therefore, its units are either N/m or lb/in. 


In Section 1-4, Eq. 1-2, it was established that shear stresses on mu¬ 
tually perpendicular planes are equal at a corner of an element. Hence, 
at a corner such as A in Fig. 4-40(b), = t 3 ; similarly, ti — u. Therefore, 

7 4 ti = t 3 t 2 , or, in general, q is constant in the plane of a section peipen- 


Ultumi LU U1U aAI3 Ul a muuuw. '-'ll mu utJ.au, mi uiiuiug; vuu uu iui 


mulated. The inner and outer boundaries of the wall can be thought of as 


being the boundaries of a channel. Then one can imagine a constant quan¬ 
tity of water steadily circulating in this channel. In this arrangement, the 



(a) (b) 

Fig. 4-40 Thin-wall tubular member of variable thickness. 
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Because of this analogy, the quantity q has been termed the. shear flow. 

Next consider the cross section of the tube as shown in Fig. 4-40(c). 
The force per unit distance of the perimeter of this tube, by virtue of the 
previous argument, is constant and is the shear flow q. This shear flow 
multiplied by the iength ds of the perimeter gives a force q ds per differ¬ 
ential length. The product of this infinitesimal force q ds and /• around 
some convenient point such as O, Fig. 4-40(c), gives the contribution of 
an element to the resistance of applied torque T. Adding or integrating 
this, 

T = <j> rq ds (4-32) 

where the integration process is carried around the tube along the center 
line of the perimeter. Since for a tube, q is a constant, this equation may 
be written as 

T = q r ds (4-33) 

Instead of carrying out the actual integration, a simple interpretation 
of the integral is available. It can be seen from Fig. 4-40(c) that r ds is 
twice tuC value Gi tuC shaded area of an infinitesimal triangle of altitude 
r and base ds. Hence, the complete integral is twice the whole area 
bounded by the center line of the perimeter of the tube. Defining this area 
by a special symbol $), one obtains 


T = or q = ™ (4-34) 

This equation 76 applies only to thin-walled Lubes. The area {^) is ap¬ 
proximately an average of the two areas enclosed by the inside and the 
outside surfaces of a tube, or, as noted, it is an area enclosed by the center 
line of the wall’s contour. Equation 4-34 is not applicable at all if the tube 
is slit, when Eqs. 4-30 should be used. 

Since for any tube, the shear flow q given by Eq. 4-34 is constant, from 
the definition of shear flow, the shear stress at any point of a tube where 
the wall thickness is t is 


(4-35) 


26 Equation 4-34 is sometimes called Bredt’s formula in honor of the German 
engineer who developed it. 
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In the elastic range, Eqs. 4-34 and 4-35 are applicable to a.ny shape of 
tube. For inelastic behavior, Eq. 4-35 applies only if thickness t is con¬ 
stant..The analysis of tubes of more than one cell is beyond the scope of 
this book . 27 

For linearly elastic materials, the angle of twist for a hollow tube can 
be found by applying the principle of conservation of energy, Eq. 2-24. 
In this derivation, it is convenient to introduce the angle-of-twist per unit 
length of the tube defined as 0 = dfy/dx. The elastic shear strain energy 
for the tube should also be per unit length of the tube. Hence, Eq. 3-5 
for the elastic strain energy here reduces to U s h = Jvoi (t 2 /2G) dV, where 
dV = lx t ds. By substituting Eq. 4-35 and then Eq. 4-34 into this relation 
and simplifying, 

f ds = <f T (4 - 36) 

“ “'O' “O' w “ 

where, in the last expression, the constants are taken outside the integral. 

Equating this relation to the external work per unit length of member 
expressed as W e - 70/2, the governing differential equation becomes: 


0 = 


dfy 

dx 


T r ds 
4 ® 2 GJ t 


(4-37) 


Here again it is useful to recast Eq. 4-37 to express the torsional stiffness 
k, for a thin-walled hollow tube. Since for a prismatic tube subjected to 
a constant torque, 4 > = 01 , 



The cross-sectional waipage discussed in Section 4-15 is not very im¬ 
portant for tubular members. Analysis of statically indeterminate tubular 
members follows the nrocertures discussed earlier. 


EXAMPLE 4-16 

Rework Example 4-3 using Eqs. 4-34 and 4-35. The tube has outside and inside 
radii of 10 and 8 mm, respectively, and the applied torque is 40 N-m. 

Solution 

The mean radius of the tube is 9 mm and the wall thickness is 2 mm. Hence, 

27 J. T. Oden, and E. A. Ripperger, Mechanics of Elastic Structures, 2nd ed. 
(New York: McGraw-Hill, 1981). 




7 = — — — -—r-- — jy.j ivir<± 

t 2 ®t 2ir x 9 2 x 2 

Note that by using Eqs. 4-34 and 4-35, only one shear stress is obtained and that 
It is just about the average of the two stresses computed in Example 4-3. The 
thinner the walls, the more accurate the answer, or vice versa. 

It is interesting to note that a rectangular tube, shown in Fig. 4-41, with a wall 
thickness of 2 mm, for the same torque will have nearly the same shear stress as 
that of the circular tube. This is so because its enclosed area is about the same 
as the (A) of the circular tube. However, some local stress concentrations will 
be present at the inside (reentrant) corners of a square tube. 


EXAMPLE 4-17 

An aluminum extrusion has the cross section shown in Fig. 4-42. If torque T - 
300 N-m is applied, (a) determine the maximum shear stresses that would develop 
in the three different parts of the member, and ( b ) find the torsional stiffness of 
the member. Neglect stress concentrations. 


Tr 50.4 X 10 3 X 10 

7l ~"“ = 7 = VVWh = 32,1 

• t 2 m « = -T, = - 253 X 103 —5 = 31.6 MPa 

abt 2 0.267 x 30 x 10 2 

. = T 224 x 10 2 _ „ . 

' 3 -m« 2@( 2 x 40 x 20 x 3 

Stress Tj-max occurs along the perimeter of the knob, r 2 . max at the midheighl of 
the bar, and T 3 . max in the 3-mm walls of the tube. Due to the approximations made, 
these stresses cannot be considered precise. In mechanical applications, stress 
concentrations may be particularly important. Membrane analogy can be used to 
great advantage to determine the location of stress concentrations. Generous fil¬ 
lets at reentrant comers can be a remedy. 

Member torsional stiffness found in this manner, such as needed for vibration 
analysis and for the solution of statically indeterminate elastic problems, would 
be sufficiently accurate since local effects such as stress concentrations play a 
minor role. 


The cross section consists essentially of three parts: a circular knob (T), a rec¬ 
tangular bar (2), and a rectangular hollow box with variable wall-thickness (3). 
During application of torque T, each one of these elements rotates through the 
same angle <J>, and therefore each element resists a torque (£,),-<j). Hence, according 
to Eq. 4-21, the total torque resisted by the member is the sum of these quantities 
for the three parts. The expressions for (&,),-’s for the parts are given, respectively, 
by Eqs. 4-17, 4-31, and 4-38. These constants are 


(k ,) 2 = P^ 3 - 


= 0.263 x 30 x 10 3 - = 
' 4 x (40 x 20 ) 2 




where all numerical values are in mm. In evaluating the integral in the last equa¬ 
tion, it is assumed that the 4 mm thickness of the box extends for 40 mm. 

By adding the stiffnesses for the parts, the member torsional stiffness 2 (&,),• 
= 9.34 x 10 4 G/L. 

The applied torque is distributed among the three parts in a ratio of 
(£ f ),-/2 (&,),-. On this basis, the torques are 300 x (1.57 x 10 4 G/L)/(9.34 x 
10 A G/L) = 50.4 N-m for Lhe knob, 25.3 N-m for the bar, and 224 N-m for the 
box The maximum stresses in each of the n arts are determined usin°, respec¬ 
tively, Eqs. 4-3, 4-30, and 4-34. 


Problems 

Sections 4-4 and 4-5 

4-1. The solid cylindrical shaft of variable size, as 
shown in mm on the figure, is acted upon by the tor¬ 
ques indicated. What is the maximum torsional stress 
in the shaft, and between what two pulleys does it 
occur? 


4-2. A 6 -in diameter core of 3 in radius is t 


centage of the torsional strength is lost by t 
ation? 



Section 4-6 

4-3. A solid circular shaft of 2-in diameter is to be 
replaced by a hollow circular tube. If the outside di¬ 
ameter of the tube is limited to 3 in, what must be the 
thickness of the tube for the same linearly elastic ma¬ 
terial working at the same maximum stress? Determine 
the ratio of weights for the two shafts. 


4-4. A 120-mm-diameter solid-steel shaft transmits 
400 kW at 2 Hz. (a) Determine tne maximum Swear 
stress, (b) What would be the required shaft diameter 
to operate at 4 Hz at the same maximum stress? 

4-5. A motor, through a set of gears, drives a line 
shaft, as shown in the figure, at 630 rpm. Thirty hp are 
delivered to a machine on the right; 90 hp on the left. 
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Select a solid round shaft of the same size throughout. 
The allowable shear stress is 5750 psi. 

4-6. (a) Design a hollow steel shaft to transmit 300 hp 
at 75 rpm without exceeding a shear stress of 6000 psi. 
Use. 1.2:1 as the ratio of the outside diameter to the 
inside diameter, (b) What solid shaft could be used 
instead? 

4-7. A 100-hp motor is driving a iine shaft through gear 
A at 26.3 rpm. Bevel gears at B and C drive rubber- 
cement mixers. If the power requirement of the mixer 
driven by gear B is 25 hp and that of C is 75 hp, what 
are the required shaft diameters? The allowable shear 
stress in the shaft is 6000 psi. A sufficient number of 
bearings is provided to avoid bending. 



Fig. P4-7 


Section 4-7 

4-8. A solid circular shaft of 150 mm diameter is ma¬ 
chined down to a diameter of 75 mm along a pari of 
the shaft. If, at the transition point of the two diam¬ 
eters, the fillet radius is 12 mm, what maximum shear 
stress is developed when a torque of 2700 N-m is ap¬ 
plied to the shaft? What will the maximum shear stress 
be if the fillet radius is reduced to 3 mm? 

4-9. Find the required fillet radius for the juncture of 
a 6 -in diameter shaft with a 4-in diameter segment if 
the shaft transmits 110 h r< at 100 pom and the maximum 
shear stress is limited to 8000 psi. 


Section 4-8 

4-10. Whal must be the length of a 5-mm diameter alu¬ 
minum wire so that it could be twisted through one 
complete revolution without exceeding a shear stress 
of 42 MPa? G = 27 GPa. 

4-11. The solid 50-mm-diameter steel line shaft shown 
in the figure is driven by a 30-hp motor at 3 Hz. (a) 
Find the maximum torsional stresses in sections AC, 
BC, CD, and DE of the shaft, (b) Determine the total 
angle of twist between A and E. Let G = 84 GPa. 

30 hp 



Fig. P4-11 

4-12. A hollow steel rod 6 in long is used as a torsional 
spring. The ratio of inside to outside diameters is 
The required stiffness for this spring is h of a degree 
per 1 in-lb of torque, (a) Determine the outside di- 
arneiei uf tiiis rod. G — 12 X 10 s psi. (b) What is the 
torsional spring constant for this rod? 

4-13. A solid aluminum-alloy shaft 50 mm in diameter 
and 1000 mm long is to be replaced by a tubular steel 
shaft of the same outer diameter such that the new 
shaft wouid neither exceed twice the maximum shear 
stress nor the angle of twist of the aluminum shaft, (a) 
What should be the inner radius of the tubular steel 
shaft? Let G A1 = 28 GPa and G St = 84 GPa. (b) Which 
of the two criteria governs? 

4-14. Two gears are attached to two 50-mm-diameter 
steel shafts, as shown in the figure. The gear at B has 


/ 
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^ p-jgi’ diameter; the gear at C, a4QQ-min pitch 

diameter. Through what angle will end A turn if at A 
atorque of 560 N-m is applied and end D of the second 
shaft is prevented from rotating? G = 84 GPa. 

4-15. A circular steel shaft of the dimensions shown 

. . C. __ „,,u;_tArnnoc- T. — 18 

in me ngllli. 13 auuj^i^u ic/ *1 

in, T 2 = "8 k-in, and T 3 = 10 k-in. (a) What is the 
angle of twist of the right end due to the applied tor¬ 
ques. (b) Plot the angle-of-twist diagram along the 
shaft. Let G = 12 x 10 6 psi. 





Fig. P4-15 


4-16. A dynamometer is employed to calibrate the re¬ 
quired power input to operate an exhaust fan at 20 Hz. 
The dynamometer consists of a 17-mm-diameter solid 
shaft and two disks attached to the shaft 300 mm apart, 
as shown in the figure. One disk is fastened through a 
tube at the input end; the other is near the output end. 
The relative displacement of these two disks as viewed 
in stroboscopic light was found to be 6 ° O'. Compute 
the power input in hp required to operate the fan at 
the given speed. Let G = 84 GPa. 



Dynamometer Fan 


Fig. P4-16 

4-17. A solid tapered steel shaft is rigidly fastened to 
a fixed su nn ort at one end and is subjected to a torque 
T at the other end (see the figure). Find the angular 



Fig. P4-17 

rotation of the free end if d\ = 6 in, d 2 = 2 in, L = 
20 iu, and T — 27,000 m-lb. Assume that the usual 
assumptions of strain in prismatic circular shafts sub¬ 
jected to torque apply, and let G - 12 x 10 6 psi. (b) 
Determine the torsional flexibility of the shaft. 

4-18. A thin-walled elastic frustum of a cone has the 
dimensions shown in the figure, (a) DeLennine the tor¬ 
sional stiffness of this member, i.e., the magnitude of 
torque per unit angle of twist. The shearing modulus 
for the material is G. (b) What is the torsional flexibility 
of this member? 


]/2n" Wall 
thickness 



Fig. P4-18 


4-19. The loading on a control torque tube for an ail¬ 
eron of an airplane may be idealized by a uniformly 
varying torque t_ r = kx in-lb/in, where k is a constant 
(see the figure). Determine the angle of twist of the 
free end. Assume JG to be constant. 



Fig. P4-19 


*4-20. A torque applied to a circular shaft is idealized 
as uniformly varying from the built-in end, see the fig- 
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Fig. P4-20 


ure. Determine the angle of twist of the right end. The 
torsional rigidity JG of the shaft is constant. 

*4-21. A 2000-mm long circular shaft attached at one- 
end, and free at the other is subjected to a linearly vary¬ 
ing distributed torque along its length, as shown in the 
figure. The torsionai rigidity JG of the shaft is con¬ 
stant. Determine the angle of twist at the free end 
caused by the applied torque. 



Fig. P4-21 


Section 4-9 

4-22. An aluminum-alloy tube is shrunk onto a steel 
rod, furniing a shaft thal acLs as a unil. This shaft is 
40 in lon° and has the cross section shown in the flemre. 
Assume elastic behavior and let £ S t - 3 £ai = 30 x 
10 3 ksi. (a) What stresses would be caused by applying 
a torque T = 200 k-in? Show the shear stress distri¬ 


bution on a graph, (b) Determine the torsional stiffness 
and flexibility of the shaft. 

4-23. A tube of 50-mm outside diameter and 2-mm 
thickness is attached at the ends by means of rigid 
flanges to a solid shaft of 25-nmi diameter, as shown 
in the figure. If both the tube and the shaft are mad" 
of the same linearly elastic material, what part of the 
applied torque T is carried by the tube? 



Fig. P4-23 


4-24. Assume that in Problem 4-23, prior to welding 

of 200 N-m and maintained in this condition during the 
welding process. What residual torque will remain in 
the shaft upon release of the applied torque? 

4*25. Using the displacement method, determine the 
reactions fui the shaft shown in Fig. 4-2 i for the fol¬ 
lowing data: T - 40 k-in, L\ = 15 in, L 2 = 10 in, J\ 
= 2tt in 4 , J 2 = 'nil in 4 , and G\ = G 2 = G = 12 x 
10 3 ksi. Also plot the angle-of-twist diagram for the 
shaft along its length. 

4-26. Consider the same elastic stepped circular shaft 
shown in the two alternative figures. Using the force 
method, determine the angle of twist <f > ob at a caused 



(a) 
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,.. t », e application of n unit torque at b, and show that 
j t j s equal to the angle-of-twist at b due to the 
application of a unit torque at a. Let J\ = 3 J 2 . (See 
Prob. 2-48.) 

4-27. (a) Using the force method, determine the rc- 
actions for the circular stepped shaft shown in the fig¬ 
ure. The applied torques are 7) = 600 lb-in, T 2 - 500 
lb-in, and h = 200 lb-in. The shaft diameters are d } 
= 2.83 in and d 2 - 2.38 in. (b) Plot the angle-of-twist 
diagram for the shaft along its length. Let E = 10 x 

lf>3 l, c j 
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Fig. P4-27 


4-28. An clastic circular shaft attached at both ends 
is subjected to a uniformly distributed torque t a per 
unit length along one-half of its length, as shown in 
the figure, (a) Using the force method, find the reac¬ 
tions. (b) Determine the angle of maximum twist and 
plot the angle-of-twist diagram along the shaft length. 
The torsional rigidity JG of the shaft is constant. 



4-29. Assume that the shaft in Problem 4-20 is at¬ 
tached at both ends, (a) Using the force method, de¬ 
termine the reactions, (b) Find the angle of maximum 
twist and plot the angle-of-twist diagram along the 
shaft length. 

Section 4-4 Q 

4-30. Rework Problem 4-20 using Eq. 4-26. 

4-31. Rework Problem 4-21 using Eq. 4-26. 

*4*32. Using Eq. 4-26 and continuity conditions (see 
Section 2-19) or singularity functions, determine the 
reactions at the built-in ends caused by the application 


1 r. 



Fig. P4-32 


of torque T,; see the figure. Plot the torque T(x) and 
the angle-of-twist cp(x) diagrams. 

*4-33. Using Eq. 4-26 and continuity conditions (see 
Section 2-19) or singularity functions, determine the 
reactions caused by a uniformly distributed torque t a 
along one-half of the shaft length, as shown in the fig¬ 
ure for Problem 4-28. Sketch the angle-of-twist dia¬ 
gram along the shaft length. 

Section 4-11 

4-34. A circular stepped shaft has the dimensions 
shown in the figure, (a) Using an energy method, de¬ 
termine the angle of twist at the loaded end. G is given. 
(b) Check the result using Eq. 4-16. 





Fig. P4-34 


Section 4-12 

4-35. A coupling is made with eight ^-in-diameter 
high-strength bolts located on a 10-in-diameter bolt cir¬ 
cle. (a) Calculate the torque that can be transmitted by 
this coupling if the allowable shear stress in the bolts 
is 10,500 psi. (b) Find the hp that can be transmitted 
when the shaft and couplings are rotating at 250 rpm. 
4-36. A flange coupling has six bolts having a cross- 
sectional area of 0.2 in 2 each in a 8-in-diameter bolt 
circle, and six bolts having a cross sectional area of 
0.5 in 2 each in a 5-in-diamete.r holt circle. If the allow¬ 
able shear stress in the bolt is 16 ksi, what is the torque 
capacity of this coupling? 

Section 4-13 

4-37. A specimen of an SAE 1060 steel bar of 20-mm 
diameter and 450-mm length failed at a torque of 900 
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N-m. What is the modulus of rupture of this steel in 
torsion? 

4-38. A solid steel shaft of 20-mm diameter and 1000 
mm long is twisted such that, a 16-mm-diameter core 
remains elastic; see the figure, (a) Determine the tor¬ 
que appti^H cause the 'field state Hd'' Find the re¬ 
sidual stress distribution that would occur on removing 
the torque. Draw the residual-stress pattern with the 
critical values. Assume the idealized mechanical prop¬ 
erties for the- material giveu in Fig. 4-30(b) of Example 
4-13. 


Elastic 
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Fig. P4-38 

4-39. If the shaft in Problem 4 38 is twisted at the free 
end through an angle $ = 0.25 rad and then released, 
what will be the residual angle 4>? Also find the residual 
shear stresses. Draw the residual-stress pattern with 
the critical values. 
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a solid circular rod of mild streel. The cross-sectional 
dimensions of the composite shaft are shown in mm 
on the figure. Determine the torque developed by this 
shaft if the maximum shear stress measured on the 
surface is 480 MPa. For cither steel, G - 120 GPa. 
However, the mild steel yields in shear at 120 MPa, 
whereas the alloy steel remains essentially linearly 


elastic into the 600-MPa range. Idealized t-y diagram^ 
for the two materials are illustrated in the figure. 

4-41. If in Problem 4-40 the applied torque is released, 
(a) what will be the residual stress pattern? Draw the 
results with the critical values, (b) Determine the re- 


9 mm 



Section 4-14 


4-42. Compare the maximum shear stress and angle 


tional areas for a square section, a rectangular section, 
and a circular section. All members are subjected to 
the same torque. The circular section is 100 mm in 
diameter and the rectangular section is 25 mm wide. 


**-**j. Coiupaic the tOiSiOnal Sticugth and Stintless of 
thin-walled tubes of circular cross section of linearly 
elastic material with and without a longitudinal slot 
(see the figure). 



Fig. P4-43 


4-44. An agitator shaft acting as a torsional member 
is made by welding four rectangular bars to a circular 
pipe, as shown in the figure. The pipe is of 4 in outside 
diameter and is \ in thick; each of the rectangular bars 
is i by 2 in. If the maximum elastic shear stress, ne¬ 
glecting the stress concentrations, is limited to 8 ksi, 
what torque T can be applied to this member? 


4-46. Using the sand-heap analogy, determine the ul¬ 
timate torsional moment of resistance for a rectangular 
section of a by 2a. (Hint: Fiist, using the analogy, 
y-gfjf” Eq 4-29 for a solid circular shaft, where the 
height of the heap is cT yp . Twice the volume included 
by the heap yields the required results.) 


Section 4-16 

4-47. For a member having the cross section shown 
in the figure, find the maximum shear stresses and an¬ 
gles of twist per unit length due to an applied torque 
of 1000 in-lb. Neglect stress concentrations. Comment 
on the advantage gained by the increase in the wall 
thickness over part of the cross section. 



4-48. A thin-walled cross section in the form of a sim¬ 
plified airfoil is shown in the figure. Determine the 
torque it would carry at a maximum shear stress of 20 



MPa. Neglect the effect of stress concentrations. Is 
there any advantage to thicken the inclined plates? Use 
centerline dimensions. 

4-49. A shaft having the cross section shown in the 
figure is subjected to a torque T = 150 N-m. (a) Es¬ 
timate the percentage of torque carried by each of the 
two cross-sectional components, and calculate the- 
maximum shear stresses in each pari, neglecting stress 
concentrations, (b) Find the angle-of-twist per unit 
length caused by the applied torque. Let G - 25 x 
10* GPa. 
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in the figure. Estimate the torsion constant J equjv . 
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The effect of axial forces and torsion on straight members was treated in 
the preceding chapters. There are other types of forces to which members 
may be subjected. In many instances in structural and macliine design, 

__ — „ t r' 1ntAi>nl1n nr trAnrtrAfpalu t r\ tViAlt* nvac 
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Such members are called beams. The main members supporting floors of 
buildings are beams, just.as an axle of a car is a beam. Many shafts of 
machinery act simultaneously as torsion members and as beams. With 
modern materials, the beam is a dominant member of construction. The 
determination of the system of internal forces necessary for equilibrium 
of any beam segment will be the main objective of this chapter. 

For the axially or torsionally loaded members previously considered, 
orJy one internal force was required at an arbitrary section to satisfy the 
conditions of equilibrium. However, even for a beam with all forces in 
the same plane, i.e., a planar beam problem, a system of three internal 
force components can develop at a section. These are the axial force, the 
shear, and the bending moment. Determining these quantities is the focus 
of this chapter. 

The chapter is divided into three parts. In Part A, methods for calcu¬ 
lating reactions are reviewed; in Parts B and C, two different procedures 
for calculating the internal shear and bending moment and their graphic 
representations along a beam are discussed. At the end of Part C, an 
optional topic on singularity functions for solving such problems is intro¬ 
duced. 

Attention will be largely confined to consideration of single beams, 
which, for convenience, will be shown in the horizontal position. Some 
discussion of related problems of planar frames resisting axial forces, 
shears, and bending moments is also given. Only statically determinate 
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—■terns will be fully analv7ed for these quantities. Special procedures to 
be developed in subsequent chapters are required for determining reac¬ 
tions in .statically indeterminate problems for complete solutions. Exten¬ 
sion to members in three-dimensional systems, where there are six pos¬ 
sible internal force components, will be introduced in later chapters as 
needed, and will rely on the reader’s knowledge of statics. In such prob¬ 
lems at a section of a member there can be: an axial force, two shear 
components, two bending moment components, and a torque. 


Part A CALCULATION OF REACTIONS 


* 5 - 2 . Diagrammatic Conventions tor Supports 1 

In studying planar structures it is essential to adopt diagrammatic con¬ 
ventions for their supports and loadings inasmuch as several kinds of 
supports and a great variety of loads are possible. An adherence to such 
conventions avoids much confusion and minimizes the chances of making 


mistakes. These conventions form the pictorial language of engineers. 
Three types of supports are recognized for planar structures. These are 


support is physically realized by a roller or a link. It is capable of resisting 
a force in only one specific line of action. The link shown in Fig. 5-l(a) 
can resist a force only in the direction of line AB. The roller in Fig. 5- 
1(b) can resist only a vertical force, whereas the rollers in Fig. 5-l(c) can 


resist only a force that acts perpendicular to the plane CD. This type of 
support will be usually represented in this text by rollers as shown in Figs. 
5-l(b) and (c), and it will be understood that a roller support is capable 
of resisting a force in either direction . 2 along the line of action of the 
reaction. To avoid this ambiguity, a schematic link will be occasionally 
employed to indicate that the reactive force may act in either direction 
(see Fig. 5-4). A reaction of this type corresponds to a single unknown 
when equations of statics are applied. For inclined reactions, the ratio 


between the two components is fixed (see Example 1-3). 

Another type of support that may be used is a pin. In construction, 
such a support is realized by using a detail shown in Fig. 5-2(a). In this 
text, such supports will be represented diagrammatically, as shown in 


1 This and the next three sections are an informal review of statics. 

2 This imples that in the actual design, a link must be provided if the reaction 
acts away from the beam; in other words, the beam is not allowed to lift off from 
the support at A in Fig. 5-l(b). In this figure, it may be helpful to show the roller 
on top of the beam in the case of a downward reaction in order to make it clear 
that the beam is constrained against moving vertically at the support. This practice 
usually will be followed in the text. 



(c) 

Fig. 5-1 Link and roller types 
of supports. (The only 
possible lines of action of the 
reactions are shown b w the 
dashed lines.) 
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lb) 

Fig. 5-2 Pinned support: (a) 
actual, and (b) diagrammatic. 



i 


Ffg. 5-3 Fixed support. 



(a) lb) Ic) 

Fig. 5-4 Three basic types of idealized supports for planar structural systems. 
Simple supports: (a) a pinned support resists two force components, and (b) a 
roller or a link resists only one directed force. Fixed support: (c) a fixed 
support resists two force components and a momenr. 

Fig. 5-2(b). A pinned support is capable of resisting a force acting in any 
direction of the plane. Hence, in general, the reaction at such a support 

t, fit*.-, ^rtmn^nantc ny-tp. in ttiA Vi/\rn‘7^\nt‘ol onH nnp in thA VArtJrtr.1 
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direction. Unlike the ratio applying to the roller or link support, that 
between the reaction components for the pinned support is not fixed. To 
determine these two components, two equations of statics must be used. 

The third type of support is able to resist a force in any direction 
and is also capable of resisting a moment or a couple. Physically, such 
a support is obtained by building a beam into a wall, casting it into con¬ 
crete, or welding the end of a member to the main structure. A system, 
of three forces can exist at such a support, two components of force and 
a moment. Such a support is called a fixed support, i.e., the built-in end 
is fixed or prevented from rotating. The standard convention for indicating 
it is shown in Fig. 5-3. 

To differentiate fixed supports from the roller and pin supports, which 
are not capable of resisting moment, the iatter two are termed simple 
supports. Figure 5-4 summarizes the foregoing distinctions between the 
three types of supports and the kind of resistance offered by each type. 
Tn practice, engineers usually assume the supports to be of one of the 
three types by “judgment,” although in actual construction, supports for 
beams do not always clearly fall into these classifications. 


*5-3. Diagrammatic Conventions for Loading 

Structural members are called upon to support a variety of loads. For 
example, frequently a force is applied to a beam through a post, a hanger, 
or a bolted detail, as shown in Fig. 5-5(a). Such arrangements apply the 
force over a very limited portion of the beam and are idealized for the 
purposes of beam analysis as concentrated forces. These are shown dia- 
grammatically in Fig. 5-5(b). On the other hand, in many instances, the 
forces are applied over a considerable portion of the beam. In a ware¬ 
house, for example, goods may be piled up along the length of a beam. 
Such distributed loads are defined by their load intensity at any point in 
force per unit length. 
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(a) . (b) 

Fig. 5-5 Concentrated loading on a beam, (a) actual, and (b) idealized. 


Many types of distributed loads occur. Among these, two kinds are 
particularly important: the uniformly distributed loads and the uniformly 
yQYying loads. The first could easily be an idealization of the warehouse 
load just mentioned, where the same kind of goods are piled up to the 
same height along the beam. Likewise the beam itself, if of constant cross- 
sectional area, is an excellent illustration of the same kind of loading. A 
realistic situation and a diagrammatic idealization are shown in Fig. 5-6. 
This load is usually expressed as force per unit length of the beam, unless 
specifically noted otherwise. In SI units, it may be given as newtons per 
meter (N/m); in the U.S. customary units, as pounds per inch (Ib/in), as 
pounds per foot (Ib/ft). or as kilopounds per foot (k/ft). 

Uniformly varying loads act on the vertical and inclined walls of a ves sel 
containing liquid. This is illustrated in Fig. 5-7, where it is assumed that 
the vertical beam is one meter wide and y (N/m 3 ) is the unit weight of 
the liquid. For this type of loading, it should be carefully noted that the 
maximum intensity of the load of q 0 N/m is applicable only to an infini¬ 
tesimal length of the beam. It is twice as large as the average intensity 
of pressure. Hence, the total force exerted by such a loading on a beam 
is (_q„h!2) N, and its resultant acts at a distance h/3 above the vessel’s 
bottom. Horizontal bottoms of vessels containing liquid are loaded uni¬ 
formly. Various aerodynamic loadings are of distributed type. 

Finally, it is conceivable to load a beam with a concentrated moment 
applied to the beam essentially at a point. One of the possible arrange- 



(a) lb) 



q B N/m (max) =yh-'\ 

Fia, 5-7 Hvdrostatic load 


Fig. 5-6 Distributed loading on a beam, (a) actual, and (b) idealized. on a vertical wall. 
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Fig, 5-8 A method for 
applying a concentrated 
moment to a beam. 



its diagrammatic representation to be used in this text is shown in Fig. 
5-8(c).~ 

A less artificial example of the application of a concentrated moment 
to a member, frequently occurring in the design of machine and structural 
elements, is illustrated in Fig. 5-9. In order to maintain the applied force 
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at the support, Fig. 5-9(c). These forces apply a concentrated moment 
and an axial force, as shown in Fig. 5-9(b). 

The necessity for a complete understanding of the foregoing symbolic 
representation for supports and forces cannot be overemphasized. Note 
particularly the kind of resistance offered by the different types of sup¬ 
ports and the manner of representation of the forces at such supports. 
These notations will be used to construct free-body diagrams for beams. 


*5-4. Classification of Beams 

Beams are classified into several groups, depending primarily on the kind 
of supports used. Thus, if the supports are at the ends and are either pins 
or rollers, the beams are simply supported, or simple beams, Figs. 5-10(a) 
and (b). The beam becomes a. fixed beam, or fixed-ended beam, Fig. 5- 



W— 1 rf— 


(a) |b| 

Fig. 5-9 Loaded horizontal riieuibei applies an axial force and a concentrated 
moment to the vertical member. 
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(d) (g) Fig. 5-iu types of beams. 

10(c), if the ends have fixed supports. Likewise, following the same 
scheme of nomenclature, the beam shown in Fig. 5-10(d) is a beam fixed 
at one end and simply supported at the other. Such beams are also called 
restrained beams, as one end is “restrained” from rotation. A beam fixed 
at one end and completely free at the other has a special name, a cantilever 
beam, Fig. 5-l0(e). 

If the beam projects beyond a support, the beam is said to have an 
overhung. Thus, the beam shown in Fig. 5-10(f) is an overhanging beam. 

If intermediate supports are provided for a physically continuous member 
acting as a beam. Fig. 5-10(g), the beam is termed a continuous beam. 

For all beams, the distance L between supports is called a span. In a 
continuous beam, there are several spans that may be of varying lengths. 

In addition to classifying beams on the basis of supports, descriptive 
phrases pertaining to the loading are often used. Thus, the beam shown 
in Fig. 5-10(a) is a simple beam with a concentrated load, whereas the 

r\na !r» t?i/v < 1 it- •-» c*imnl„ 1-ix.ram tirifti n nifnrml'W rlictrlKnfInoH 
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Other types of beams are similarly described. 

For most of the work in engineering solid mechanics, it is also mean¬ 
ingful to further classify beams into statically determinate and statically 
indeterminate beams. If for a planar beam or a frame, the number of 
unknown reaction components, including a bending moment, does not 
exceed three, such a structural system is externally statically determinate. 

These unknowns can always be found from the equations of static equi¬ 
librium. The next section will briefly review the methods of statics for 
computing reactions for statically determinate beams. A procedure for 
determining reactions in indeterminate beams is given in Chapter 10. 





Axial Force, Shear, and Bending Moment 


All subsequent work with beams in this chapter will begin with deter¬ 
mination of the reactions. When all of the forces are applied in one plane, 
three equations of static equilibrium are available for the analysis. These 
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in Chapter 1. For straight beams in the horizontal position, the x axis will 
be taken in a horizontal direction, the y axis in the upward vertical di¬ 
rection, and the z axis normal to the plane of the paper. The application 
of these equations to several beam problems is illustrated in the following 
examples and is intended to serve as a review of this important procedure. 
The deformation of beams, being small, is neglected when the equations 
of statics are applied. For stable beams, the small amount of deformation 
that does take place changes the points of application of the forces im- 
DerceDtiblv. 


EXAMPLE 5-1 

Find the reactions at the supports for a simple beam loaded as shown in Fig. 5- 
11(a). Neglect the weight of the beam. 


The loading of the beam is already given in diagrammatic form. The nature of the 
supports is examined next, and the unknown components of these reactions are 
clearly indicated on the diagram. The beam, with the unknown reaction com¬ 
ponents and all the applied forces, is redrawn in Fig. 5-11(b) to emphasize this 
important step in constructing a free-body diagram. In order to dilferenliaie among 
the applied forces and reactions, following the suggestion made in Section 1-5, 
slashes are drawn across the reaction force vectors. 

At A, nvo unknown reaction components may exist, since the end is pinned. 
The reaction at B can act only in a vertical direction since the end is on a roller. 
The points of application of all forces are carefully noted. After a free-body dia¬ 
gram of the beam is made, the equations of statics are applied to obtain the 
solution. 

Ef, = 0 Rax = 0 

2 M a = OO + 200 + 100 x 0.2 + 160 x 0.3 - 8,x 0.4 =« 

Rb - + 670 N t 

£ Mb - 0D + R Ay x 0.4 + 200 - 100 x 0.2 - 160 x 0.1 - 0 

R... = -410 Ni 


Check: X F ,. = 0 T + 


-410 - 100 - 160 + 670 = 0 


thus, only two additional reaction components can be determined from statics. 
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Fig. 5-11 

[f more unknown reaction components or moments exist at the support, the prob¬ 
lem becomes statically indeterminate. 

Note that the concentrated moment applied al C enters only into the expi essions 
for the summation of moments. The positive sign of R s indicates that its direction 
has been correctly assumed in Fig. 5-ll(b). The opposite is the case of R Ay , and 
the vertical reaction at A acts downward. A check on the arithmetical work is 
available if the calculations are made as shown. 


In computing reactions, some engineers prefer to make calculations in the manner 
indicated in Fig. 5-12. Fundamentally, this involves the use of the same principles. 
Only the details are different. The reactions for every force are determined one 
at a time. The total reaction is obtained by summing these reactions. This pro¬ 
cedure permits a running check of the computations as they are performed. For 
every force, the sum of its reactions is equal to the force itself . For example, for 
the 160-N force, it is easy to see that the upward forces of 40 N and 120 N total 
160 N. On the other hand, the concentrated moment at C, being a couple, is 
resisted by a couple. It causes an upward force of 500 N at the right reaction and 
a downward force of 500 N at the left reaction. 



200 X 1/10.4) = 500 n 1 
100 X (0.21/(0.41* SON 

160 X (0.1)/(0.4) = 40 N 


bUU N = 2UO X 1/(U.4) (moment) 

50 N = 100 X (0.2)/(0.4) (100 N force) 

120 N = 160 X (0.3)/(0.4) (160 N force) 
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Fig. 5-12 
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(a) • (b) 


EXAMPLE 5*2 

Find the reactions for the partially loaded beam with a uniformly varying load 
shown in Fig. 5-13(a). Neglect the weight of the beam. 


Solution 


An examination of the supporting conditions indicates that there are three un- 
kncwn reaction components; hence, the beam is statically determinate. These 
and the applied load are shown in Fig. 5-13(b). Note particularly that the con¬ 
figuration of the member is not important for computing the reactions. A crudely 
shaped outline, bearing no resemblance to the actual beam, is indicated to em¬ 
phasize this point. Huwever, this new body is supported at points A and B in the 
same manner as the original beam. 

For calculating the reactions, the distributed load is replaced by an equivalent 
concentrated force P. It acts through the centroid of the distributed forces. These 


pertinent quantities are 
body diagram is prepare 


marked on the working sketch, Fig. 5-13(b). After a ffee- 


equilibrium. 


o = o 

2 U A = OO + + 15 x 2 - R b X 5 = 0 Rb = 6 kN i 

= 0C+ - Ra, x 5 + 15 x 3 = 0 R Ay = 9 kNi 


Check: ^ /' — 0 f + 


— 9 + 15 — 6 = 0 


EXAMPLE 5-3 

Determine the reactions at A and B for the beam shown in Fig. 5-i4(a) due to the 
applied force. 
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Solution 

A free-body diagram is shown in Fig. 5-14(b). At A, there are two unknown re¬ 
action components, R and /?, iv . At ft. the reaction fto acts normal to the sup¬ 
porting plane and constitutes a single unknown. It is expedient to replace this 
force by the two components R By and R Bx , which in this particular problem are 
numerically equal. Similarly, it is best to replace the inclined force with the two 
components shown. These steps reduce the problem to one where all forces are 
either horizontal or vertical. This is of great convenience in applying the equations 
of static equilibrium. 

2M a = 0G+ 4 x 3 — R By x 12 — 0 fl s „=lkT 

2M s = 0G+ fl A ,x 12-4x9 = 0 R Ay = 3 k t 

2F, = 0-*+ R A y -3-1 =0 F At = 4k^ 



Check: 2 F, = 0 ( + + 3 - 4 + 1 = 0 

Occasionally, hinges or pinned joints are introduced into beams and frames. 
A hinge is capable of transmitting only horizontal and vertical forces. No moment 
can be transmitted at a hinged joint. Therefore, the point where a hinge occurs 
is a particularly convenient location for “separation” of the structure into parts 
for purposes of computing the reactions. This process is illustrated in Fig. 5-15. 
Each part of the beam so separated is treated independently. Each hinge provides 
an extra axis around which moments may be taken to determine reactions. The 
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Sec. 5-7. Axial Force in Beams 


Fig. 5-15 Structures 
“separated” at hinges to 
determine the reactions by 
statics. 


R 2 

4 p 

U 


introduction of a hinge or hinges into a continuous beam in many cases makes 
the system statically determinate. The introduction of a hinge into a determinate 
beam results in a beam that is not stable. Note that the reaction at the hinge for 
one beam acts in an opposite direction on the other beam. 
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5 - 6 . Application of the Method of Sections 

The main objective of this chapter is to establish means for determining 
the forces that exist at a section of a beam or a frame. To obtain these 
forces, the method of sections, the basic approach of solid mechanics, 
will be applied. This procedure is referred to here as a direct approach. 

The analysis of any beam or frame for determining the internal forces 
begins with the preparation of a free-body diagram showing both the ap¬ 
plied and the reactive forces. The reactions can always be computed using 
♦k e equations of equilibrium provided the system is statically determinate. 
If the system is statically indeterminate, the reactions are appropriately 
labeled and shown on the free-body. In this manner, for either case, the 
complete force system is identified. In the subsequent steps of analysis, 
no distinction has to be made between the applied and reactive forces. 
The method of sections can then be applied at any section of a structure 
by employing the previously used concept that if a whole body is ill equi¬ 
librium, any part of it is likewise in equilibrium. 

To be specific, consider a beam, such as shown in Fig. 5-16(a), with 
certain concentrated and distributed forces acting on it. The reactions are 
also presumed to be known, since they may be computed as in the ex- 


noiples considered earlier in Section 5-5. The externally applied forces 
and the reactions at the support keep the whole body in equilibrium. Now 
consider an imaginary cut X-X normal to the axis of the beam, which 
separates the beam into two segments, as shown in Figs. 5-16(b) and (c). 
Note particularly that the imaginary section goes llu'ough the distributed 
load and separates it too. Each of these beam segments is a free-^ody 
that must be in equilibrium.. These conditions of equilibrium require the 
existence of a system of internal forces at the cut section of the beam. 
In general, at a section of such a member, a vertical force, a horizontal 
force, and a moment are necessary to maintain the isolated part in equi¬ 
librium. These quantities take on a special significance in beams and there¬ 
fore will be discussed separately. 

5-7. Axial Force in Beams 

A horizontal force such as P, shown in Fig. 5-16(b) or (c), may be nec¬ 
essary at a section of a beam to satisfy the conditions of equilibrium. The 
magnitude and sense of this force follows from a particular solution of 
the equation 2^ = 0. If the horizontal force P acts toward the section, 
it is called a thrusf, if away, it is called axial tension. In referring to either 
of these forces, the term axial force is used. The effect of an axial force 
on a section of a memher has already been discussed in Chapters 1 and 
2. It was shown that it is imperative to apply this force through the centroid 


tV, {total uniformly 
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Fig. 5-16 An application of 
the method of sections to a 
* 8 statically determinate beam. 
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of the cross-sectional area of a member to avoid bending. Similarly, here 
the line of action of the axial force will always be directed through the 
centroid of the beam’s cross-sectional area. 

Any section along a beam may be examined for the magnitude of the 
axial force in the previous manner. The tensile force at a section is cus- 
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5-16(b) and (c) is equal to the horizontal force P 2 . 


5-8. Shear in Beams 

In general, to maintain a segment of a beam, such as that shown in Fig. 
5-16(b), in equilibrium, there must be an internal vertical force V at the 
cut to satisfy the equation 2^ = 0- This internal force V, acting at right 
angles to the axis of the beam, is called the shear , or shear force. The 
shear is numerically equal to the algebraic sum of all the vertical com¬ 
ponents of the external forces acting on the isolated segment, but it is 
opposite in direction. Given the qualitative data shown in Fig. 5-16(b), V 
is opposite in direction to the downward load to the left of the section. 
This shear may also be computed by considering the right-hand segment 
shown in Fig. 5-16(c). It is then equal numerically and is opposite in 
direction to the sum of all the vertical forces, including the vertical re¬ 
action components, to the right of the section. Whether the right-hand 
segment or the left is used to determine the shear at a section is imma¬ 
terial—arithmetical simplicity governs. Shears at any other section may 
be computed similarly. 

At this time, a significant observation must be made. The same shear 
shown in Figs. 5-16(b) and (c) at the section X-X is opposite in direction 

that r\nrt nf thf=> HnwnwflrH InflH W, tn th#» lpft 


of section X-X, the beam at the section provides an upward support to 
maintain vertical forces in equilibrium. Conversely, the loaded portion of 
the beam exerts a downward force on the beam, as shown in Fig. 5-16(c). 
At a section, “two directions” of shear must be differentiated, depending 
upon which segment of the beam is considered. This follows from the 
familiar action-reaction concept of statics and has occurred earlier in the 
case of an axially loaded rod, and again in the torsion problem. 

The direction of the shear at section X-X would be reversed in both 
diagrams if the distributed load Wi were acting upward. Frequently, a 
similar reversal in the direction of shear takes place at one section or 
another along a beam. Therefore, the adoption of a sign convention is 
necessary to differentiate between the two possible directions of shear. 
The definition of positive shear is illustrated in Fig. 5-17. A downward 
internal force V acting at a section on an isolated left segment of the 
beam, as in Fig. 5-17(a), or an upward force V acting at the same section 
on the right segment of the beam, as in Fig. 5-17(b), corresponds to pos¬ 
itive shear. Positive shears are shown in Fig. 5-17(c) for an element iso¬ 
lated from a beam by two sections, and again in Fig. 5-17(d). The shear 






Fig. 5-17 Definition of 
positive shear. 


at section X-X of Fig. 5-16(a) is a negative shear. Note that in addition 
to specifying the direction of a shear V, it is essential to associate it with 
a particular side of a section, Fig. 5-17(c). This is also true with stresses. 
(See discussion in Sections 1-3 and 1-4.) 

The selected si°n convention for shear in this book is the one generally 
used. Historically, it appears to be based on directing the coordinate axes 
as shown in Fig. 5-18(a). A few books 3 reverse the direction of positive 
shear to be consistent with the direction of axes in Fig. 5-18(b). 



The internal shear and axial forces at a section of a beam satisfy only two 
equations of equilibrium: 2^ = 0 and 2^ = 0. The remaining con¬ 
dition of static equilibrium for a planar problem is 2 M z = 0. This, in 
general, can be satisfied only by developing a couple or an internal re- y, 

sisting moment within the cross-sectional area of the cut to counteract 
the moment caused by the external forces. The internal resisting moment 
must act in a direction opposite to the external moment to satisfy the 
governing equation 2 M z - 0. It follows from the same equation that 
the magnitude of the internal resisting moment equals the external mo- y — 

ment. These moments tend to bend a beam in the plane of the loads and 
are usually referred as bending moments. 
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in equilibrium, either the left- or the right-hand part of a beam free-body ' 

Fig. 5-18 Positive sense of 

3 S. H. Crandall, N. C. Dahl, and T. J. Lardner, An Introduction to the Me- shear and bending moment 
rhanics of Soiids, 2nd ed. (New York: McGraw-Hill, 1978). J. L. Merriam, Stat- defined in (a) is used in this 
icj, 2nd ed. (New York: Wiley, 1971). E. P. Popov, Introduction to Mechanics text with coordinates shown 
of Solids, (Englewood Cliffs, NJ: Prentice-Hall, 1968). in (b). 
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can he used, as shown in Figs. 5-16(b) and (c). The magnitude of the 
bending moment is found by the summation of the moments caused by 
all forces multiplied by their respective arms. The internal forces V and 
P, as well as the applied couples, must be included in the sum. In order 
to exclude the moments caused by V and P, it is advantageous to select 
the point of intersection of these two internal forces os the point Ground 
which the moments are summed. This point lies on the centroidal axis of 
the beam cross section. In Figs. 5-16(b) and (c), the internal bending 
moment may be physically interpreted as a pull on the top fibers of the 
beam and a push on the lower ones. 

If the load W\ in Fig. 5-16(a) were acting in the opposite direction, the 
resisting moments in Figs. 5-16(b) and (c) would reverse. This and similar 
situations require the adoption of a sign convention for the bending mo¬ 
ments. This convention is associated with a definite physical action of 
the beam. For example, in Figs. 5-16(b) and (c), the internal moments 
shown cause tension in the upper part of the beam and compression the 
lower. This tends to increase the length of the top surface of the beam 
and to contract the lower surface. A continuous occurrence of such mo¬ 
ments along the beam makes the beam deform convex upwards, i.e., 
“shed water.” Such bending moments are assigned a negative sign. Con¬ 
versely, a positive moment is defined as one that produces compression 
in the top part and tension in the lower part of a beam’s cross section, 
Under such circumstances, the beam assumes a shape that “retains 


water.” For example, a simple beam supporting a group of downward 
forces deflects down as shown in exaggerated form in Fig. 5~19(a), a fact 
suggested by physical intuition. Definitions for positive and negative 
bending moments are shown in Figs. 5-19(b) and (c). Note that, as for 
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the moment for a particular side of a section. 




Fig. 5-19 Definition of bending moment signs. 
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EXAMPLE 5-4 

Consider earlier Example 5-2 and determine the internal system of forces at sec¬ 
tions a-a and b-b\ see Fig. 5-20(a). 

Solution 

Affee-body for the member, including reactions, is shown in Fig. 5-20(a). A ffee- 
body to the left of section a-a in Fig. 5-20(b) shows the maximum ordinate for 
the isolated part of the applied load. Using this information, 

1 1 

V, = -9 + ; X 2 X = x 10 = -2.33 kN 
2 3 

and 

1 2 1 

M a ~ - 9x2 + -x2x-xl0x-x2=- 13.6 kN-rn 

'l'hese forces are shown with correct sense in the figure. 

A free-budy to the left of section b-b is shown in Fig. 5-20(c), and to the right, 
in Fig. 5-20(d). It is evident that the second free-body is simpler for calculations, 
giving directly 
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V b = +6kN 

and Mb = -6 x 1 = -6 kN-m 

The same procedure can be used for frames consisting of several members 
rigidly joined together as well as for curved bars. In all such cases, the sections 
must be perpendicular to the axis of a member. 


5 - 10 . Axial-Force, Shear, and Bending-Moment 

DiugfumS 

By the methods discussed before, the magnitude and sense of axial forces, 
shears, and bending moments may be obtained at many sections of a 
beam. Moreover, with the sign conventions adopted for these quantities, 
a piot Oi tueir values may ue maue on separate uiagrams.. ^n such uia- 
grams, ordinates may be laid off equal to the computed quantities from 
a base line representing the length of a beam. When these ordinate points 
are plotted and interconnected by lines, graphical representations of the 
functions are obtained. These diagrams, corresponding to the kind of 
quantities they depict, are called, respectively, the axial-force diagram, 
the shear diagram, or the bending-moment diagram . With the aid of such 
diagrams, the magnitudes and locations of the various quantities become 
immediately apparent. It is convenient to make these "lots directly below 
the free-body diagram of the beam, using the same horizontal scale for 
the length of the beam. Draftsmanlike precision in making such diagrams 
is usually unnecessary, although the significant ordinates are generally 
marked with their numerical value. 

The axial-force diagrams are not as commonly used as the shear and 
the bending-moment diagrams. This is so because the majority of beams 
investigated in practice are loaded by forces that act perpendicular to the 
axis of the beam. For such loadings of a beam, there are no axial forces 
at any section. 

Shear and moment diagrams are exceedingly important. From them, a 
designer sees at a glance the kind of performance that is desired from a 
beam at every section. The procedure of sectioning a beam or a frame 
and finding the system of forces at the section is the most fundamental 
approach. It will be used in the following illustrative examples. In some 
of these examples, algebraic expressions for these functions along a beam 
will be given. 

A systematic method for rapidly constructing shear and moment dia¬ 
grams will be discussed in the next part of this chapter. 

EXAMPLE 5-5 

Construct axial-force, shear, and bending-moment diagrams for the beam shown 
in Fig. 5-21(a) due to the inclined force P = 5 k. 



Solution 

A free-body diagram of the beam is shown in Fig. 5-21(b). Reactions follow from 
inspection after the applied force is resolved into the two components. Then 
several sections through the beam arc investigated, as shown in Figs. 5 21(c) 
(o'\. Tn everv case, the same question is posed: What are the necessary internal 
forces to keep the segment of the beam in equilibrium? The corresponding quan¬ 
tities are recorded on the respective free-body diagrams of the beam segment. 
The ordinates for these quantities are indicated by heavy dots in Figs. 5-21(h)~ 
(j), with due attention paid to their signs. 

Note that the free bodies shown in Figs. 5-21(d) and (g) are alternates, as they 
furnish the Same information, and normally both would not be made. Note that 
a section just to the left of the applied force has one sign of shear, Fig. 5-21(e), 
whereas just to the right. Fig. 5-21(f), it has another. This indicates the importance 
of determining shears on either side of a concentrated force. For the condition 
shown, the beam does not resist a shear that is equal to the whole force. The 
bending moment in both cases is the same. 
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In this particular case, after a few individual points have been established on 
the three diagrams in Figs. 5-21(h)-(j), the behavior of the respective quantities 
across the whole length of the beam may be reasoned out. Thus, although the 
segment of the beam shown in Fig. 5-21(c) is 2 ft long, it may vary in length 
anywhere from zero to just to the left of the applied force, and no change in the 
shear and the axial force occurs. Hence, the ordinates in Figs. 5-21(h) and (i) 
remain constant for this segment of the beam. On the other hand, the bending 
moment depends directly on the distance from the support; hence, it varies lin¬ 
eally, as shown in Fig. 5-210). Similar reasoning applies to the segment shown 
in Fig. 5-21(d), enabling one to complete the three diagrams on the right-hand 
side. The use of the free-body of Fig. 5-21(g) for completing the diagram to the 
right of center yields the same result. 

The sign of a bending moment, per Figs. 5-iy(b) and (c), defines the sense in 
which a beam bends. Since, in this problem, throughout the beam length, the 
moments are positive, the beam curves to “retain water.” In order to emphasize 
this physical behavior some analysts find it advantageous to draw a short curved 
line directly on the moment diagram, as shown in Fig. 5-21(j), to indicate the 
manner in which a beam or a beam segment curves. 

Sometimes, in addition to or instead of the shear or moment diagrams, analytical 
expressions for these functions are necessary. For the origin of x at the left end 
of the beam, the following relations apply: 

V = +2 k 

V = -2 k 

— _i_ 2x j-.f* 

M = +2x - 4{x - 5) = +20 - 2x k-ft 

These expressions can be easily established by mentally replacing the distances 
of 2 ft and 8 ft, respectively, in Figs. 5-21(c) and (g) by an x. 


EXAMPLE 5-6 

Determine axial-force, shear, and bcnding-momcnt diagrams for the cantilever 
loaded with an inclined force at the end; see Fig. 5-22(a). 

Solution 

Firsr. the inclined force is replaced hy the two components shown in Fig. 5-22(b) 
and the reactions are determined. The three unknowns at the support follow from 
the familiar equations of statics. This completes the free-body diagram shown in 
Fig. 5-22(b). Completeness in indicating all of these forces is of the utmost im¬ 
portance. 

A segment of the beam is shown in Fig. 5-22(c): from this segment, it may be 
seen that the axial force and the shear force remain the same regardless of the 
distance x. On the other hand, the bending moment is a variable quantity. A 
summation of moments around C gives PL - Px acting in the direction shown. 
This represents a negative moment. The moment at the support is likewise a 
negative bending moment as it tends to pull on the upper fibers of the beam. The 
three diagrams are plotted in Figs. 5-22(d)-(f). 


for 0 < x < 5 
for 5 < x < 10 

for 5 < x < 10 
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Deflected shape Fig. 5-22 

EXAMPLE 5-7 

Construct shear and bending-moment diagrams for the beam loaded with the 
forces shown in Fig. 5-23(a). 

Solution 

An arbitrary section at a distance x from the left support isolates the beam segment 
shown in Fig. 5-23(b). This section is applicable for any value of x just to the left 



Fig. 5-23 


Moment 









244 Axial Force, Shear, and Bending Moment 

of the applied force P. The shear, regardless of the distance from the support 
remains constant and is +P. The bending moment varies linearly from the sup. 
port, reaching a maximum of +Pa. 

An arbitrary section applicable anywhere between the two applied forces is 
shown in Fig. 5-23(c). No shear force is necessary to maintain equilibrium of a 
segment in this part of the beam. Only a constant bending moment of h- Pa mm* 
be resisted by the beam in this zone. Such a state of bending or flexure is called 
pure bending. 

Shear and bending-moment diagrams for this loading condition are shown in 
- Figs. 5-23(d) and (c). No axial-forcc diagram is necessary, as there is no axial 

force at any section of the beam. 


EXAMPLE 5-8 

Plot shear and a bending-moment diagrams for a simple beam with a uniformly 
distributed load; see Fig. 5-24. 

Solution 

The best way of solving this problem is to write algebraic expressions for the 
quantities sought. For this purpose, an arbitrary section taken at a distance x from 
the left support is used to isolate the segment shown in Fig. 5-24(b). Since the 
applied load is continuously distributed along the beam, this section is typical 
and applies to any section along the length of the beam. 

The shear V is equal to the left upward reaction less the load to the left of the 
section. The internal bending moment M resists the moment caused by the re¬ 
action on the left less the moment caused by the forces to the left of the same 
section. The summation of moments is performed around an axis at the section. 


w 0 N/m 



(a) 
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Although it is customary to isolate the left-hand segment, similar expressions may 
bJ obtained by considering the right-hand segment of the beam, with due attention 
paid to sign conventions. The plot of the V and M functions is shown in Figs. 5- 
24(c) and (d). 


245 


EXAMPLE 5-9 

For the beam in Example 5-4, shown in Fig. 5-25(a), express the shear V and the 
bending moment M as a function of x along the horizontal member. 

Solution 

Unlike the preceding example, in this case, a load discontinuity occurs at x = 3 
m. Therefore, the solution is determined in two parts for each of which the func¬ 
tions V and M are continuous. A free-body diagram for the beam segment under 
the load is shown in Fig. 5-25(b), and for the remainder, in Fig. 5-25(c). The 
required expressions for 0 < x < 3 are 

1 fx .A „ . 5 

y + X 11 )J = -y -f -AT KIN 

9x + X io)0) = -9x + kN-m 

For 3 < x < 5, 

V(x) = ~9 + 15 = +6 kN 
M(x) - — 9x + 15(x - 2) = 6x - 30 kN-m 

To obtain the last expression, it would have been a little simpler to use a free- 
body diagram similar to Fig. 5-2U(d). 

This problem can also be solved using the singularity functions discussed in 
Section 5-16. 



V(x) « - 
M(x) « - 


Fig. 5-25 
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ditions of equilibrium. From the conditions of the problem here, such is already 
the case. Next, a segment of the beam is isolated; see Fig. 5-28(b). Section A- 
A is taken perpendicular to the axis of the beam. Before determining the quantities 
wanted at the cut, the applied force P is resolved into components parallel ana 
perpendicular to the cut. These directions are taken respectively as the y and x 
axes. This resolution replaces P by the components shown in Fig. 5-28(b). From 
'2, Fx = 0, the axial force at the cut is +707 N. From 2 F y = 0, the shear is 
707 N in the direction shown. The bending moment at the cut can be determined 
in several different ways. For example, if 2 = 0 is used, note that the lines 

of action of the applied force P and the shear at the section pass through O. 
Therefore, only the axial force at the centroid of the cut times the radius has to 
be considered, and the resisting bending moment is 707(0.2) = 141.4 N-m, acting 
in the direction shown. An alternative solution may be obtained by applying M c 
= 0. At C, a point lying on the centroid, the axial force and the shear intersect. 
The bending moment is then the product of the applied force P and the 0.1414- 
m arm. In both of these methods of determining bending moment, use of the 
components of the force P is avoided as this is more involved arithmetically. 

It is suggested that the reader complete this problem in terms of a general angle 
o. Several interesting observations may be made from such a general solution. 
The moments at the ends will vanish for a = 0° and a = 180°. For a = 90°, the 
shear vanishes and the axial force becomes equal to the applied force P. Likewise, 
the maximum bending moment is associated with a = 90°. 


Part C SHEAR AND BENDING MOMENTS 
BY INTEGRATION 


5-11. Differential Equations of Equilibrium for a Beam 
Element 

Instead of the direct approach of cutting a beam and determining shear 
and moment at a section by statics, an efficient alternative procedure can 
be used. For this purpose, certain fundamental differential relations must 
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diagrams as well as for the calculation of reactions. 

Consider a beam element Ax long, isolated by two adjoining sections 
taken perpendicular to its axis, Fig. 5-29(b). Such an element is shown 
as a free-body in Fig. 5-29(c). All the forces shown acting on this element 
have positive sense. The positive sense of the distributed external force 
q is taken to coincide with the direction of the positive y axis. As the 
shear and the moment may each change from one section to the next, 
note that on the right side of the element, these quantities are, respec¬ 
tively, designated V + A V and M + AM. 

From the condition for equilibrium of vertical forces, one obtains 4 

= 0 T + v + q Ax - (V + AV) = 0 

AF_ ^ 

or AJ “ 9 

For equilibrium, the summation of moments around A also must be zero. 
So, upon noting that from point A the arm of the distributed force is 
Ax/2, one has 

4 No variation of q{x) within Ax need be considered, since, in the limit as Ax 
-*■ 0, the change in q becomes negligibly small. This simplification is not an ap- 



(b) 

Fig. 5-29 Beam and beam elements between adjoining sections. 
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By substituting Eq. 5-4 into Eq. 5-3, another useful relation is obtained: 


d_ /dM\ _ dHl _ 
dx\dx) dx z ^ 


(5-5) 


This differential equation can be used for determining reactions of stat¬ 
ically determinate beams from the boundary conditions, whereas Eqs. 5- 
3 and 5-4 are very convenient for construction of shear and moment dia¬ 
grams. These applications will be discussed next. 


5-12. Shear Diagrams by Integration of the Load 

By transposing and integrating Eq. 5-3 gives the shear V: 

(5-6) 

By assigning definite limits to this integral, it is seen that the shear at a 
section is simply an integral (i.e., a sum) of the vertical forces along the 
beam from the left end of the beam to the section in question plus a 
constant of integration Ci. This constant is equal to the shear on the left- 
hand end. Between any two definite sections of abeam, the shear changes 
by the amount of the vertical force included between these sections. If 
no force occurs between any two sections, no change in shear takes place. 
If a concentrated force comes into the summation, a discontinuity, or a 
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q = +<j 2 



Fig, 5-30 Shear diagrams for 
(a) a uniformly distributed 

Slops of shear dia B rom: load intens ; ty> and (b) a 

ay _ ,--' , 4 -stope uniformly increasing load 

~dx ~ q '\ 4 -siope intensity. 


“jump,” in the value of the shear occurs. The continuous summation 
process remains valid nevertheless, since a concentrated force may be 
thought of as being a distributed force extending for an infinitesimal dis¬ 
tance along the beam. 

On the basis of the above reasoning, a shear diagram can be established 
by the summation process. For this purpose, the reactions must always 
be determined first. Then the vertical components of forces and reactions 
are successively summed from the left end of the beam to preserve the 
mathematical sign convention for shear adopted in Fig. 5-17. The shear 
at a section is simply equal to the sum of all vertical forces to the left of 
the section. 


When the shear diagram is constructed from the load diagram by the 
summation process, two important observations can be made regarding 
its shape. First, the sense of the applied load determines the sign of the 
slope of the shear diagram. If the applied load acts upward, the slope of 


LUC SUCcU umgiain puaum,, aiiu vivv. »vi». U'.vtmu, uiw ■'“'F 1 ' w n“* 


to the corresponding applied load intensity. For example, consider a seg¬ 


ment of a beam with a uniformly distributed downward load w 0 and known 


shears at both ends, as shown in Fig. 5-30(a). Since here the applied load 


intensity w 0 is negative and uniformly distributed, i.e., q — —w a = con¬ 


stant, the slope of the shear diagram exhibits the same characteristics. 
Alternatively, the linearly varying load intensity acting upward on a beam 
segment with known shears at the ends, shown in Fig. 5-30(b), gives rise 
to a differently shaped shear diagram. Near the left end of this segment, 
the locally applied upward load <?, is smaller than the corresponding one 
q 2 near the right end. Therefore, the positive slope of the shear diagram 
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on the left is smaller than it is on the right, and the shear diagram is 
concave upward. 

Do not fail to note that a mere systematic consecutive summation of 
the vertical components of the forces is all that is necessary to obtain 
the shear diagram. When the consecutive summation process is used, the 
diagram must end up with the previously calculated shear (reaction) at 
the right end of a beam. No shear acts through the beam just beyond the 
last vertical force or reaction. The fact that the diagram closes in this 
manner offers an important check on the arithmetical calculations. This 
check should never be ignored. It permits one to obtain solutions inde¬ 
pendently with almost complete assurance of being correct. The semi- 
graphical procedure of integration outlined before is very convenient in 
practical problems. It is the basis for sketching qualitative shear diagrams 
rapidly. 
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pletely consistent. Whenever beams are analyzed, a shear diagram drawn 
from one side of the beam is opposite in sign to a diagram constructed 
by looking at the same beam from the other side. The reader should verify 
this statement on some simple cases, such as a cantilever with a concen¬ 
trated force at the end and a simply supported beam with a concentrated 
force in the middle. For design purposes, the sign of the shear is usually 
unimportant. 

5-13. Moment Diagrams by Integration of the Shear 

Transposing and integrating Eq. 5-4 gives the bending moment 



where C 2 is a constant of integration corresponding to boundary condi¬ 
tions at x - 0. This equation is analogous to Eq. 5-6 developed for the 
construction of shear diagrams. The meaning of the term V dx is shown 
graphically by the hatched areas of the shear diagrams in Fig. 5-31. The 
summation of these areas between definite sections through a beam cor¬ 
responds to an evaluation of the definite integral. If the ends of a beam 
are on rollers, pin-ended, or free, the starting and the terminal moments 
are zero. If the end is built-in (fixed against rotation), in statically deter¬ 
minate beams, the end moment is known from the reaction calculations. 

If the fixed end of a beam is on the left, this moment with the proper 5 
sign is the initial constant of integration C%. 

5 Rending moments carry signs according to the convention adopted in Fig. 5- j 
19. Moments that cause compression in the top fibers of the beam are positive. 




Fig. 5-31 Shear and moment diagrams for (a) a uniformly distributed load intensity, and (b) a uniformly 
increasing load intensity. 


By proceeding continuously along the beam from the left-hand end and 

_*.!_ „ nf+UA nUanr untl, rltiA rarrorH ttipir cirm 
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the moment diagram is obtained. This process of obtaining the moment 
diagram from the shear diagram by summation is exactly the same as that 
employed earlier to go from loading to shear diagrams. The change in 
moment in a given segment of a beam is equal to the area of the cor¬ 
responding shear diagram. Qualitatively, the shape of a moment diagram 
can be easily established from the slopes at some selected points along 
the beam. These slopes have the same sign and magnitude as the cor- 
rpcnAmimn chparc thp diagram since according to Fa. 5-4. dMl 


dx - V. Alternatively, the change of moment dM = V dx can be studied 
along the beam. Examples are shown in Fig. 5-31. According to these 
principles, variable shears cause nonlinear variation of the moment. A 
constant shear produces a uniform change in the bending moment, re¬ 
sulting in a straight line in the moment diagram. If no sheai occurs along 
a certain portion of a beam, no change in moment takes place. 

Since dMIdx - V, according to the fundamental theorem of calculus, 
the maximum or minimum moment occurs where the shear is zero. 

In a bending-moment diagram obtained by summation, at the right-hand 
end of the beam, an invaluable check on the work is available again. The 
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(a) 





Elastic curve 


terminal conditions for the moment must be satisfied. If the end is free 
or pinned, the computed sum must equal zero. If the end is built-in, the 
end moment computed by summation equals the one calculated initially 
for the reaction. These are the boundary conditions and must always 
be satisfied. 

EXAMPLE 5-13 

Construct shear and moment diagrams for the symmetrically loaded beam shuwn 
in Fig. 5-32(a) by the integration process. 


Solution 


The reactions are each equal to P. To obtain the shear diagram, Fig. 5-32(b), the 
summation of forces is started from the left end. The left reaction acts up, so an 
ordinate on the shear diagram at this force equal to P is plotted up. Since there 
are no other forces until the quarter point, no change in the magnitude of the 
shear ordinate is made until that point. Then a downward force P brings the 
ordinate back to the base line, and this zero ordinate remains until the next down¬ 
ward force P is reached where the shear changes to —P. At the right end, the 
upward reaction closes the diagram and provides a check on the work. This shear 
diagram is antisymmetrical. 
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zej.o The sum of the positive portion of the shear diagram increases at a constant 
ra te along the beam until the quarter point, where the moment reaches a mag¬ 
nitude of +PLI4. This moment remains constant in the middle half of the beam. 
jj 0 change in the moment can be made in this zone as there is no corresponding 
shear area. 

Beyond the second force, the moment decreases by —P dx in every dx. Hence, 
the moment diagram in this zone has a constant, negative slope. Since the positive 
and the negative areas of the shear diagram are equal, at the right end, the moment 
is zero. This is as it should be, since the right end is on a roller. Thus, a check 
on the work is obtained. This moment diagram is symmetrical. 

EXAMPLE 5-14 

Consider a simple beam with a uniformly increasing load intensity from an end, 
as shown in Fig. 5-33(a). The total applied load is W. (a) Construct shear and 
moment diagrams with the aid of the integration process, (b) Derive expressions 
for V and M using Eq. 5-5. 

Solution 

(a) Since the total load W ~ kLrll, k = 2W/L 1 . For the given load distribution, 
the downward reactions are W/3 and 2W/3, as shown in Fig. 5-33(a). Therefore, 
the shear diagram given in Fig. 5-33(b) begins and ends as shown. Since the rate 
of applied load is smaller on the left end than on the right, the shear diagram is 
concave upward. The point of zero shear occurs where the reaction on the left 
is balanced by the applied load, i.e., 

W 1 2W L 

hence, ^ 


At xi , the bending moment is maximum; therefore, 

/ t \ u; £ \ L 2 W L f \ L ^ 2 WL 

M ”“ = M (y3 ) = ~ T V3 + 2 V3 ~L? V3 1,3 Vi) ~ ~ 9V? 



9v/3 


Fig. 5-33 
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Rv following the rules given in Fig. 5-11. the momenr diagram has the shape shown 

in Fig. 5-33(c). 

Although the shear and bending moment diagrams could be sketched qualita¬ 
tively, it was necessary to supplement the results analytically for determining the 
critical values. 

(b) Applying Eq. 5-5 and integrating it twice, one has 

cpM , 1W 

— = ? = +kx = + — x 


However, the boundary conditions require that the moments at x = 0 and x ~ 
L be zero, i.e., M(0) = 0 and M(L) = 0. Therefore, since 


M(0) = 0 C 2 - 0 


and, similarly, since M{L) = 0, 


+ CiL = 0 or 


dM kx 2 kLr Wx 2 W 


kx z kL 2 x Wx i Wx 


The attractive features of the boundary-value approach used in this example 
for solving differential equations can be extended to situations of discontinuous 
loads using the singularity functions discussed in Section 5-16. 


EXAMPLE 5-15 

Construct shear and bending-moment diagrams for loaded beam shown in Fig. 5- 
34(a) with the aid of the integration process. 

Solution 

Reactions must be calculated first, and, before proceeding further, the inclined 
force is resolved into its horizontal and vertical components. The horizontal re¬ 
action at A is 30 kips and acts to the right. From 2) Ma ~ 0, the vertical reaction 
at B is found to be 37.5 kips (check this). Similarly, the reaction at. A is 27.5 kips. 
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10 

Fig. 5-34 


The sum of the vertical reaction components is 65 kips and equals the sum of the 
vertical forces. 

The diagram for the axial force is shown in Fig. 5-34(b). This compressive force 
only acis in the segment AD uf the beam. 

With reactions known, the summation of forces is begun from the left end of 
the beam to obtain the shear diagram, Fig. 5-34(c). At first, the downward dis¬ 
tributed load accumulates at a rapid rate. Then, as the load intensity decreases, 
for an equal increment of distance along the beam, a smaller change in shear 
occurs. Hence, the shear diagram in the zone CA is a curved line, which is concave 
up. This is in accord with F.q. 5-3, illustrated in Fig. 5-30. Since dVIdx = q - 
-iv 0 , the negative slope of this shear diagram is large on the left, and gradually 
decreases to zero at A. The total downward force from C to A is 15 kips, and 
this is the negative ordinate of the shear diagram, just to the left of the support 

to +12.5 kips. This value of the shear applies to a section through the beam just 
to the right of the support A . The abrupt change in the shear at A is equal to the 
reaction, but this total does not represent the shear through the beam. 

No forces are applied to the beam between A and D \ hence, iheie is no change 
in the valu^ the shear At D the 40-ki n downward com n onent of the concen¬ 
trated force drops the value of the shear to -27.5 kips. Similarly, the value of 
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tributed load acts downward, according to Eq. 5-3, and shown in Fig. 5-30, a 
decrease in shear takes place at a constant rate of 1 kip/foot. Thus, at F, the shear 
is zero, which serves as the final check. 


To construct the moment diagram shown in Fig. 5-34(d) by the summation 
method, areas of the shear diagram in Fig. 5-34(c) must be continuously summed 
from the left end. In the segment CA, at first, less area is contributed to the sum 
in a distance dx than a little farther along, so a line that is concave down appears 
in the moment diagram. This is in accord with Eq. 5-4, dM/dx = V, illustrated 
in Fig. 5-31. Here V, defining the slope of the moment diagram is negative, and 
progressively becomes larger to the right. The moment at A is equal to the area 
of the shear diagram in the segment CA. This area is enclosed by a curved line, 
and it may be determined by integration, 6 since the shear along this segment may 
be expressed analytically. This procedure often is cumbersome, and instead, the 
bending moment at A may be obtained from the fundamental definition of a mo¬ 
ment at a section. Ry passing a section through A and isolating the segment CA 


the moment at A is found. The other areas of the shear diagram in this example 
are easily determined. Due attention must be paid to the signs of these areas. It 
is convenient to arrange the work in tabular form. At the right end of the beam, 


m a 

-105)2(10) = 

-150.0 k-ft 

(moment around A) 


+ 12.5(15) = 

+ 187.5 

(shear area A to D) 

m d 

-27.5(5) = 

+ 37.5 k-ft 
-137.5 

(shear area D to B) 

M b 

+10(5) = 

-100.0 k-ft 
+ 50.0 

(shear area B to E) 

M e 

+ 1(10)10 = 

- 50.0 k-ft 
+ 50.0 

(shear area E to F) 

M f 


0.0 k-ft 

{check) 


5 - 14 . Effect of Concentrated Moment on Moment 
Diagrams 



Fig. 5-35 An external 
on an element of a beam. 


In the derivation for moment diagrams by summation of shear-diagram 
areas, no external concentrated moment actin'' on the infinitesimal ele¬ 
ment was included, yet such a moment may actually be applied. Hence, 
the summation process derived applies only up to the point of application 
of an external moment. At a section just beyond an externally applied 
moment, a different bending moment is required to maintain the segment 
of a beam in equilibrium. For example, in Fig. 5-35 an external clockwise 
moment M A is acting on the element of the beam at A. Then, if the internal 
clockwise moment on the left is M 0 , for equilibrium of the element, the 

6 In this case, the shear curve is a second-degree parabola whose vertex is on 
the Appendix. 
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resisting counterclockwise moment on the right must be Mo M.\ At 
the point of the externally applied moment, a discontinuity, ora “jump,” 
equal to the concentrated moment appears in the moment diagram. 

Hence, in applying the summation process, due regard must be given the 
concentrated moments as their effect is not apparent in the shear diagram. 

The conventional summation process may be applied up to the point of 
application of a concentrated moment. At this point, a vertical “jump” 
equal to the external moment must be made in the diagram. The direction 
of this vertical “jump” in the diagram depends upon the sense of the 
concentrated moment and is best determined with the aid of a sketch 
analogous to Fig. 5-35. After the discontinuity in the moment diagram is 
passed, the summation process of the shear-diagram areas may be con¬ 
tinued over the remainder of the beam. 

EXAMPLE 5-16 

Construct the bending-moment diagram for the horizontal beam loaded as shown 
in Fig. 5-36(a). 

Solution 

By taking moments about either end of the beam, the vertical reactions are found 
to be P/6. At A, the reaction acts down; at C, it acts up. From 2 F* = 0, it is 
known that at A, a horizontal reaction equal to P acts to the left. The shear diagram 
is drawn next; see Fig. 5-36(b). It has a constant negative ordinate for the whole 
length of the beam. After this, by using the summation process, the moment 
diagram shown in Fig. 5-36(c) is constructed. The moment at the left end of the 
beam is zero, since the support is pinned. The total change in moment from A 
to B is given by the area of the shear diagram between these sections and equals 
~2Pa/3. The moment diagram in zone AB has a constant negative slope. For 
further analysis, an element is isolated from the beam, as shown in Fig. 5-36(d). 

The moment on the left-hand side of this element is known to be ~2Pa/ 3, and 
the concentrated moment caused by the applied force P about the neutral axis 



(d) 


Fig. 5-36 
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element must be +Pal 3. At 5, an upward “jump” of +Pa is made in the moment s 

diagram, and just to the right of B, the ordinate is +Pal 3. Beyond point B, the i 

summation of the shear diagram area is continued. The area between B and C is ’■ 

equal to Pa/3. This value closes the moment diagram at the right end of the I 

beam, and thus the boundary conditions are satisfied. Note that the lines in t u * * 

moment diagram that are inclined downward to the right are parallel. This follows 1 

because the shear everywhere along the beam is negative and constant. 

EXAMPLE 5-17 

Construct shear and moment diagrams for the member shown in Fig. 5-37(a). All 
dimensions are shown in mm. Neglect the weight of the beam. 

Solution 

In this case, unlike all cases considered so far, definite dimensions are assigned 
for the depth of the beam. The beam, for simplicity, is assumed to be rectangular 
in its cross-sectional area; consequently, the centroidal axis lies 80 mm below 
the top of the beam. Note carefully that this beam is not supported at the centroidal 
axis. 

A free-body diagram of the beam with the applied force resolved into com¬ 
ponents is shown in Fig. 5-37(b). Reactions are computed in the usual manner. 
Moreover, since the shear diagram is concerned only with the vertical forces, it 
is easily cunsi.ruoi.eu and is shown in Fig. 5-37(c). 

In constructing the moment diagram shown in Fig. 5-37(d), particular care must 
be exercised. As was emphasized earlier, the bending moments may always be 
determined by considering a segment of a beam, and they are most conveniently 
computed by taking moments of external forces around a point on the centroidal 
axis of the beam. Thus, by passing a section just to the right of A and considering 
the left-hand segment, it can be seen that a positive moment of 48 N-m is resisted 



Fig. 5-37 


(b) 


Id) 
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the beam at this end Hence, the plot of the moment diagram must start with 
^ ordinate of +48 N-m. The other point on the beam where a concentrated 
moment occurs is C. Here the horizontal component of the applied force induces 
a clockwise moment of 0.6 x 120 = 72 N-m around the neutral axis. Just to the 
right of C, this moment must be resisted by an additional positive moment. This 
causes a discontinuity in the moment diagram. The summation process of the 
shear-diagram areas applies for the segments of the beam where no external mo¬ 
ments are applied. The necessary calculations are carried out in tabular form. 


IM A 1-0.6 x 80 = + 48N-m 

+ 0.4 x 400 = +160 (shear area A to C) 
Moment just to left ofC = +208 N-m 

+0.6 x 120 = + 72 (external moment at C) 
Moment just to right of C = + 280 kN -m 

-0.4 x 700 = -280 (shear area C to B) 


Mb 


0 {check) 


Note that in solving this problem, the forces were considered wherever they 
actually act on the beam. The investigation for shear and moments at a section 
of a beam determines what Lne beam is actually expei lencing. At times, this differs 
from the procedure of determining reactions, where the actual framing or con¬ 
figuration of a member is not important. 

Again, it must be emphasized that if a moment or a shear is needed at a par¬ 
ticular section through any member, the basic method of sections may always 
be used. Fui inclined members, the shear acts norma! to the axis of the beam. 


545. Moment Diagram and the Elastic Curve 


As defined in Section 5-9, a positive moment causes a beam to deform 
concave upwards or to “retain water,” and vice versa. Hence, the shape 
of the deflected axis of a beam can be definitely established from the sign 
of the moment diagram. The trace of this axis of a loaded elastic beam 
in a deflected position is known as the elastic curve. It is customary to 
show the elastic curve on a sketch, where the actual small deflections 


tolerated in practice are greatly exaggerated. A sketch of the elastic curve 
clarifies the physical action of a beam. It also provides a useful basis for 
quantitative calculations of beam deflections to be discussed in Sections 
10-13 and 10-14. Some of the preceding examples for which bending- 
moment diagrams were constructed will be used to illustrate the physical 
action of a beam. 


An inspection of Fig. 5-32(c) shows that the bending moment throughout 
the length of the beam is positive. Accordingly, the elastic curve shown 
in Fig. 5-32(d) is concave up at every point. Correct representation of 
convexity or concavity of the elastic curve is important. In this case, the 


ends of the beam rest on supports. 

In a more complex moment diagram, Fig. 5-34(d), zones of positive 
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ana negative muiiieut uccui. CuiicSpuuding to the zones of negative mo. 
ment, a definite curvature of the elastic curve that is concave down takes 
place; see Fig. 5-34(e). On the other hand, for the zone HJ, where the 
positive moment occurs, the concavity of the elastic curve is upward. 
Where curves join, as at H and J, there are lines that are tangent to the 
two joining curves since the beam is physically continuous. Also note 
that the free end t'G of the beam is tangent to the elastic curve at p. 
There is no curvature in FG, since the moment is zero in that segment 
of the beam. 

Tf the suggestion made in Example 5-5, indicating the curvature of beam 
segments by means of short curved lines on the moment diagram is fol¬ 
lowed, as in Fig. 5-34(d), the elastic curve is simply an assembly of such 
curves drawn to a proper scale. 

The point of transition on the elastic curve into reverse curvature is 
called the point of inflection or coiitraflexure. At this point, the moment 
changes its sign, and the beam is not called upon to resist any moment. 
This fact often makes these points a desirable place for a field connection 
of large members, and their location is calculated. A procedure for de¬ 
termining points of inflection will be illustrated in the next example. 

EXAMPLE 5-18 

Find the location of the inflection points for the beam analyzed in Example 5-15; 
see Fig. 5-34(a). 

Solution 

By definition, an inflection point corresponds to a point on a beam where the 
bending moment is zero. Hence, an inflection point can be located by settingup 
an algebraic expression for the moment in a beam for the segment where such a 
point is anticipated, and solving this relation equated to zero. By measuring x 
from end C of the beam. Fig. 5-34{e), the bending moment for segment AD of 
the beam is M = -|(15)(2)(jc - 5) + (27.5)(* - 15). By simplifying and setting 
this expression equal to zero, a solution for x is obtained. 

M = 12.5* - 337.5 - 0 * - 27 ft 

Therefore, the inflection point occurring in segment AD of the beam is 27 - 15 
= 12 ft from support A. 

Similarly, by writing an algebraic expression for the bending moment for seg¬ 
ment DB and setting it equal lo zero, the location of inflection point J is found. 

M = —Kl5)(2)(.r - 5) + 27.50 - 15) - 40(* - 30) = 0 

where * = 31.36 ft; hence, the distance AJ = 16.36 ft. 

Often a more convenient method for finding the inflection points consists uf 
utilizing the known relations between the shear and moment diagrams. Thus, since 
the moment at A is -150 kip-ft, the point of zero moment occurs when the positive 
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rt0 rtion of the shear-diagram area from AxoH equals this moment, i.e., -150 4- 
\l.5xi = 0- Hence, distance AH - 150/12.5 - 12 ft as before. 

Similarly, by beginning with a known positive moment of +37.5 kip-ft at D, f 
the second inflection point is known to occur when a portion of the negative jf 
shear-diagram area between D and J reduces this value to zero. Hence, distance M J\ 
OJ = 37.5/27.5 = 1.36 ft, or distance AJ = 15 + 1.36 = 16.36 ft, Fig. 5-34(e), f7,l 
as before. 

Just as any infinitesimal beam element must be in equilibrium, so must also 
any comer element in a continuous frame with rigid joints. Therefore, the bending 
moments at a comer can act only either as shown in Fig. 5-38(a) or 5-38(b). The 
associated parts of elastic curves are shown in these figures. 




As was pointed out earlier, analytical expressions for the shear V(x) and 
the moment M(x ) of a given beam may be needed in an analysis. If the 
loading q{x) is a continuous function between the supports, solution of 
the differential equation cCMlux 1 — q(x) is a convenient approach for 
determining V(*) and M(x) (see Example 5-14). Here this will be extended 
to situations in which the loading function is discontinuous. For this 
purpose, the notation of operational calculus will be used. The functions 
q(x) considered here are polynomials with integral powers of*. The treat- 


/ '^ /// - 7 ^ 7 ? 

(b) 

Fig. 5-38 Elastic curves at 
comers of planar rigid 
frames. 


ment of other functions is beyond the scope of this text. For the functions 
considered, however, the method is perfectly general. Further applica¬ 
tions of this approach will be given in Chapter 10 for calculating deflec¬ 
tions of beams. 

Consider a beam loaded as in Fig. 5-39. Since the applied loads are 
point (concentrated) forces, four distinct regions exist to which different 
bending moment expressions apply. These are 


M = R i* when 0 < * < d 

M - Rix - P !(* - d) when d £ x < b 

M = i?i* - Pfx - d) + M b when b <x<c 

M ~ Rix ~ P\{x - d) + M b + F 2 (x - c) when c^x^L 


This Section can be omitted. 





All lour equations can be written as uuc, providing one defines the fol¬ 
lowing symbolic function: 

, _ = f 0 for 0 < x < a 

( x a ^ { (x - a) n for a < x < “ ^ 

where n s 0 (n — 0, 1, 2, . . .). 

The expression enclosed by the pointed brackets does not exist until * 
„ CnrvWAnHrt thp. p.xnression becomes an ordinary binomial. 

i*. i o—j — > — -- r- - 

For n = 0 and for x > a, the function is unity. On this basis, the four 
separate functions for M(x) given for the beam of Fig. 5-39 can be com¬ 
bined into one expression that is appliable across the whole span: 

M - Ri(x - 0) 1 - P\{x - ay + M b \x - b)° 4- P 2 (x ~ c) 1 


Here the values of a are 0, d , b, and c, respectively. 

To work with this function further, it is convenient to introduce two 
additional symbolic functions. One is for the concentrated force, treating 
it as a degenerate case of a distributed load. The other is for the concen¬ 
trated moment, treating it similarly. Rules for integrating all these func¬ 
tions must be also established. In this discussion, the heuristic (non¬ 
rigorous) approach will be followed. 

A concentrated (point) force may be considered as an enormously 
strong distributed load acting over a small interval e, Fig. 5-40(a). By 
treating e as a constant, the following is true 




(5-9) 


Here it can be noted that P/e has the dimensions of force per unit distance 
such as Ib/in, and corresponds to the distributed load q(x) in the earlier 
treatment. Therefore, as <* - a) 1 0, by an analogy of (x - a) 1 to e, 

for a concentrated force at x — a, 


(5-10) 



10 « This approach was first introduced by A. Clebsch in 1862. O. Heaviside in 

Fig. 5-40 c oncentrated force W. £« 

ft/considered as distributed brackets for beam problems..Thereader 

load, and (c) symbolic development of this topic snouia consuu icais uu ‘ 

notation for P and M at a. transforms. 
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Fig. 5-41 Typical integrations. (d) 

This integration process is shown in Fig. 5-41. If the distance a is set 
equal to zero, one obtains conventional integrals. 


EXAMPLE 5-19 

Using symbolic functional notation, determine v\x) and Mix) caused by the load¬ 
ing in Fig. 5-42(a). 

Solution 

-r„ C C /.an 11«H The onnlisH lnarl /ifrl B^tc HnummarH 

iU au m, uua tuuuiviu, -■ -■ x .ix, “ w .. 

and begins at x = 0. Therefore, a term q = -w„ or - 0)°, which means 
the same, must exist. This function, however, propagates across the whole span; 
see Fig. 5-42(b). To terminate the distributed load atx = L/2 as required in this 
problem, another function - Lt 2)° must be added. The two expressions 

together represent correctly the applied load. 

For this simply supported beam, the known boundary conditions are M(0) = 
0 and M(L) - 0. These are used to determine the reactions: 
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q = -w a {x - 0>° + tv 0 < x - L/2)° 

V = - Wo {x - 0) 1 + w„(x - Lily + C'! 

-5 w a (x - 0) 2 + \ \v 0 {x — L/2) 2 + Cix + C 2 
C 2 = 0 

-I w 0 L 2 + 5 iv 0 (L/2 ) 2 + C\L = 0 

Hence, C i = +sp 0 L 

n R d T/(v) = _ y,W v - 0 }* 4 - wVr - L/2) 1 + I W 0 L 

M(x ) = -i w a {x - 0) 2 + i w 0 {x - L/2) 2 + § wj.x 

After the solution is obtained, these relations are more easily read by rewriting 
them in conventional form: 


crM 
dx 2 
dM 
~dx = 
M{x) = 
MO) = 
M(L) = 


V = +1 w a L w a x 

M = 4-1 w u Lx — \ w a x z 

V = 4-S w.L — 2 w o L. — 
M = +£ w„L 2 - £ w 0 Lx 


when 0 < t s L/2 


w.L 1 
" 1 


when Li2 £x<L 


The reactions can be checked by conventional statics. By setting V = 0, the 
location of maximum moment can be found. A plot of these functions is left for 
the reader to complete. 


EXAMPLE 5-20 

Find V‘x' and Mix) for a beam loaded as shown in Fig. 5-43. Use singularity 
functions and treat it as a boundary-value problem. 


Solution 

By making direct use of Eqs. 5-10 and 5-12, the function q{x) can be written in 
symbolic form. From the conditions Af(0) = 0 and M{L) = 0, with L = 3a, the 
constants of integration can be found: 
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n 



Fig. 5-43 


a-Miax- = q = -r\x - a/* - + ra\x - za/*- 
dMIdx = V = ~P(x ~ a) u + Pa(x - 2a)* 1 + C t 
M = -F(x ~ a) 1 + Pa(x - 2a)° 4- C\x + C 2 
M(0) = C 2 = 0 

M(3a) = -2Pa + Fa + 3Cia = 0 
Ci - +iP = iF<* ~ 0>° 

V(x) = +4F<a: - 0)° - F<x - a) 0 + Fa<* - 2a)* 1 
M(x~) = +iP(x ~ O') 1 - P(x - n't 1 + Pair - 2a)° 


In the final expression for V(jt), the last term has no value if the expression is 
written in conventional form. Such terms are used only as tracers during the 
integration process. 

It is suggested that the reader check the reactions by conventional statics, write 
out V(x) and Mix) for the three ranges of the beam within which these functions 
are continuous, and compare these with a plot of the shear and moment diagrams 
constructed by the summation procedure. 

A suggestion of the manner of representing a uniformly varying load, Fig. 5- 
44(a), acting on a part of a beam is indicated in Fig. 5-44(b). Three separate 
functions are needed to define the given load completely. 

In the previous discussion, it has been tacitly assumed that the reactions are 
at the ends of the beams. If such is not the case, the unknown constants C\ and 
Ci must be introduced into Eq. 5-5 as point loads, i.e., as 

C\{x — a)* 1 and C 2 {x — /?)* 1 


This is the condition shown in Fig. 5-44(c). No additional constants of integration 
are necessary in a solution obtained in this manner. 

Singularity functions can be used to advantage in statically indeterminate prob¬ 
lems for axially loaded bars, as well as for torsion members and beams.-However, 
the solutions are limited to prismatic members. If the cross section varies along 
the length of a member, the procedure for using singularity functions becomes 
impractical. 
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(b) 

Fig. 5-44 Illustration for formulating signularity functions for reactions. 


Problems grams are essential parts of solutions. (Hint for Prob. 

5-1: The effect on a structure of two cable forces acting 
5-1 through 5-4. Determine the reaction components over a frictionless pulley is the same as that of the same 
caused by the applied loads for the planar framing two forces applied at the center of the axle. Prove be- 
shown in the figures. Correctly drawn free-body dia- fore using.) 



Fig. P5-4 
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Fig. PS-31 


5*32. Establish general expressions for the axial force 
P(0), shear V(0), and moment Af(0) for the curved bar 
in Example 5-12, Fig. 5-28. Angle 0 is measured coun¬ 
terclockwise from the positive x axis. 

5-33. Establish general expressions for the axial force 
P(0), shear V(9), and moment M(0) for the ring with 
three hinges of Prob. 5-11. Angle 0 is measured coun¬ 
terclockwise from the positive x axis. 

5>34. A rectangular bar bent into a semicircle is built 
in at one end and is subjected to a radial pressure of 
p lb per unit length (see figure). Write the general 
expressions for P(0), V(0), and iVf(9), and plot the re¬ 
sults on a polar diagram. Show positive directions as¬ 
sumed for P, V, and M on a ffee-body diagram. 


p tb/in 



Bar radius = R 

Fig. P5-34 


5-35. A bar in the shape of a right angle, as shown in 
the figure, is fixed at one of its ends, (a) Write the 



Fig. P5-35 


general expressions for V, M , and T (torque) caused 
by the application of a force F normal to the plane of 
the bent bar. Plot the results, (b) If in addition to the 
applied force F, the weight of the bar w lb per unit 
length is also to be considered, what system of internal 
furoe components develops at the fixed eml? 


Section 5-11 

5-36. Using the differential equation, Eq. 5-5, deter- 

Prob. 5-24. Verify the reactions using conventional 
statics. {Hint: The constants of integration can be 
found from the boundary conditions V(L ) = 0 and 
M{L) = 0.) 

5-37 through 5-39. Using Eq. 5-5 for ihe statically 
determinate beams shown in the figures, fmd V(x) and 
M{x) and the reactions at the supports. Plot the shear 
and moment diagrams. {Hint: The constants of inte¬ 
gration are found from the boundary conditions for V 
and M. This approach cannot be extended to statically 
indeterminate beams, which require the use of a 
higher-order differential equation, discussed in Chap¬ 
ter 10.) 



Fig. P5-37 





Fig. P5-38 



Fig. P5-39 


SeCiiOnS 5-12 Gild 5-13 

Problems 5-20 through 5-31 can also be as¬ 
signed for solution using the methods devel¬ 
oped in these two sections. 

.5.4Q through 5*66. Plot shear and moment diagrams 
for the beams shown in the figures using the methods 
of Sections 5-12 and 5-13. It is also suggested to draw 
the deflected shapes of the beams using the criteria 

_ r?:_ C in t\ ^irnnrrinn fni* 

given 111 I'lg. J-17. \.r\ uiun- uviauvu uuvujj.ui. 

drawing such shapes is given in Section 5-15.) 



Fig. P5-40 




Fig. P5-41 


Fig. P5-47 
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5-67. A small narrow barge is loaded as shown in the 
figure. Plot shear and moment diagrams for the applied 
loading. 


e.Aft. The load distribution for a small single-engine 
airplane in flight may be idealized as shown in the fig¬ 
ure. In this diagram, vector A represents the weight 
0 f the engine; B, the uniformly distributed cabin 
weight; C, the weight of the aft fuselage; and D, the 
forces from the tail control surfaces. The upward 
forces E are developed by the two longerons from the 
wings. Using this data, construct plausible, qualitative 
shear and uiomenL diagrams for the fuselage. 




//////. 

—8 m——8 m—"• 


5-71 through 5-73. For the structural systems shown 
in the figures, plot the axial force P, shear V, and mo¬ 
ment M diagrams. Note that the axial force and shear 
contribute to the equilibrium of forces at a joint in bent 
members (see Fig. 5-27). 


5-69. The moment diagram for a beam supported at 
A and B is shown in the figure. How is the beam 
loaded? 


5-70. The redundant moment over support B for the 

kN-rn by the methods discussed in Chapter 10. Plot 
the shear and moment diagrams for this beam. 



200 mm 200 mm 200 rr 


t A 


Concrete pile 
lUttiong 
1414 lb (total) 





5-74. For member DF of the frame in Prnh. 1 -44, plot 
the axial force, shear, and moment diagrams caused 
by the applied force. 


Fig. P5-62 


Fig. P5-67 


Sections 5-14 and 5-15 

5-75 through 5-81. For the structural systems shown 
in the figures, plot the axial force P, shear V, and mo- 
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ment M diagrams due tn the applied loads. These dia¬ 
grams are to be confined only to the main horizontal 
members. Note that the beams in the last four prob¬ 
lems have finite depth. 





I 10" 1 30" I 

Fig. P5-83 
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Section 5-16 

5-82 through 5-37. For the beams loaded as shown 
in the figures, using singularity functions and Eq. 5-5, 
(a) find V(jc) and M{x). Check reactions by conven¬ 
tional statics, (b) Plot shear and moment diagrams. 



|-*—i/2—t- — U2 —► 


Fig. P5-78 







6-1. Introduction 

In the previous chapter, it was shown that a system of internal forces 
consisting of an axial force, a shear force, and a bending moment may 
develop in planar frames and beams. The stresses caused by an axial force 
were already discussed in Chapter 1. The stresses due to bending are 
considered in this chapter. For this treatment, it is convenient to divide 
the chapter into two parts. In Part A, only members having symmetric 
cross sections and subjected to bending in the plane of symmetry are 
considered. Both elastic and inelastic stress distributions caused by bend¬ 
ing are discussed, stress distribution m curved bars is also included. In 
Part B, the problem is generalized to include unsymmetric bending of 
members with symmetric cross sections as well as bending of members 
of arbitrary cross section. Consideration is also given to problems where 
bending occurs in the presence of axial forces. For completeness, a dis¬ 
cussion on area moments of inertia for arbitrary cross sections is included 
in Part C. 

For simplicity, members will generally be shown as beams in a hori¬ 
zontal position. When a segment of a beam is in equilibrium under the 
action of bending moments alone, such a condition is referred to as pure 
bending, or flexure. A cantilever loaded with a concentrated moment at 
the end, or a segment of a beam between the concentrated forces, as 
shown in Fig. 5-23, are examples of pure bending. Studies in subsequent 
chapters will show that usually the bending stresses in slender beams are 
dominant. Therefore, the formulas derived in this chapter for pure bending 
are directly applicable in numerous design situations. 

It is important to note that some beams by virtue of their slenderness 
or lack of lateral support may become unstable under an applied load and 
may buckle laterally and collapse. Such beams do not come within the 
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scope of this chapter, A better appreciation of the instability phenomenon 
will result after the study of column buckling in Chapter 11. 


part A 


BENDING OF BEAMS WITH SYMMETRIC 
CROSS SECTIONS 


0-a. me Basic Miieniunc MdauuipMiwn 

In the simplified engineering theory of bending, to establish the relation 
among the applied bending moment, the cross-sectional properties of a 
member, and the internal stresses and deformations, the approach applied 

*i.. 1_:_Ll»™ Tliic romiirBc firct thcat 

earner m LHC LU1S1UU piUUlK .111 ia again ^liifivjrv«a. 1.1UO n^juuwa, xuov, 

a plausible deformation assumption reduce the internally statically in¬ 
determinate problem to a determinate one; second, that the deformations 
causing strains be related to stresses through the appropriate stress-strain 
relations; and, finall y, that the equilibrium requirements of external and 
internal forces be met. The key kinematic assumption for the deformation 
of a beam as used in the simplified theory is discussed in this section. A 
generalization of this assumption forms the basis for the theories of plates 


For present purposes, consider a horizontal prismatic beam having a 
cross section with a vertical axis of symmetry; see Fig. 6-l(a). A horizontal 
line through the centroid of the cross section will be referred to as the 
axis of a beam. Next, consider a typical element of the beam between 
two planes perpendicular to the beam axis. In side view, such an element 
is identified in the figure as ubed. When such a beam is subjected to equal 
end moments M z acting around the z axis, Fig. 6-l(b), this beam bends 
in the "lane of symmetry, and the planes initially perpendicular to the 
beam axis slightly tilt. Nevertheless, the lines such as ad and be becoming 
a'd' and b'c' remain straight. 1 This observation forms the basis for the 
fundamental hypothesis 2 of the flexure theory. It may be stated thus: plane 
sections through a beam taken normal to its axis remain plane after the 
beam is subjected to bending. 

1 This can be demonstrated by using a rubber model with a ruled grating drawn 
on it. Alternatively, thin vertical rods passing through ihe lubber block can be 
used. In the immediate vicinity of the applied moments, the deformation is more 
complex. However, in accord with the St. Venant’s principle (Section 2-10), this 
is only a local phenomenon that rapidly dissipates. 

7 This hypothesis with an inaccuracy was first introduced by Jacob Bernoulli 
(1645_1705), a Swiss mathematician. At a later date a great Swiss mathematician, 
Leonard Euler (1707-1783), who largely worked in Russia and Germany, made 
important use of this concept. This assumption is often referred to as the Ber- 
noulli-EuIer hypothesis. In the correct final form, it dates back to the writings of 
the French engineering educator M. Navier (1785-1836). 
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Fig. 6-1 Assumed behavior of elastic beam in bending. 

As demonstrated in texts on the theory of elasticity, this assumption 
is completely true for elastic, rectangular members in pure bending. If 
shears also exist, a small error is introduced. 3 Practically, however, this 
assumption is generally applicable with a high degree of accuracy whether 
the material behaves elastically or plastically, providing the depth of the 
beam is small in relation to its span. In this chapter, the stress analysis 
of si! beams is based on this assumption. 

In pure bending of a prismatic beam, the beam axis deforms into a part 
of a circle of radius p, (rho) as shown in Fig. 6-l(b). For an element defined 
by an infinitesimal angle dQ, the fiber length ef of the beam axis is given 
as ds = p dQ. Hence, 



where the reciprocal of p defines the axis curvature k (kappa). In pure 
bending of prismatic beams, both p and k are constant. 


See the discussion in Section 7-5. 
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The fiber length eh located on a radius p - y can be found similarly. 

Therefore, the difference between fiber lengths gh and ef identified here 
as du can be expressed as follows 

dH = (p - y) dQ ~ p dQ = -y d% (6-2) 

By dividing by ds and using Eq. 6-1, the last term becomes k. Moreover, 
since the deflection and rotations of the beam axis are very small, the 
cosines of the angles involved in making the projections of du and ds onto 
the horizontal axis are very nearly unity. Therefore, in the development 
of the simplified beam theory, it is possible to replace du by du , the axiai 
fiber deformation, and ds by dx* Hence, by dividing Eq. 6-2 by ds and 
approximating duids by du/dx, which according to Eq. 2-6 is the normal 
strain c x , one has 

(6-3) 


This equation establishes the expression for the basic kinematic hy¬ 
pothesis for the flexure theory. However, although it is clear that the 
strain in a bent beam varies along the beam depth linearly with y, infor¬ 
mation is lacking for locating the origin of the y axis. With the aid of 
Hooke’s law and an equation of equilibrium, this problem is resolved in 
the next section. 

6-3. The Elastic Flexure Formula 

By using Hooke’s law, the expression for the normal strain given by Eq. 
6-3 can be recast into a relation for the normal longitudinal stress c r x : 

(6-4) 

in this equation, the variable y can assume both positive and negative 
values. 

Two nontrivial equations of equilibrium are available to solve the beam 
flexure problem. One of these determines the origin for v: the second 
completes the solution for the flexure formula. Using the first one of these 
equations, requiring that in pure bending, the sum of all forces at a section 
in the x direction must vanish, one has 

4 A further discussion of the approximations involved may be found in Section 
10-3. 
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'Or- n f , , 

v j A Vx «A = U (6-5) 

where the subscript A indicates that the summation of the infi nitesimal 
forces must be carried out over the entire cross-sectional area A of the 
beam. This equation with the aid of Eq. 6-4 can he rewritten as 







Fig. 6-2 Alternative 
representations of bending 
moment. 


j ^ —E Ky dA = —E k y dA =0 (6-6) 

where the constants E and k are taken outside the second integral. By 
definition, this integral J> dA - yA, where y is the distance from the 
origin to the centroid of an area A. Since here this integral equals zero 
and area A is not zero, distance y must be set equal to zero. Therefore, 
the z axis must pass through the centroid of a section. According to Eqs! 
6-3 and 6-4, this means that along the z axis so chosen, both the normal 
strain e A and the normal stress <j x are zero. In bending theory, this axis 
is referred to as the neutral axis of a beam. The neutral axis for any elastic 
beam of homogeneous material can be easily determined by finding the 
centroid of a cross-sectional area. 

Based on this result, linear variation in strain is schematically shown 
in Fig. 6-1(c). The corresponding elastic stress distribution in accordance 
with Eq. 6-4 is shown in Fig. 6-l(d). Both the absolute maximum strain 
and the absolute maximum stress cr max occur at the largest value of y 
Alternative representations of the elastic bending stress distribution in 
a beam are illustrated in. Fig. 6-2. Note the need for awareness that the 
problem is three-dimensional, although for simplicity, two-dimensional 
representations are generally used. The locus of a neutral axis along a 
length of a beam defines the neutral surface, as noted in Fig. 6-3. 

To complete the derivation of the elastic flexure formula, the second 
relevant equation of equilibrium must be brought in: the sum of the ex¬ 
ternally applied and the internal resistin' 1 moments must vanish i.e. be 
in equilibrium. For the beam segment in Fig. 6-4(a), this yields 





Neutral 

axis 

Fig. 6-3 


E Mo = 0C + M z — f Eny dA y = 0 (6-7) 

JA stress area 



A negative sign in front of the integral is necessary because the com¬ 
pressive stresses cr x develop a counterclockwise moment around the z 
axis. The tensile stresses below the neutral axis, where y’s have a negative 
sign, contribute to this moment in the same manner. This sign also follows 
directly from Eq. 6-4. From a slightly different point of view, Eq. 6-7 
states that the clockwise external moment M z is balanced by the coun¬ 
terclockwise moment developed by the internal stresses at a section. Re¬ 
casting Eq. 6-7 into this form, and recognizing that E and k are constants, 
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(a) {□} 

Fig. 6-4 Segment of a beam in pure flexure. 

M z - Ek y 2 dA (6-8) 

In mechanics, the last integral, depending only on the geometrical prop¬ 
erties of a cross-sectional area, is called the rectangular moment of inertia 
or second moment of the area A and will be designated in this text by I. 
Ii must be found with respect to the cross section s neutral (ccntroidal) 
axis. Since I must always be determined with respect to a particular axis, 
it is often meaningful to identify it with a subscript corresponding to such 
an axis. For the case considered, this subscript is z, i.e., 



With this notation, Eq. 6-8 yields the following result: 



to a specified moment. 

By substituting Eq. 6-10 into Eq. 6-4, the elastic flexure formula 5 for 
beams is obtained: 


5 Tr took nearly two centuries to develop this seemingly simple expression. The 
first attempts to solve the flexure problem were made by Galileo in the seven¬ 
teenth century. In the form in which it is used today, the problem was solved in 
the early part of the nineteenth century. Generally, Navier is credited for this 
accomplishment. However, some maintain that credit should go to Coulomb, who 
also derived the torsion formula. 
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( 6 - 11 ) 


The derivation of this formula was carried out with the coordinate axes 
shown in Fig. 6-5(a). If the derivation for a member having a doubly 
symmetric cross section were done with the coordinates shown in Fig. 
6-5(h), the expression for the longitudinal stress <r A would read 




(b> 

Fig. 6-5 Definitions of 
positive moments. 


( 6 - 12 ) 


The sign reversal in relation to Eq. 6-11 is necessary because a positive 
M y causes tensile stresses for positive z’s. 

Application of these equations to biaxial bending as well as an extension 
of the bending theory for beams with unsymmetric cross sections is con¬ 
sidered in Sections 6-11 and 6-14. In this part of the chapter, attention is 
confined to beams having symmetric cross sections bent in the plane of 
symmetry. For such applications, it is customary to recast the flexure 
formula to give the maximum normal stress (r max directly and to designate 
the value of [ y | max by c. It is also common practice to dispense with the 
sign as in Eq. 6-11 as well as with subscripts on M and I. Since the normal 
stresses must develop a couple statically equivalent to the internal bending 
moment, their sense can be determined by inspection. On this basis, the 
flexure formula becomes 




In conformity with the above practice, in dealing with bending of sym- 


in Eq. 6-11 on M and I will be employed often in this text. 

The flexure formula and its variations discussed before are of unusually 
great importance in applications to structural and machine design. In ap¬ 
plying these formulas, the internal bending moment can be expressed in 


newton-meters [N-m] or inch-pounds [in-lbj, c in meters [m] or inches 
[in], and I in m 4 or in 4 . The use of consistent units as indicated makes 


the units of cr: [N-m][m]/[m 4 ] = N/m 2 = Pa, or [in-lb][in]/[in 4 ] = 
[lb/in 2 ] = psi, as to be expected. 

It should be noted that ov as given by Eas. 6-11 or 6-12 is the only 
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.j rCSS that results from pure bending of a beam. Therefore, in the matrix 
representation of the stress tensor, one has 

/o> 0 0\ 

0 0 0 
y 0 0 0 j 

As will be pointed out in Chapter 8, this stress may be transformed or 
resolved into stresses acting along different sets of coordinate axes. 

In concluding this discussion, it is interesting to note that due to Pois¬ 
son’s ratio, the compressed zone of a beam expands laterally; 6 the tensile 
zone contracts. The strains in the y and z directions are s. y = e z = -ve*, 
where z x = <xJE, and <j x is given by Eq. 6-11. This is in complete agree¬ 
ment with the rigorous solution. Poisson’s effect, as may be shown by 
»i.i> methods of eiasticit v deforms the neutral axis into a curve of Iar°e 
radius; and the neutral surface becomes curved in two opposite directions; 
see Fig. 6-6. In the previous treatment, the neutral surface was assumed 
to be curved in one direction only. These interesting details are not sig¬ 
nificant in most practical problems. 

Procedure Summary and Extensions 

Tk<» game three basic conce n ts of engineering mechanics of solids that 
were used in developing the theories for axially loaded bars and circular 
shafts in torsion are used in the preceding derivation of flexure formulas. 
These may be summarized as follows: 

1. Equilibrium conditions (statics) are used for determining the internal 
resisting bending moment at a section. 

2. Geometry of deformation (kinematics) is used by assuming that plane 
sections through a beam remain plane after deformation. This leads 
to the conclusion that normal strains along a beam section vary lin¬ 
early from the neutral axis. 

3. Properties of materials (constitutive relations) in the form of 
Hooke’s law are assumed to apply to the longitudinal normal strains. 
Poisson effect of transverse contraction and expansion is neglected. 

In extending this approach to bending of beams of two and more ma¬ 
terials (Section 6-8), as well as to inelastic bending of beams (Section 6- 
10), the first two of the enumerated concepts remain fully applicable. Only 
the third, dealing with the mechanical properties of materials must be 
modified. As an example of a change necessary for such cases consider 
the beam having the cross section shown in Fig. 6-7(a). This beam is made 
up of two materials, 1 and 2, bonded together at their interface. The elastic 


R 



Fig. 6-6 Segment of a bent 
beam. 


An experiment with an ordinary rubber eraser is recommended! 
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Sending strain Bending stresses 

ib) <c) (d) 

Fig. 6-7 Beam of two elastic materials in bending where t 2 > E x . 


moduli for the two materials are E x and E z , where the subscripts identify 
the material. For the purposes of discussion assume that E 2 > E\. 

When such a composite beam is bent, as for a beam of one material, 
the strains vary linearly, as shown in Fig. 6-7(b). However, the longitu¬ 
dinal stresses depend on the elastic moduli and are as shown in Fig. 6- 
7(c). At the interface between the two materials, whereas the strain for 
both materials is the same, the stresses are different, and depend on the 
magnitudes of E x and E 2 . The remaining issue in such problems consists 
of locating the neutral axis or surface. This can be easily done for beams 
having cross sections with symmetry around the vertical axes. 

For beams of several different materials, the elastic moduli for each 
material must be identified. Let E, be such an elastic modulus for the 
z'th material in a composite cross section. Then Eq. 6-4 can be generalized 
to read 


a x = E,£ x = - Ei k y (6-14) 

Where from Fig. 6-7(a), y = y b - y b . In this relation y b is arbitrarily 
measured from the bottom of the section, and y b locates the neutral axis 
as shown. 

Since for pure bending the force F x at a section in the x direction must 
vanish, following the same procedure as before, and substituting Eq. 6- 
14 into Eq. 6-5, 

F : = cr r dA — - k Ei y dA - 0 (6-15) 

The iast expression differs from Eq. 6-6 only by not placing E x outside of 
the integral. By substituting y - y h - y b into Eq. 6-15, and recognizing 
that y b is a constant, 
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where the integration must be carried out with appropriate £;’s, for each 
material. This equation defines the modulus weighted centroid and locates 
the neutral axis. 

Essentially the same process is used for inelastic bending analysis of 
beams by changing the stress-strain relations. The first two of the enu¬ 
merated basic concepts remain applicable. 

The developed theory for elastic beams of one material is in complete 
agreement with the mathematically exact solution 7 based on the iheory 
of elasticity for pure bending of an elastic rectangular bar. However, even 
for this limited case, the boundary conditions at the ends require the 
surface stresses <j x to be distributed over the ends as given by Eq. 6-11. 
For this case plane sections through a beam remain precisely plane after 
bending. However, in usual applications, per Saint-Venant's principle , it 
is generally assumed that the stresses, at a distance about equal to the 
depth of a member away from the applied moment, are essentially uniform 
and are given uy jj.q. u-11. i ue mcai stresses at points Oi iorce application 
or change in cross section are calculated using stress concentration fac¬ 
tors. In applications the theory discussed is routinely applied to any kind 
of cross section, whether a material is elastic or plastic. 

In conclusion it should be noted that, in all cases in pure bending, the 
stresses acting on the area above the neutral axis develop a force of one 
sense, whereas those below the neutral axis develop a force acting in the 
opposite direction. An example is shown in Fig. 6-7(d) where the tension 
T is equal to the compression C, and the T — C couple is equal to the 
moment M z . This method of reducing stresses to forces and a couple can 
be used to advantage in some problems. 

* 8 6-4, Computation of the Moment of Inertia 

In applying the flexure formula, the rectangular moment of inertia / of 
the cross-sectional area about the neutral axis must be determined. Its 
value is defined by the integral of y 2 dA over the entire cross-sectional 
area of a member, and it must be emphasized that for the flexure formula, 
the moment of inertia must be computed around the neutral axis. This 
axis passes through the centroid of the cross-sectional area. It is shown 

7 S. Timoshenko, and J. N. Goodier, Theory of Elasticity, 3rd cd. (New York: 
McGraw-Hill, 1970), 284. 

8 This is a review section. 
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in Sections 6-15 and 6-16 that for symmetric cross sections, the neutral 
axis is perpendicular to the axis of symmetry. The moment of inertia 
around such an axis is either a maximum or a minimum, and for that 
reason, this axis is one of the principal axes for an area. The procedures 
for determining centroids and moments of inertia of areas are generally 

*v__vi.. j _9 tt„.. _ r__ i.*.. } 
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they are reviewed in what follows. 

The first step in evaluating I for an area is to find its centroid. An 
integration of y 2 dA is then performed with respect to the horizontal axis 
passing through the area’s centroid. In applications of the flexure formula, 
the actual integration over areas is necessary for only a few elementary 
shapes, such as rectangles, triangles, etc. Values of moments of inertia 
for some simple shapes may be found in texts on statics as well as- in any 
standard civil or mechanical engineering handbook (also see Table 2 of 
the Appendix). Most cross-sectional areas used may be divided into a 
combination of these simple shapes. To find I for an area composed of 
several simple shapes, the parallel-axis theorem (sometimes called the 
transfer formula) is necessary; its development follows. 

Consider that the area A shown in big. 6-8 is a part of a complex area 
of a cross section of a beam in flexure. The centroidal axis z e for this area 
is at a distance d z from the centroidal z axis for the whole cross-sectional 
area. Then, by definition, the moment of inertia 7 ic of the area A around 
its Zr axis is 


(6-17) 



On the other hand, the moment of inertia l z of the same area A around 
the z axis is 


4 = J a (y c + d 7 ) 2 


By squaring the quantities in the parentheses and placing the constants 
outside the integrals, 

I z = f y 2 dA + 2 d z f y c dA + d\ f dA 


Here the first integral according to Eq. 6-17 is equal to I Zc , the second 
integral vanishes as y c passes through the centroid of A, and the last 
integral reduces to Adi. Hence, 


Fin, A-8 Area for deriving the 9 For 

nfirallftl-SYic ftipnrem Vnl I 


» I r Mm™ cmH T H Vraiw 


Vnl I Rtntirc ?nH fM-w VnrV- WJIat; 1QSX\ 



Sec. 6-4. Computation of the Moment of Inertia 


(6-18) 


This is the parallel-axis theorem. It can be stated as follows: the moment 
of inertia of an area around any axis is equal to the moment of inertia of 
the same area around a parallel axis passing through the area’s centroid, 
plus the product of the same area and the square of the distance between 
the two axes. 

Tn calculations, Eq. 6-18 must be applied to each part into which a 
cross-sectional area has been subdivided and the results summed to obtain 
/. for the whole section, i.e., 

I z (whole section) = 2(4 e + Adi) (6-18a) 

After this process is completed, the z subscript may be dropped in treating 
bending of symmetric cross sections. 

The following examples illustrate the method of computing / directly 
by integration for two simple areas. Then an application of the parallel- 
axis theorem to a composite area is given. Values for / for commercially 
fabricated steel beams, angles, and pipes are given in Tables 3 to 8 of the 
Appendix. 



EXAMPLE 6-1 

Find the moment of inertia around the horizontal axis passing through the centroid 
for the rectangular area shown in Fig. 6-9. 

Solution 

The centroid of this section lies at the intersection of the two axes of symmetry. 
Here it is convenient to take dA as b dy. Hence, 



These expressions are used frequently, as rectangular beams are common. 
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EXAMPLE 6-2 

Find the moment of inertia about a diameter for a circular area of radius c; see 
Fig. 6-10. 


To find I for a circle, first note that p 2 - z 2 + y 2 , as may be seen from the figure. 
Then using the definition of J, noting the symmetry around both axes, and using 
Eq. 4-2, 

J = j^p 2 dA = j^ (y 2 + z 2 ) dA - j y 2 dA + j z 2 dA 
= L + L = 21, 


In mechanical applications, circular shafts often act as beams; hence, Eq. 6- 
20 will be found useful. For a tubular shaft, the moment of inertia of the hollow 
interior must be subtracted from the last expression. 


EXAMPLE 6-3 

Determine the moment of inertia I around the horizontal axis for the area shown 
in mm in Fig. 6-11 for use in the flexure formula. 


As the moment of inertia is for use in the flexure formula, it must be obtained 
around the axis through the centroid of the area. Hence, the centroid of the area 
must be found first. This is most easily done by treating the entire outer section 
and deducting the hollow interior from it. For convenience, the work is carried 
out in tabular form. Then the parallel-axis theorem is used to obtain I. 


Entire area 
Hollow interior 


A [mm 2 ] _ 

40 x 60 = 2400 
-20 x 30 = -600 
2 A = 1800 n 


y [mm] 

{from bottom) 


X Ay = 51 000 mm 3 


• 28.3 mm from bottom 
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bh 3 40 x 60 3 

/„ = — = -—— = 72 x 10 4 mm 4 

Ad 2 = 2400(30 - 28.3) 2 = 0.69 x 10 4 mm 4 
h = 72.69 x I0 4 mm 4 

for the hollow interior: 


bh 3 20 x 30 3 « 

I,. — — = --- = 4.50 x 10 4 mm 4 

12 12 

Ad 2 = 600(35 - 28.3) 2 = 2.69 x 10 4 mm 4 
h = 7.19 x 10 1 mm 4 

for the composite section: 


I z * (72.69 - 7.19) 10 4 = 65.50 x 10 4 mm 4 


Note particularly that in applying the parallel-axis theorem, each element of 
the composite area contributes two terms to the total 1. One term is the moment 
of inertia of an area around its own centroidal axis, the other term is due to the 
transfer of its axis to the centroid of the whole area. Methodical work is the prime 
requisite in solving such problems correctly. 


6 - 5 . Applications of the Flexure Formula 

The largest stress at a section of a beam is given by Eq. 6-13, o- max = 
McII, and in most practical problems, it is this maximum stress that has 
to be determined. Therefore, it is desirable to make the process of de¬ 
termining aw as simple as possible. This can be accomplished by noting 
Luat uotu i attu c arc constams lor a given section oi a ueam. nence, 
He is a constant. Moreover, since this ratio is only a function of the cross- 
sectional dimensions of a beam, it can be uniquely determined for any 
cross-sectional area. This ratio is called the elastic section modulus of a 
section and will be designated by 5. With this notation, Eq. 6-13 becomes 


( 6 - 21 ) 


or stated otherwise 

bending moment 

maximum bending stress = ~—:-:-— 

elastic section moduli 
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S is measured in in 3 (or m 3 ). Likewise, if M is measured in in-lb (or N-m), 
the units of stress, as before, become psi (or N/m 2 ). It bears repeating 
that the distance c as used here is measured from the neutral axis to the 
most remote fiber of the beam. This makes He = S a minimum, and 
consequently MiS gives the maximum stress. The efficient sections for 
resisting elastic bending have as large an S as possible for a given amount 
of material. This is accomplished by locating as much of the material as 
possible far from the neutral axis. 

The use of the elastic section modulus in Eq. 6-21 corresponds some¬ 
what to the use of the area term A in Eq. 1-13 (<t = P/A). However, only 
the maximum flexural stress on a section is obtained from Eq. 6-21, 
whereas the stress computed from Eq. 1-13 holds true across the whole 
section of a member. 

*C /-,!,/% + C. 01 to m rtror'li/'ia /~ip ij-c r T'^ 

i,4UailUll 1J Y.KUV.lj' UJVU Hi UYVUUJT. Vii HO OiilJt-liV-iVJ. . 1U 

facilitate its use, section moduli for many manufactured cross sections 
are tabulated in handbooks. Values for a few steel sections are given in 
Tables 3 to 8 in the Appendix. Equation 6-21 is particularly convenient 
for the design of beams. Once the maximum bending moment for a beam 
is determined and an allowable stress is decided upon, Eq. 6-21 may be 
solved for the required section modulus. This information is sufficient to 
select a beam. However, a detailed consideration of beam design will be 
delated until Chapter 9. This is necessarv inasmuch as a shear force 
which in turn causes stresses, usually also acts at a beam section. The 
interaction of the various kinds of stresses must be considered first to 
gain complete insight into the problem. 

The following two examples illustrate calculations for bending stresses 
at specified sections, where, in addition to bending moments, shears are 
also required for equilibrium. As shown in the next chapter, the presence 
of small or moderate shears does not significantly affect the bending 
stresses in slender beams. Both moment and shear frequently occur at 
the same section simultaneously. 


A 300 by 400 mm wooden cantilever beam weighing 0.75 kN/m carries an upward 
concentrated force of 20 kN at the end, as shown in Fig. 6-12(a). Determine the 
maximum bending stresses at a section 2 m from the free end. 


A free-body diagram for a 2-m segment of the beam is shown in Fig. 6-12(c). To 
keep this segment in equilibrium requires a shear of 20 - (0.75 x 2) = 18.5 kN 
and a bending moment of (20 x 2) - (0.75 x 2 x 1) = 38.5 kN-m at the section. 
Both of these quantities are shown with their proper sense in.Fig. 642(c). The 






From the sense of the bending moment shown in Fig. 6-12(c), the top fibers of 
the beam are seen to be in compression and the bottom ones in tension. In the 
answer given, the positive sign applies to the tensile stress and the negative sign 
applies to the compressive stress. Both of these stresses decrease at a linear rate 
toward the neutral axis, where the bending stress is zero. The normal stresses 
acting on infinitesimal elements at A and B are shown in Fig. 6-12(d). It is im¬ 
portant to learn to make such a representation of an element as it will be frequently 
used in Chapters 8 and 9. 


Alternative Solution 

If only the maximum stress is desired, the equation involving the section modulus 
may be used. The section modulus for a rectangular section in algebraic form is 


“ ~ c ~ 12 h ~ 6 


( 6 - 22 ) 


In this problem, S = 300 x 400 2 /6 = 8 x 10 6 mm 3 , and by Eq. 6-21, 


M 38.5 x IQ 6 

- — ~ g x 10 e 


4.81 MPa 


Both solutions lead to identical results. 









Sec. 6-6. Stress Concentrations 


■V i -7 r» 

y = = -—j - 1.70 in from line ab 

I = 2 Wo + Ad 2 ) = ^tiLL + 4 x 1.2 2 

2 x 1 x 3 3 

H-—-h 2 x 3 x 0.8 4 = 14.43 in 4 


Me _ 8 x 16 x 2.3 
/ ” 14.43 

Me _ 8 x 16 x 1.7 
/ ” 14.43 


= 20.4 ksi (compression) 


ij.i i>.Si ^icu&Iuu./ 


These stresses vary linearly toward the neutral axis and vanish there. The re¬ 
sults obtained would be the same if the cross-sectional area of the bracket were 
made T-shaped, as shown in Fig. 6-13(e). The properties of this section about the 
significant axis are the same as those of the channel. Both these sections have 
an axis of symmetry. 


The previous example shows that members resisting flexure may be 
proportioned so as to have a different maximum stress in tension than in 
compression. This is significant for materials having different strengths 
in tension and compression. For example, cast iron is strong in compres¬ 
sion and weak in tension. Thus, the proportions of a cast-iron member 
may be so set as to have a low maximum tensile stress. The potential 
capacity of the material may thus be better utilized. 


*6=6. Stress Concentrations 

The flexure theory developed in the preceding sections applies only to 
beams of constant cross section, i.e., prismatic beams. If the cross-sec¬ 
tional area of the beam varies gradually, no significant deviation from the 
stress pattern discussed earlier takes place. However, if notches, grooves, 
bolt holes, or an abrupt change in Ihe cross-sectional area of the beam 

discussed earlier for axial and torsion members. Again, it is very difficult 
to obtain analytical expressions for the actual stress. In the past, most of 
the information regarding the actual stress distribution came from ac¬ 
curate photoelastic experiments. Numerical methods employing finite ele¬ 
ments are now extensively used for the same purpose. 

Fortunately, as in the other cases discussed, only the geometric pro¬ 
portions of the member affect the local stress pattern. Moreover, since 
interest generally is in the maximum stress, stress-concentration factors 
may be used to an advantage. The ratio K of the actual maximum stress 
to the nominal maximum stress in the minimum section, as given by Eq. 
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Fig. 6-14 Meaning of stress- 
concentration factor in 
bending. 


Fig. 6*15 Stress-concentration 
factors in r»ure bendin° for 
flat bars with various fillets. 
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6*13. is defined as the stress-concentration factor in bending. This concept 
is illustrated in Fig. 6-14. Hence, in general, 



(6-23) 


In this equation Mcll is for the small width of a bar. 

Figures 6-15 and 6-16 are plots of stress-concentration factors for two 
representative cases. 10 The factor K, depending on the proportions of the 
member, may be obtained from these diagrams. A study of these graphs 
indicates the desirability of generous fillets and the elimination of sharp 
notches to reduce local stress concentrations. These remedies are highly 
desirable in machine design. For ductile materials, where the applied 
forces are static, stress concentrations are less important. 

Stress concentrations become particularly significant if the cross-sec- 

1U These figures are adapted from a paper by M. M. Frocht, “Factors of Stress 
Concentration Photoclasticall" Determined,” Trans. ASME 57, (1935): A-67. 
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J Fig. 6-16 Stess-concentration 
5.0 factors in bending for 
grooved flat bars. 

tional area has reentrant angles. For example, high localized stresses may 
occur at the point where the flange 11 and the web of an 1 beam meet. To 
minimize these, commercially rolled or extruded shapes have a generous 
fillet at all such points. 

in addition to stress concentrations caused by changes in the cross- 
sectional area of a beam, another effect is significant. Forces often are 
applied over a limited area of a beam Moreover, the reactions act only 
locally on a beam at the points of support. In the previous treatment, all 
such forces were idealized as concentrated forces. In practice, the average 
bearing pressure between the member delivering such a force and the 
beam are computed at the point of contact of such forces with the beam. 

This bearing pressure, or stress, acts normal to the neutral surface of a 
beam and is at right angles iu the bending stresses discussed in this chap¬ 
ter. A more detailed study of the effect of such forces shows that they 
cause a disturbance of all stresses on a local scale, and the hearing pres¬ 
sure as normally computed is a crude approximation. The stresses at right 
angles to the flexural stresses behave more nearly as shown in Fig. 2-30. 

The reader must remember that the stress-concentration factors apply 
only while the material behaves elastically. Inelastic behavior of material 
tends io reduce these factors. 
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* 12 6 - 7 . Elastic Strain Energy in Pure Bending 

In Section 2-11, the elastic strain energy for an infinitesimal element sub¬ 
jected to a normal stress was formulated. Using this as a basis, the elastic 
strain energy for beams in pure bending can be found. For this case, the 
normal stress varies linearly from the neutral axis, as shown in Fig. 6- 
17, and, according to Eq. 6-11, in simplified notation, this stress <j = 
-My/I. The volume of a typical infinitesimal beam element is dx dA, 
where dx is its length, and dA is its cross-sectional area. By substituting 



11 The web is a thin vertical part of a beam. Thin horizontal parts of a beam Fig. 6-17 A beam segment for 
are called flanges. deriving strain energy in 

u This section can be postponed until study of Chapter 12. bending. 
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these expressions into Eq. 2-23 and integrating over the volume V of the 
beam, the expression for the elastic strain energy U in a beam in pure 
bending is obtained. 


U- f?kv= f ±(-&) dxdA 

JV ItL JV La \ l J 


Rearranging terms and remembering that Mata section of a beam is 
constant and that the order of performing the integration is arbitrarily, 



Fig. 6*18 Beam segment for 
alternative derivation of 
strain energy in bending. 


V— f 

J length 2 El j 


where the last simplification is possible since, by definition, I = f y z dA. 
Equation 6*24 reduces the volume integral for the clastic energy of pris¬ 
matic beams in pure flexure to a single integral taken over the length L 
of a beam. 

Alternatively, Eq. 6-24 can be derived from a different point of view, 
by considering an elementary segment of a beam dx long, as is shown in 
Fig. 6-18. Before the application of bending moments M, the two planes 
perpendicular to the axis of the beam are parallel. After the application 
of the bending moments, extensions of the same two planes, which remain 
planes intersect at O and the angle included between these two planes 
is dQ. Moreover, since the full value of the moment M is attained grad¬ 
ually, the average moment acting through an angle dQ is \M. Hence, the 
external work W e done on a segment of a beam is dW e = \M dQ: Further, 
since for small deflections, dx =» p dQ, where p is the radius of curvature 
of the elastic curve, per Eq. 6-10 1/p = Mi El. Hence, from the principle 
of conservation of energy, the internal strain energy of an element of a 
beam is 



dU = dW e ~ \m dQ = \:M — = 

2 2 p 


M 2 dx 
2 El 


which has the same meaning as Eq. 6-24. 


EXAMPLE 6-7 

Find the elastic strain energy stored in a rectangular cantilever beam due to a 
bending moment M applied at the end; see Fig. 6-19. 

Solution 

The bending moment at every section of this beam, as well as the flexural rigidity 
El, is constant. By direct application of Eq. 6-24, 
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.. = C L M 2 dx M 2 r L . M 2 L 
u Jo 2EI 2 El Jo ax ~ 2El 

It is instructive to write this result in another form; Thus, since <r raax = Mc/I, M 
= (Tma xltc - 2cr ma xl/h, and 1 - bk 3 / 12, 


(2 <j max l!h) 2 L al 




For a given maximum stress, the volume of the material in this beam is only one- 
♦KirH ns effective for absorbin° ener° v as it would be in a un'f’ r ' rn 'iii» r>nr- 

where U = (cr 2 /2£)(vol). This results from variable stresses in a beam. If the 
bending moment also varies along a prismatic beam, the volume of the material 
becomes even less effective. 


** 13 6 - 8 . Beams of Composite Cross Section 

Important uses of beams made of different materials occur in practice. 
Wooden beams are sometimes reinforced by metal straps, plastics are 
reinforced with fibers, and reinforced concrete is concrete with steel rein¬ 
forcing bars. The elastic bending theory discussed before can be readily 
extended to include such beams of composite cross section. 

Consider an elastic beam of several materials bonded together with a 
vertical axis of symmetry as shown in Fig. 6-20(a). The elastic moduli E; 
for the different materials are given. As for a homogeneous material, the 
longitudinal extensional strains e x are assumed to vary linearly as shown 

13 This is an optional section. 



Cross section Bending strain Bending stresses 

(a) tb) (c) 

Fig. 6*20 Elastic beam of composite cross section in bending. 
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in Fig. 6-20fb). The neutral axis for this section, passing through the mod- 
ulus-weighted centroid, is located by the distance y b and can be calculated 
using Eq. 6-16. The stresses shown in Fig. 6-20(c) follow from Eq. 6 -I 4 . 
At the interfaces between two materials, depending on the relative values 
of their £;'s, a sharp discontinuity in stress magnitudes arises. 

nr^i-aHnra or in T- r\ (,-H th<= re»cictino ilP'nHinrr 

l uuuwmg mw JO.H1V, U.O 1.1 *-»**. w **'«*«-“•© ““““‘“b uiu- 

ment 


where the curvature k, being constant for the section, is taken outside 
the integral, and {El)* defines symbolically the value of the integral in 
the middle expression. Hence 


onH hv <snh«titntin<T this relation into F.as. 6-3 and 6-14. 


where the last expression is an analogue to Eq. 6 -il, and can be imme¬ 
diately specialized for a homogeneous beam. 

In calculations of bending of composite cross sections, sometimes it is 
useful to introduce the concept of an equivalent or transformed cross- 
sectional area in one material. This requires arbitrary selection of a ref¬ 
erence E„ defined here as £ ref . Using this notation the integral in Eq. 6 - 
15, for constant curvature k, can be recast as follows: 


j A E,y dA = E„t £ yf*- dA = E„, f y(n, dA) = 0 (6-28) 


where m dA - (£j/£ re f) dA. Therefore a beam of composite cross section 
can be considered to have the mechanical properties of the reference 
material, provided the differential areas dA are multiplied by n- t , the ratio 
of £j to £ re f. After transforming a cross section in this manner, conven¬ 
tional elastic analysis is applicable. In transformed sections the stresses 
vary linearly from the neural axis in all materials. The actual stresses are 
obtained for the reference material, whereas the stresses in the other 
materials must be multiplied by n t . 

This procedure is illustrated on the two examples that follow. 








Pure Bending and Bending with Axial Forces 


Sec. 6*8. Beams of Composite Cross Section 


7.5 x 250 x 135 + 150 x 10 x 5 

7.5 x 250 + 150 x 10 
• 77 mm (from the bottom) 

7.5 x 250 3 _ , „„ 150 x 10 3 

■ -—- + 7.5 x 250 x 58 2 + -—- 

+ 150 x 10 X IT = 23.9 X 10 6 mm 4 

0.03 x 10 9 x 77 

‘ ——-—r— = 96.7 MPa 

23.9 x 10 6 

cr, 1 0.03 x 10 9 x 183 ,, , 


Note that if the transformed section is an equivalent wooden section, the 
stresses in the actual wooden piece are obtained directly. Conversely, if the equiv¬ 
alent section is steel, stresses in steel are obtained directly. The stress in a material 
suffer than the material of the transformed section is increased, since, to cause 
the same unit strain, a higher stress is required. 


EXAMPLE 6-9 

Determine the maximum stress in the concrete and the steel for a reinforced- 
concrete beam with the section shown in Fig. 6-21(a) if it is subjected to a positive 
bending moment of 50,000 ft-lb. The reinforcement consists of two #9 steel bars. 
(These bars are if in in diameter arid have a crOss-sectiOrrai area of 1 iu ). Assume 
the ratio of E for steel to that of concrete to be 15, i.e., n = 15. 


beam. Strains vary linearly from the neutral axis, as shown in Fig. 6-22(b) by the 
line ab. A transformed section in terms of concrete is used to solve this problem. 
However, concrete is so weak in tension that there is no assurance that minute 
cracks Will not occur in the tension zone of the beam. For this reason, no credit 


. .L a taneinn 7nna nf a ht=>am nnlv hnlH<; rhe rdnfnrrino «tpp1 in nlare 14 Hence 

iu Li*- -- -. ' — 

in this analysis, it virtually does not exist at all, and the transformed section 
assumes the form shown in Fig. 6-22(c). The cross section of concrete has the 
beam shape above the neutral axis; below it, no concrete is shown. Steel, of 
course, can resist tension, so it is shown as the transformed concrete area. For 
confutation purposes, the steel is located by a single dimension from the neutral 
axis to its centroid. There is a negligible difference between this distance and the 
true distances to the various steel fibers. 

So far, the idea of the neutral axis has been used, but its location is unknown. 
However, it is known that this axis coincides with the axis through the centroid 
of the transformed section. It is further known that the fust (or statical) moment 
of the area on one side of a centroidal axis is equal to the first moment of the 
area on the other side. Thus, let kd be the distance from the top of the beam to 
the centroidal axis, as shown in Fig. 6-22(c), where k is an unknown ratio, 15 and 
dis the distance from the top of the beam to the center of the steel. An algebraic 
restatement of the foregoing locates the neutral axis, about which I is computed 
and stresses are determined as in the preceding example. 

10 {kd) {kd/ 2) = 30 (20 - kd) 


5{kd) 2 = 600 - 30 {kd) 
{kd) 2 + 6 {kd) - 120 = 0 


20 - kd = 11.64 in 


/ = 1Q( ^ 36)3 + 10(8.36) + 0 + 30(11.64)* = 6020 i 


Me 50,000 x 12 x 8.36 

: — = — 1 --= 833 ps 

/ 6020 F 
Me 15 x 50,000 x 12 x 11.64 


is given to concrete for resisting tension. On the basis of this assumption, concrete 


Alternate Solution 




jQi' j Two #9 bars 



niicr Ku 15 ueicuuiucu, hiaicau ui ouiupuirng i , a piuwi-uiiik. l.viul.ul iiuni i ig. u- 

22(d) may be used. The resultant force developed by the stresses acting in a 
“hydrostatic” manner on the compression side of the beam must be located kdl 
3 below the top of the beam. Moreover, if b is the width of the beam, this resultant 
force C = i{<r c ) max b{kd) (average stress times area). The resultant tensile force 

area of the steel. Then, if jd is the distance between T and C, and since T - C, 
the applied moment M is resisted by a couple equal to Tjd or Cjd. 

14 Actually, it is used to resist shear and provide fireproofing for the sled. 

15 This conforms with the usual notation used in books on reinforced concrete. 
In this text, h is generally used to represent the height or depth of the beam. 


Fig. 6-22 








306 


Pure Bending and Bending with Axial Forces 


.id = d - kdl 3 = 20 - (8.36/3) = 17.21 in 
M - Cjd - ~b(kd)(u- c ) m „(Jd) 

2M 2 X 50,000 X 12 „„ . 

b{kd){jd) " 10 X 8.36 x 17.21 “ 833 pS1 
M ~ Tjd - A s a s jd 


M 

AAjd) 


50,000 x 12 
2 x 17.21 


17,400 psi 


Both methods rt&turidly ^ive the smne nosv/sr T'he second method is moie 
convenient in practical applications. Since steel and concrete have different al¬ 
lowable stresses, the beam is said to have balanced reinforcement when it is 
designed so that the respective stresses are at their allowable level simultaneously. 
Nuie that the beam shown would become virtually worthless if the bending mo¬ 
ments were applied in the opposite direction. 


A* 1 6 <c n y-v_i r»_ 

' - IB-7, v^uiveu DUia 

The flexure theory for curved bars is developed in this section. Attention 
is confined to bars having an axis of symmetry of the cross section, with 
this axis lying in one plane along the length of the bar. Only the elastic 
case ts treated, 17 with the usual proviso that the elastic modulus is the 
same in tension and compression. 

Consider a curved member such as shown in Figs. 6-23(a) and (b). The 
outer fibers are at a distance of r 0 from the center of curvature O. The 
inner fibers are at a distance of r { . The distance from O to the centroidal 
axis is r. The solution" 5 of this problem is again based on the familiar 
assumption: Sections perpendicular to the axis of the beam remain plane 
after a bending moment M is applied. This is diagrammatically represented 
hv the line s ^ in relation to an element of the beam abed The element 
is defined by the central angle <j>. 

Although the basic deformation assumption is the same as for straight 
beams, and, from Hooke’s law, the normal stress <x = Ec, a difficulty is 
encountered. The initial length of a beam fiber such as gh depends upon 
the distance r from the center of curvature. Thus, although the total de¬ 
formation of beam fibers (described by the small angle d§) follows a linear 
law, strains do not. The elongation of a generic fiber gh is (R r ) d<$>, 
where R is the distance from O to the neutral surface (not yet known), 

10 Study of this section is optional. 

17 For plastic analysis of curved bars, see, for example, II. D. Conway, “Elas¬ 
tic-Plastic Bending of Curved Bars of Constant and Variable Thickness,” J. Appl. 
Mech. 27/4 (December 1960): 733-734. 

18 This approximate solution was developed by E. Winkler in 1858. The exact 
solution of the same problem b v the methods of the mathematical theop' of elas¬ 
ticity is due to M. Golovin, who solved it in 1881. 
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e b 



(a) 

Fig. 6-23 Curved bar in pure bending. 


and its initial length is r<b. The strain e of any arbitrary fiber is (R - ,■) 
(d<t>)/r<t>, and the normal stress cr on an element dA of the cross-sectional 
area is 


(7 = Et 


E (R~r)d$ 


(6-29a) 


For future use, note also that 


or _ E d§ 
R — v 4> 


(6-29b) 


Equation 6-29a gives the normal stress acting on an element of area of 
the cross section of a curved beam. The location of the neutral axis follows 
from the condition that the summation of the forces acting perpendicular 
to the section must be equal to zero, i.e., 


2 F„ = 0 f a dA = f E(Jt r) ‘ /4 ‘ dA = 0 
Ja Ja r 4 ) 

However, since E, R, 4>, and are constant at any one section of a 
stressed bar, they may be taken outside the integral sign and a solution 
for R obtained. Thus: 


E di> r R - r , E d6 ( f dA 

a - dA = * ~ 

cp ja r q> \ Ja r 


£ <za) = 0 
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where A is the cross-sectional area of the beam, and R locates the neutral 
axis. Note that the neutral axis so found does not coincide with the cen- 
troidal axis. This differs from the situation found to be true for straight 
elastic beams. 

Now that the location of the neutral axis is known, the equation for the 
stress uistriuution is ouiaincu uy equating tne external moment to the 
internal resisting moment built up by the stresses given by Eq. 6-29a. 
The summation of moments is made around the z axis, which is normal 
to the plane of the figure at O in Fig. 6-23(a). 

2 M z = 0 M = f cr dA (_R - r) = f m ~ ^ ^ dA 
Ja Ja rq) 

Again, remembering that E, R, 4), and are constant at a section, using 
Eq. 6-29b, and performing the algebraic steps indicated, the following is 
obtained: 


M = ^ f ^^~dA = f 

4 ) Ja r R — r Ja r 

or f R 2 - Rr - Rr + r 2 , „ 

= —- I - dA 

R - r Ja r 


or /. r HA r r r \ 

w^- r [ R ‘hT- R L dA - R .L dA + l rdA ) 


Here, since R is a constant, the first two integrals vanish as may be seen 
from the expression in parentheses appearing just before Eq. 6-30. The 
third integral is A, and the last integral, by definition, is FA where r is 
the radius of the centroidal axis. Hence, 


M = ~^—{rA - RA) 

R - r 

from where the normal stress acting on a curved beam at a distance r 
from the center of curvature is 


(6-31) 


If positive y is measured toward the center of curvature from the neutral 
axis, and r - R = e, Eq. 6-31 may be written in a form that more closely 
resembles the flexure formula for straight beams: 
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My 

Ae(R ~ y) 


(6-32) 


These equations indicate that the stress distribution in a curved bar 
follows a hyperbolic pattern. A comparison of this result with the one 
that follows from the formula for straight bars is shown in Fig. 6-23(c). 
Note particularly that in the curved bar, the neutral axis is pulled toward 
the center of the curvature of the beam. This results from the higher 
stresses developed below the neutral axis. The theory developed applies, 
of course, only to elastic stress distribution and only to beams in pure 
bending. For a consideration of situations where an axial force is also 
present at a section, see Section 6-12. 


EXAMPLE 6-10 

Compare stresses in a 50 by 50 mm rectangular bar subjected to end moments of 
2083 N-m in three special cases: (a) straight beam, (b) beam curved to a radius 
of 250 mm along the centroidal axis, i.e., r — 250 mm, Fig. 6-24(a), and (c) beam 
curved to r - 75 mm. 

Solution 

(a) This follows directly by applying Eqs. 6-21 and 6-22. 


S = bh 2 l€ = 50 x 50 2 /6 = 20.83 x 10 3 mm 3 
M 2083 x 10 3 

= — = - - — ±100 MPa 

S 20.83 x 10 3 


This result is shown in Fig. 6-24(c). f = “ since a straight bar has an infinite 
radius of curvature. 

To solve parts ( b ) and (c) the neutral axis must be located first. This is found 
in general terms by integrating Eq. 6-30. For the rectangular section, the ele¬ 
mentary area is taken as b dr. Fig. 6-24(b). The integration is carried out between 
the limits and r a , the inner and outer radii, respectively. 
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A _ hh _ h 

dAir b drlr drlr 

h _ h _ h_ 

| In r \% In (rjri) 2.3026 log (r 0 ln) 


(6-33) 


where h is the depth of the section, In is the natural logarithm, and log is a log¬ 
arithm with a base of 10 (common logarithm). 

(b) For this case, h — 50 mm, r = 250 mm, r,- = 225 mm, and r 0 = 275 mm. The 
solution is obtained by evaluating Eqs. 6-33 and 6-31. Subscript i refers to the 
normal stress a of the inside fibers; o of the outside fibers. 


: 1 —= 249.164 mm 
In (275/225) 

= - ?4Q tfta = n sat r 


M(R - n) _ 2083 x 10 3 x (249.164 - 225) 
Mr - R)~ 225 x 50 2 x 0.836 


= 107 MPa 


M(R - r 0 ) 2083 x IQ 3 x (249.164 - 275) 

r 0 A(r - R)~ 275 x 50 2 x 0.836 


= -93.6 MPa 


the negative sign of <j 0 indicates a compressive stress, these quantities and 
the corresponding stress distribution arc shown in Fig. 6-24(c); f = 250 mm. 

(c) This case is computed in the same way. Here h = 50 mm, r = 75 mm, r,- = 
50 mm, and r Q = 100. Results of the computation as shown in Fig. 6-24(c). 


50 

: In (100/50) : 


2083 x 10 3 x (72.13 - 50) 
07 ~ 50 x 50 2 x 2.87 

_ 2083 x 10 3 x (72.13 - 100) 
°° ~ 100 x 50 2 x 2.87 


Several important conclusions, generally true, may be reached from 
this example. First, the usual flexure formula is reasonably good for 
beams of considerable curvature. Only 7 percent error in the maximum 
stress occurs in part (b) for r/h = 5, an error tolerable for most appli¬ 
cations. For greater ratios of r/h, this error diminishes. As the curvature 
of the beam increases, the stress on the concave side rapidly increases 
over the one given by the usual flexure formula, When f!h = 1.5, a 28 
percent error occurs. Second, the evaluation of the integral for R over 
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♦he cross-sectional area may become very complex. Finally, calculations 
of i? must be very accurate since differences between R and numerically 
comparable quantities are used in the stress formula. 

The last two difficulties prompted the development of other methods 
of solution. One such method consists of expanding certain terms of the 
solution into a senes, 19 another of building up a solution on the basis of 
a special transformed section. Yet another approach consists of working 
“in reverse.” Curved beams of various cross sections, curvatures, and 
applied moments are analyzed for stress; then these quantities are divided 
by a flexural stress that would exist for the same beam if it were straight . 
These ratios are then tabulated. 20 Hence, conversely, if stress in a curved 
beam is wanted, it is given as 


(6-34) 


where the coefficient K is obtained from a table or a graph and Mcll is 
computed as in the usual flexure formula. 

An expression for the distance from the center of curvature to the neu¬ 
tral axis of a curved beam of circular cross-sectional area is now given 
for future reference: 



where r is the distance from the center of curvature to the centroid, and 
c is the radius of the circular cross-sectional area. 


6-10. Inelastic Bending of Beams 

For reasons of economy, it is becoming increasingly important to deter¬ 
mine member strengths beyond the elastic limit. In this section the in¬ 
elastic bending of beams in the post elastic rage of material behavior is 
considered. The discussion is limited to pure bending of beams around 
an axis «er n endicular to the axis of symmetry of the beam cross section. 

The elastic bending theory for beams can be readily extended to in¬ 
elastic bending by introducing an uniaxial nonlinear stress-strain relation¬ 
ship for the material. The basic requirements of statics and kinematics of 
deformation remain the same as for the elastic case. 

To illustrate the analysis procedure consider a beam having a cross 
section such as shown in Fig. 6-25(a). By assuming as before that plane 

19 S. Timoshenko, Strength of Materials, 3rd ed., Part I (Princeton, NJ: Van 
Nostrand, 1955), 369 and 373. 

20 R.. J. Roark and W. C. Young, Formulas for Stress and Strain . 5rh ed. (New 
York: McGraw-Hill, 1975'). 
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(□} Bending stresses (e) 

Fig. 6-25 Inelastic bending of beam. 


sections remain plane after deformation, the longitudinal normal strains 
vary linearly as in Fig. 6-25(b). For the several selected strains ej, t 2 , 

. . . , £5 in this diagram, the correponding stresses 0 - 1 , 02 , . . . , 05 are 
defined on the given stress-strain diagram in Fig. 6-25(c). A plot of these 
stresses along a section establishes a possible stress distribution in the 
beam along the curved line AS as illustrated in Fi**. 6-25(d). (Except for 
vertical scale, this line precisely corresponds to the curved line in the 
stress-strain diagram.) These stresses, acting on the corresponding area 
of the cross section, develop a compressive force C above the neutral 
axis, and a tensile force T below it. When T = C, a correct location of 
the neutral axis is found. This condition is equivalent to the statement 
that at a section 

j A <j dA = 0 (6-36) 


where a is the normal bending stress acting on a section. 
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Finding the location of the neutral axis such that T - C mav require 
a trial-and-error process, although direct procedures have been devised 
for some cross sections . 21 After the neutral axis is correctly located, the 
resisting bending moment M z at the same section is known to be C(a + 
b) or T(a + b), see Fig. 6-25(d). Alternatively, in the form of a general 
equation, 

M z =-jaydA (6-37) 

The problem is greatly simplified if the beam cross section is symmetric 
around the horizontal axis and material properties are the same in tension 
and compression. For these conditions it is known a priori that the neutral 
axis passes through the centroid of the section, and Eq. 6-37 can be di¬ 
rectly applied. The behavior of such a beam in bending is shown quali¬ 
tative!" in Fig. 6-26. A sequence of progressively increasing strains as¬ 
sociated with plane sections is shown in Fig. 6-26(b). These maximum 
strains define the maximum stresses in the outer fibers of the beam, Fig. 
6-26(c), resulting in progressively increasing bending stresses. 

As can be seen from Figs. 6-26(a) and (c), the maximum attainable stress 
is 0 - 3 . The instantaneous stress distribution in the beam associated with 
<x 3 , for this brittle material, is given by the curved line AS in Fig. 6-26(c). 
However, in routine experiments the nominal stress in the extreme fibers 
is often computed by applying the elastic flexure formula, Eq. 6-13, using 
the experimentally determined ultimate bending moment. The stress so 

21 A. Nadai, Theory of Flow and Fracture of Solids, vol. I (New York: McGraw- 
Hill, 1950), 356. 
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(ai ib) (o) 


Fig. 6-27 Elastic-plastic beam at large levels of straining. 

found is called the rupture modulus of the material in bending. This stress 
is associated with the line CD in Fig. 6-26(c) and is larger than the stress 
actually attained. 

The clastic perfectly plastic idealization [Fig. 2-13(b)], for reasons of 
simplicity, is very frequently used for beams of ductile materials in de¬ 
termining their behavior in bending, and as an important example of in¬ 
elastic bending, consider a rectangular beam of elastic-plastic material; 
see Fig. 6-27. In such an idealization of material behavior, a sharp sep¬ 
aration of the member into distinct elastic and plastic zones is possible. 
For example, if the strain in the extreme fibers is double that at the be¬ 
ginning of yielding, only the middle half of the beam remains elastic; see 
Fig. 6-27(a). In this case, the outer quarters of the beam yield. The mag¬ 
nitude of moment M\ corresponding to this condition can be readily com¬ 
puted (see Example 6-13). At higher strains, the elastic zone, or core, 
diminishes. Stress distribution corresponding to this situation is shown 
in Figs. 6-27(b) and (c). 


EXAMPLE 6-11 

Determine the ultimate plastic capacity in flexure of a mild steel beam of rectan¬ 
gular cross section. Consider the material to be ideally elastic-plastic. 

Solution 

The idealized stress-strain diagram is shown in Fig. 6-28(a). It is assumed that 
the material has the same properties in tension and compression. The strains that 
can take place in steel during yielding are much greater than the maximum elastic 
strain (15 to 20 times the latter quantity). Since unacceptably large deformations 
of a beam would occur at larger strains, the plastic moment may be taken as the 
ultimate moment. 

The stress distribution shown in Fig. 6-28(b) applies after a large amount of 
deformation takes place. In computing the resisting moment, the stresses cor¬ 
responding to triangular areas abc and bde may be neglected without unduly 
impairing the accuracy. They contribute little resistance to the applied bending 
moment because of their short moment arms. Hence, the idealization of the stress 
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distribution to that shown in Fig. 6-28(c) is permissible and has a simple physical 
meaning. The whole upper half of the beam is subjected to a uniform compressive 
stress -oy p , whereas the lower half is all under a uniform tension o-yp. That the 
beam is divided evenly into a tension and a compression zone follows from sym¬ 
metry. Numerically, 

C = T = <? yp (bh/2) i.e., stress x area 

Each one of these forces acts at a distance hi 4 from the neutral axis. Hence, 
the plastic, or ultimate resisting, moment of the beam is 

.,(h h\ bh 2 
M p — M u[t = c ^4 + 4 j *“ 

where b is the breadth of the beam, and h is its height. 

The same solution may be obtained by directly applying Eqs. 6-36 and 6-37. 
Noting the sign of stresses, one can conclude that Eq. 6-36 is satisfied by taking 
the neutral axis through the middle of the beam. By taking dA = h dy and noting 
the symmetry around the neutral axis, one changes Eq. 6-37 to 

rh/2. 

Mp = M u[t = -2 J o (-cryp )yb dy = a yp bh z /4 (6-38) 

The resisting bending moment of a beam of rectangular section when the outer 
fibers just reach o-yp, as given by the elastic flexure formula, is 

M yp - Uypllc = (j yp (bh 2 !6) therefore, M p /M yp = 1.50 

The ratio Mp/Myp depends only on the cross-sectional properties of a member 
and is called the shape factor. The shape factor just given for the rectangular 
beam shows that M VD may be exceeded by 50 percent before the ultimate plastic 
capacity of a rectangular beam is reached. 

For static loads such as occur in buildings, ultimate capacities can be approx¬ 
imately determined using plastic moments. The procedures based on such con¬ 
cepts are referred to as the plastic method of analysis or design. For such work, 
plastic section modulus Z is defined as follows: 
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For the rectangular beam just analyzed, Z = bh 2 /4. 

The Steel Construction Manual 22 provides a table of plastic section moduli for 
many common steel shapes. An abridged list of these moduli for steel sections 
is given in Table 9 of the Appendix. For a given M p and tr yp the solution of Eq 
6-39 for Z is very simple. 

The method of limit or plastic analysis is unacceptable in machine design in 
situations where fatigue properties of the material are important. 


EXAMPLE 6-12 

Find the residual stresses in a rectangular beam upon removal of the ultimate 
plastic bending moment. 

Solution 

The stress distribution associated with an ultimate plastic moment is shown in 
Fig. 6-29(a). The magnitude of this moment has been determined in the preceding 
example and is M p - Oypbh 2 l4. Upon release of this plastic moment M p , every 
fiber in the beam can rebound elastically. The material elastic range during the 
unloading is double that which could take place initially (see Fig. 2-13). Therefore, 
since M yp = <j yp bh 2 i6 and the moment being released is cr yp (Wi 2 /4) or 
the maximum stress calculated on the basis of elastic action is §a yp , as shown in 
Fig. 6-29(b). Superimposing.the initial stresses at M p with the elastic rebound 
stresses due to the release of M p , one finds the residual stresses; see Fig'. 6-29(c). 
Both tensile and compressive longitudinal residual stresses remain in the beam. 
The Lensile zones are colored in the figure. If such a beam were machined by 
gradually reducing its depth, the release of the residual stresses would cause 
undesirable deformations of the bar. 

22 American Institute of Steel Construction, AJSC Steel Construction Manual, 
9th ed. (Chicago: AISC, 1989). 
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(a) (b) tc) 


Fig. 6-30 Elastic-plastic cantilever beam. 


EXAMPLE 6-13 

Determine the moment resisting capacity of an elastic-plastic rectangular beam. 

Solution 

To make the problem more definite, consider a cantilever loaded as shown in Fig. 
6-30(a). If the beam is made of ideal clastic-plastic material and the applied force 
P is large enough to cause yielding, plastic zones will be formed (shown shaded 
in the figure). At an arbitrary section a-a, the corresponding stress distribution 
will be as shown in Fig. 6-30(c). The elastic zone extends over the depth of 2 y Q . 
Noting that within the elastic zone the stresses vary linearly and that everywhere 
in the plastic zone the longitudinal stress is cr yp , the resisting moment M is 

m =- 2 r dy)y - 2 rr ^ (mo 

bh 2 byl ,, byl 

— Oyp - ^ - - °yp ^ ~ lVip CTyp 3 


where the last simplification is done in accordance with Eq. 6-38. In this general 
equation, if y„ = 0, the moment capacity becomes equal to the ultimate plastic 
moment. However if” ~ hJ.1 , the moment reverts to the limiting elastic case, 
where M = <r yp bh 2 /6. When the applied bending moment along the span is known, 
the elastic-plastic boundary can be determined by solving Eq. 6-40 for y 0 . As long 
as an elastic zone or core remains, the plastic deformations cannot progress with¬ 
out a limi t. This is a case of contained plastic flow. 

After the applied force P is released, along the length of the beam where plastic 
deformations occurred, residual stresses will remain. A typical residual stress 
distribution for this region is shown in Fig. 6-31. This is a more realistic stress 




distribution pattern than the one shown in Fig. 6-29(c), where the idealization of 

sharply dividing the tension and compression zones in the beam at the neutral <a) 

axis in realitv is imnossihle to attain. That pattern of stress distribution represents Fig. 6-31 Residual stress 


the limiting case of the stress distribution pattern given in Fig. 6-31. Many inelastic distribution in the beam. 
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materials tend to have a stress-strain relationship such as shown in Fig. 6-2S' a ' 
The residual stress pattern for such materials would resemble the stress difference 
between curved line AB and straight line CD of Fig. 6-26(c). 


Part i UNSYMMETRIC BENDING AND BENDING 

WITH AXIAL LOADS 


EXAMPLE 6-14 

Determine the plastic moment strength for the reinforced concrete beam in Ex¬ 
ample 6-9. Assume that the steel reinforcement yields at 40,000 psi and that the 
ultimate strength of concrete f' = 2500 ne >. 


When the reinforcing steel begins to yield, large deformations commence. This 
is taken to be the ultimate capacity of steel; hence, T 11 i, = 

At the ultimate or plastic moment, experimental evidence indicates that the 
compressive stresses in concrete can be approximated by the rectangular stress 
block shown in Fig. 6-32. 23 It is customary to assume the average stress in this 
compressive stress block to be 0.85/^. On this basis, keeping in mind that 7" ul , 
= Cun, one has 

T u u = oypA* = 40,000 x 2 = 80,000 lb - C ult 

,, , C ult 80,000 

k d — -: — — - = 3 .77 in 

0.85 f' c b 0.85 x 2,500 x 10 

M uit = T ull (d - k'dfl) = 80,000(20 - 3.77/2)/12 = 121,000 ft-lb 

23 For further details, see P. M. Ferguson, J. E. Breen, and J. O. Jirsa, Rein 
forced Concrete Fundamentals, 5th ed. (New York: Wiley, 1988), or R. Park and 
T. Paulay, Reinforced Concrete Structures (New York: Wiley, 1975). 
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As a simple example of skew or unsymmetrical pure bending, consider 
the rectangular beam shown in Fig. 6-33. The applied moments M act in 
the plane abed. By using the vector representation for M shown in Fig. 
6 . 33 (b), this vector forms an angle a with the z axis and can be resolved 
into the two components, M y and M z . Since the cross section of this beam 
has symmetry about both axes, the formulas derived in Section 6-3 are 
directly applicable. Because of symmetry, the product of inertia for this 
section is zero, and the orthogonal axes shown are the principal axes for 
the cross section. This also holds true for the centroidal axes of singly 
symmetric areas. (For details see Sections 6-15 and 6-16.) 

By assuming elastic behavior of the material, a superposition of the 
stresses caused by M y and M z is the solution to the problem. Hence, using 
Eqs. 6-11 and 6-12, 

a, = ^ (6-41) 


where all terms have the previously defined meanings. 

24 Some readers may pr efer to study Section 6-14 fu st, and then consider this 
section as a snecial case. 
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Fig. 6-33 Unsymmetrical bending of a beam with doubly symmetric cross section. 
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A graphical illustration of superposition is given in Fig. 6-34. Note that 
a line of zero stress, i.e., a neutral axis, forms at an angle (3 with the z 
axis. Analytically, such an axis can be determined by setting the stress 
given by Eq. 6-41 to zero, i.e., 


_i^ + ^ = 0 or tan(j = z = ^ 


Since, in general, M y = M sin a and M z — M cos ct, this equation reduces 
to 


tan ft — 




Iy 


(6-43) 



This equation shows that unless I z = I y , or a is either 0° or 90°, the 
angles a and (3 are not equal. Therefore, in general, the neutral axis and 
the normal to a plane in which the applied moment acts do not coincide, 
The results just given can be generalized to apply to beams having cross 
sections of any shape provided the principal axes are employed. To justify 
this statement, consider a beam with the arbitrary cross section shown 
in Fig. 6-35. Let such an elastic beam be bent about the principal z axis 
and assume that the stiess distribution is given as <j x ~ —M z yil z , Eq. 6- 
11. If this stress distribution causes no bending moment M y around the 
y axis, this is the correct solution of the problem. Forming such an expres¬ 
sion gives 

M - = L-f yzM ^ -f L yzdA = ° 


(6-44) 
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Solution 

The maximum bending in the plane of the applied load occurs at midspan, and 
according to Example 5 8, it is equal to w a L 2 /% or WL/ 8, where W is the total 
load on span L, Hence, 


Next, this moment is resolved into components acting around the respective axes, 
and I and / are calculated 

M z - M cos a = 1.5 x V3/2 - 1.3 kN-m 
M y = M sin a - 1.5 x 0.5 - 0.75 kN-m 
u = 100 x 150 3 /12 - 28.1 x 10 6 mm 4 
I y = 150 x 10G 3 /12 = 12.5 x 10 6 mm 4 

By considering the sense of the moment components, it can be concluded that 


ering the other corner points. Alternatively, the values for the coordinate points 
can be substituted directly into Eq. 6-41. On either basis, 


M z (-C l) MyCj 

lz iy 


1.3 x 10 c x 75 0.75 x 10 c x 50 

- — - —— + -;-—- 

28.1 x 10° 12.5 x 10° 


+ 3.47 + 3.00 = +6.47 MPa 
+ 3.47 - 3.00 =• +0.47 MPa 
-3.47 - 3.00 = -6.47 MPa 


Note that the stress magnitudes on diametrically opposite corners are numerically 
equal. 

The neutral axis is located by the angle 3, using Eq. 6-43: 


j tan 30° =1.30 or 3 = 52.4° 


Alternatively, it can be found from the stress distribution, which varies linearly 
between any two points. For example, from similar triangles, a/(150 - a) = 
U.47/6.47, giving a = 10.2 mm. This locates the neutral axis shown in Fig. 6-36(e) 
as it must pass through the section centroid. These results lead to the same p. 


‘EXAMPLE 6*16 

Determine the maximum tensile and compressive stresses caused by a bending 
rnrt ment of 10 kN-m acting around the horizontal axis for the an°le shown in mm 
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Solution 

It is incorrect to solve this problem using the y and z coordinates shown with the 
flexure formulas developed so far in the text. The solution can be obtained, how¬ 
ever, using the principal axes for the cross section. These are determined in 
Example 6-15, where it is found that the axes must be rotated counterclockwise 
through an angle 0! = 14.34° to locate such axes. For these principal axes, / max 
= / z . « 23.95 x 10 6 mm 4 and J mIn = I y ■ = 2.53 x 10 6 mm 4 . For these axes, 

M z < = +M cos 0! = 10 x 10 6 cos 14.34° = 9.689 x 10 6 N-mm 
My' = +M sin 01 = 10 x 10 6 sin 14.34° = 2.475 x 10 6 N-mm 

The highest stressed points on the cross section lie at points farthest from the 

T 1 — 1- r\ r»l „ D Jo V,, r T? o £ 43 H«nr= .icirwr 

iicuuai aAia. AU uiio ua 10, mv. h> &>"’'*■ “3 ■‘-'H- « *-• *»w..ww, -w»w 0 

the y' and z' coordinates, 

I II 05 y If) 6 

2 . 53 x 106 tan 14.34° -2.42 

and p r = 67.5°. Since this angle is measured from the z' axis, it forms an angle 
of 67.5° - 14.3° = 53.2° with the z axis. Note the large inclination of the neutral 
axis with respect to the z axis, which is much larger than 0j. 

Having established the neutral axis, by inspection of the sketch, it can be seen 
that the highest stressed point in compression is at B, whereas that in tension is 
at F. By locating these points in the y'z' coordinate system of the principal axes 
and applying Eq. 6-41, the required stresses are found. 

y' B — Zb sin 0 i + ye cos 0i = +4.3 sin0i + 125.7 cos 0j = 122.9 mm 
Zb ~ Zb cos 0i - y 5 sin0i = +4.3 cos 0i - 125.7 sin 0i = -26.95 mm 
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Ij Iy' 

9.689 x IQ 6 x 122.9 2.475 x 10 6 x (-26.95) 

23,95 x IQ 6 2.53 x 10 6 

= -76.1 MPa 


y'r = Zr sin 0i + y r cos 0! = 24.3 sin 0i - 74.3 cos 0! = -65.97 mm 
z'f = Zf cos 6i — yp sin 6i = 24.3 cos 9i 4- 74.3 sin 6; = +41.93 min 
M r y' F M y ' z'f 
ffF _ — + —— 

_ 9.689 x 10 s x (-65.97) 2.475 x 10 6 x 41.93 

23.95 x 10 6 + 2.53 x 10 6 

= +67.7 MPa 



Fig. 6*38 Lateral force 
through shear center S 
causes no torsion. 


When unsymmetrical bending of a beam is caused by applied transverse 
forces, another procedure equivalent to that just given is often more con¬ 
venient. The applied forces are first resolved into components tlial act 
parallel to the principal axes of the cross-sectional area Then the bending 
moments caused by these components around the respective axes are 
computed for use in the flexure formula. In Example 6-15, such com¬ 
ponents of the applied load are shown in Fig. 6-36(g). To avoid torsional 
stresses, the applied transverse forces must act through the shear center, 
a concept discussed in the next chapter. For bilaterally symmetrical sec¬ 
tions, e.g., a rectangle, a circle, an I beam, etc., the shear center coincides 
with the geometric center ( centroid ) of the cross section. For other cross 
sections, such as a channel, the shear center lies elsewhere, as at S shown 
in Fig. 6-38, and it is at this point that the transverse force must be applied 
to prevent occurrence of torsional stresses. Single angles acting as beams 
must be treated similarly (see Fig. 7-24). For analysis of unsymmetrical 
bending, the applied forces must be resolved at the shear center parallel 
to the principal axes of the cross section. 

6-12. Elastic Bending with Axial Loads 

A solution for pure bending around both principal axes of a member can 
be extended to include the effect of axial loads by employing superpo¬ 
sition. Such an approach is applicable only in the range of elastic behavior 
of members. Further, if an applied axial force causes compression, a 
member must be stocky, lest a buckling problem of the type considered 
in Chapter 11 arises. With these reservations, E n . 6-41 can be generalized 
to read 
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around the two principal y and z axes. 

For the particular case of an eccentrically applied axial force, consider 
the case shown in Fig. 6-39(a). By applying two equal but opposite forces 
P at centroid C, as shown in Fig. 6-39(b), an equivalent problem is ob¬ 
tained. In this formulation, the applied axial force P acting at C gives rise 
to the term P/A in Eq. 6-45; whereas a couple Pd developed by Lhe op¬ 
posed forces P a distance d apart causes unsymmetrical bending. The 
moment Pd applied by this couple can be resolved into two components 
along the principal axes, as shown in Fig. 6-39(c). These components are 
M y = Pzo and M z = Py 0 . Since the sense of these moments coincides 
with the positive directions of the y and z axes, these moments in Eq. 6- 
45 are positive. 

Provided the principal axes are used, Eq. 6-45 can be applied to mem¬ 
bers of any cross section. In some instances, however, it may be more 
advantageous to use an arbitrary set of orthogonal axes and to determine 
the bending stresses using Eq. 6-64 given in Section 6-14. To complete a 
solution, the normal stress caused by axial force must be superposed. 

It is instructive to note that in calculus, the equation of a plane is given 
as 

Ax + By + Cz + D = 0 

where A, B, C, and Dare constants. By setting A = \,x - o>, B = M z /I z , 
C = -My/Iy, and D = -P/A, it can be recognized that Eq. 6-45 defines 
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a nJane. Simiiary, since r. = rrlF.. F.n. 6-45 can he recast in terms nf strair 
to read 

e x = x = - (by + cz + d) (6-47) 

where a — i, and b, c, and a are constants. Since this equation aiso 
defines a plane, the basic strain assumption of the simplified engineering 
theory of flexure is verified. However, because of the presence of axial 
strain due to P, the “plane sections” not only rotate, but also translate 
an amount PlAE. 

Based on the above discussion, it can be concluded that the longitudinal 
strain magnitudes in members subjected to bending and axial forces can 
be represented by distances from a reference plane Lo an inclined plane. 
The same is true for elastic stresses. These inclined planes intersect the 
reference n !ane in a line. This line of zero stress or strain is analogous to 
the neutral axis occurring in pure bending. Unlike the former case, how¬ 
ever, when P # 0, this line does not pass through the centroid of a section. 
For large axial forces and small bending moments, the line of zero stress 
or strain may lie outside a cross section. The significance of this line is 
that the normal stresses or strains vary from it linearly. 

It should be noted that in many instances, the bending moment in a 
member is caused by transverse forces rather than by an eccentrically 
applied axial force such as illustrated in Fig. 6-39. In such cases, Eq. 6- 
45 remains applicable. 

Several illustrative examples follow, beginning with situations where 
bending takes place only around one of the principal axes. 


EXAMPLE 6-19 

A 50 by 75 mm, 1.5 m long elastic bar of negligible weight is loaded as shown in 
mm in Fig. 6-40(a). Determine the maximum tensile and compressive stresses 
acting normal to the section through the beam. 

Solution 

To emphasize the method of superposition, this problem is solved by dividing it 
into two parts. In Fig. 6-40(b), the bar is shown subjected only to the axial force, 
and in Fig. 6-40(c) the same bar is shown subjected only to the transverse force. 
For the axial force, the normal stress throughout the length of the bar is 

P 25 x 10 3 

o- = — = = 6.67 MPa (tension) 

This result is indicated in Fig. 6-40(d). The normal stresses due to the transverse 
force depend on the magnitude of the bending moment, and the maximum bending 
moment occurs at the applied force. As the left reaction is 2.7 kN, M ma * = 2.7 
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3.6 kN 



(a) 



-21.6 MPa 14.9 MPa 



+6.6/MPa +2 i.6 MPa +28.3 Mrs 


(d) (e) (f) Fig. 6-40 

x 10 3 x 375 = 1.013 x 10 6 N-mm. From the flexure formula, the maximum 
stresses at the extreme fibers caused by this moment are 


Me _6M_ 6 x 1.013 x IQ 6 
/ “ bh 2 ~ 50 x 75 2 


±21.6 MPa 


These stresses act normal to the section of the beam and decrease linearly toward 
the neutral axis as in Fig. 6-40(e). Then, to obtain the compound stress for any 
particular element, bending stresses must be added algebraically to the direct 
tensile stress. Thus, as may be seen from Fig. 6-40(f). at point A. the resultant 
normal stress is 14.9 MPa compression, and at B, it is 28.3 MPa Tension. Side 
views of the stress vectors as commonly drawn are shown in the figure. 

Although in this problem, the given axial force is larger than the transverse 
force, bending causes higher stresses. However, the reader is cautioned not to 
regard slender compression members in the same light. 

Note that in the final result, the line of zero stress, which is located at the 
centroid of the section for flexure, moves upward. Also note that the local 
stresses, caused by the concentrated force, which act normal to the top surface 
of the beam, were not considered. Generally, these stresses are treated indepen¬ 
dently as local bearing stresses. 

The stress distribution shown in Fig. 6-40(f) would change if instead of the axial 
tensile forces applied at the ends, compressive forces of the same magnitude were 
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acting nn the member. The maximum tensile stress would he reduced to 14.9 
from 28.3 MPa, which would be desirable in a beam made of a material weak in 
tension and carrying a transverse load. This idea is utilized in prestressed con¬ 
struction. Tendons made of high-strength steel rods or cable passing through a 
beam with anchorages at the ends are used to precompress concrete beams. Such 
artificially applied forces inhibit the development of tensile stresses. Prestressin" 
also has been used in racing-car frames. 


“EXAMPLE 6-18 

A 50 by 50 mm elastic bar bent into a U shape, as in Fig. 6-41(a), is acted upon 
by two opposing forces P of 8.33 kN each. Determine the maximum normal stress 
occurring at section A-B. 

Solution 

The section to be investigated is in the curved region of the bar, but this makes 
no essential difference in the procedure. First, a segment of the bar is taken as 
a free-body, as shown in Fig. 6-41(b). At section A-B, the axial force, applied at 
the centroid of the section, and the bending moment necessary to maintain equi¬ 
librium are determined. Then, each element of the force system is considered 
separately. The stress caused by the axial forces is 

P 8.33 x 10 3 

a = — = -— = J .33 MPa (compression) 

A 5U X DU 


and is shown in the first diagram of Fig. 6-41(c). The normal stresses caused by 
the bending moment may be obtained by using Eq. 6-31. However, for this bar, 
b en t t 0 a 75-mm radius the solution is alread” known from Example 6-10. The 
stress distribution corresponding to this case is shown in the second diagram of 
Fig. 6-41(c). By superposing the results of these two solutions, the compound 
stress' distribution is obtained. This is shown in the third diagram of Fig. 6-41(c). 
The maximum compressive stress occurs at A and is 131 MPa. An isolated element 
for point A is shown in Fig. 6-41(d). Shear stresses are absent at section A-B as 



rh 


\ V \ 2083 N-n 


128 MPa 131 MHa 

'^rP 7 17 

^33 ~ i 

80.9 MPa 77.6 MPa 


131 MPa I- 1 131 II 


Fig. 6-41 
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n0 shear force is necessary to maintain equilibrium of the segment shown in Fig. 

6.41(b). The relative insignificance of the stress caused by the axial force is strik¬ 
ing- 


Problems similar to the above commonly occur in machine design. 
Hooks, C clamps, frames of punch presses, etc. illustrate the variety of 
situations to which the foregoing methods of analysis must be applied. 


EXAMPLE 6-19 


(a) 



Consider a tapered block having a rectangular cross section at the base, as shown 
in Figs. 6-42(a) and (b). Determine the maximum eccentricity e such that the stress 
at B caused by the applied force P is zero. 


KIJm- 


Solution 

pressive force P and a moment Pe at the base having the senses shown. The stress 
caused by the axial force is cr = -P/A - -P/bh, whereas the largest tensile 
stress caused by bending is cr ma * = Mc/l - M/S = 6Pelbh 2 , where bh 2 /6 is the 
elastic section modulus of the rectangular cross section. To satisfy the condition 
fnr having stress at B e n ua! to zero it follows that 


v B 


bh 


6 Pe 
bh 2 


= 0 


or 


e 


h 

e 


which means that if force P is applied at a distance of h/6 from the centroidal 
axis of the cross section, the.stress at B is just zero. Stress distributions across 
the base corresponding, respectively, to the axial force and bending moment are 
shown in Figs. 6-42(c) and (d), and their algebraic sum in Fig. 6-42(e). 



Fig. 6-42 Location of force P 
causing zero stress at B. 


In the above problem, if force P were applied closer to the centroid of 
the section a smaller bendin" moment would be developed at section A— 
B, and there would be some compression stress at fi. The same argument 
may be repeated for the force acting to the right of the centroidal axis. 
Hence, a practical rule, much used by the early designers of masonry 
structures, may be formulated thus: if the resultant of all vertical forces 
acts within the middle third of the rectangular cross section, there is no 
tension in the material ut that section. It is understood that the resultant 
acts in a vertical plane containing one of the axes of symmetry of the 
rectangular cross-sectional area. 

The foregoing discussion may be generalized in order to apply to any 
planar system of forces acting on a member. The resultant of these forces 
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Fig. 6-43 Resultant causing 
no tension at B. 


may be made to intersect the plane of the cross section, as is shown h. 
Fig. 6-43. At the point of intersection of this resultant with the section, 
it may be resolved into horizontal and vertical components. If the vertical 
component of the resultant fulfills the conditions of the former problem, 
no tension will be developed at point B , as the horizontal component 


may be stated thus: there will be no tension at a section of a member of 
a rectangular cross section if the resultant of the forces above this section 
intersects one of the axes of symmetry of the section within the middle 
third. 


EXAMPLE 6-20 

Find the stress distribution at section ABCD for the block shown in mm in Fig. 
6-44(a) if P = 64 kN. At the same section, locate the line of zero stress. Neglect 
the weight of the block. 


Solution 

In this problem, it is somewhat simpler to recast Eq. 6-45 with the aid of Eq. 6- 
22, defining the elastic section modulus 5 = Ik as bh 2 /6. The normal stress at 



Fig. 6-44 
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any 7th comer of the block can be found directly from such a transformed equa¬ 
tion. This equation reads 


P M Z My 

A S z + Sy 


(6-48) 


where .S'- = hh 2 /6, and S y = hb 2 /6 . 

The forces acting on section ABCD, Fig. 6-44(c), are P = -64 x 10 3 N, M y 
- -64 x 10 3 x 150 = -9.6 x 10 6 N-mm, and M z = -64 x 10 3 x (75 + 75) 
s -9.6 x 10 6 N-mm. The cross-sectional area has the following properties: A 

icn v mo — as v m3 mm2 c — inn v icn2/c _ i v in6^, m 3 c 


= 150 x 300 2 /6 = 2.25 x 10 6 mm 3 . 


The normal stresses at the comers are found using Eq. 6-48, assigning signs 
for the stresses caused by moments by inspection. For example, from Fig. 6- 


44(c), it can be seen that due to M y , the stresses at comers A and D are com- 
pressive. Other cases are treated similarly. Using this approach, 


_ 64 x 10 3 _ 9.6 x 10 6 _ 9.6 x 10 6 
UA ~ 45 x I0 3 1.125 x 10 6 2.25 x 10 6 

= -1.42 - 8.53 - 4.27 = -14.2 MPa 

<T B = -1.42 - 8.53 + 4.27 = -5.7 MPa 

tr c = “1-42 + 8.53 + 4.27 = +11.4 MPa 

or, = -1.42 + 8.53 - 4.27 = +2.8 MPa 


These stresses are shown in Fig. 6-44(d). The ends of these four stress vectors 
at A', B' , C\ and D' lie in the plane A'B'C'D'. The vertical distance between 
planes ABCD and A'B'C'D' defines the total stress at any point on the cross 
section. The intersection of plane A'B'C'D' with plane ABCD locates the line of 
zero stress FE. 

By drawing a line B'C" parallel to BC, similar triangles C'B'C" and C'EC are 
obtained; thus, the distance CE = (11.4/(11.4 + 5.7)]150 = 100 mm. Similarly, 
distance AF is found to be 125 mm. Points E and F locate the line of zero stress. 
If the weight of the block is neglected, the stress distribution on any other section 
parallel to ABCD is the same. 


CAMIVirLC 0-^1 

Find the zone over which the vertical downward force P a may be applied to the 
rectangular weightless block shown in Fig. 6-45(a) without causing any tensile 
stresses at the section A-B. 

Solution 

The force P = —P a is placed at an arbitrary point in the first quadrant of the yz 
coordinate system shown. Then the same reasoning used in the preceding example 
shows that with this position of the force, the greatest tendency for a tensile stress 
exists at A. With P - —P 0) M z = +P a y, and M y = —P 0 z, setting the stress at 
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which is an cqu&tion of a straight lies It shows that when z. — 0, y = &/ 6 ; and 
when y = 0, z - hi 6 . Hence, this line may be represented by line CD in Fig. 6 - 
45(b). A vertical force may be applied to the block anywhere on this line and the 
stress at A will be zero. Similar lines may be established for the other three comers 
of the section; these are shown in Fig. 6-45(b). If fuice F is applied on any one 
of these lines or on any line parallel to such a line toward the centroid of the 
section, there will be no tensile stress at the corresponding comer. Hence, force 
P may be applied anywhere within the ruled area in Fig. 6-45(b) without causing 
tensile stress at any of the four comers or anywhere else. This zone of the cross- 
sectional area is called the kern of a section. By limiting the possible location of 
the force to theTines of symmetry of the rectangular cross section, the results 
found in this example verify the “middle-third” rule discussed in Example 6-19. 


EXAMPLE 6-22 

Consider a “weightless” rigid block resting on a linearly elastic foundation not 
capable of transmitting any tensile stresses, as shown in Fig. 6-46(a). Determine 
the stress distribution in the foundation when applied force P is so placed that a 
part of the block lifts off. 
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e^jn+ion 

Assume that only a portion AB of the foundation oflengtlu: and width b is effective 
in resisting applied force P. This corresponds to the colored area in Fig. 6-46(c). 
The stress along line B-B is zero by definition. Hence, the following equation for 
the stress at B may be written. 




where x/2 — k is the eccentricity of the applied force with respect to the ccntroidal 
of the shaded contact area, and hx 2 !6 is its section modulus. By solving for 
.t, it is found that x - 3k and the pressure distribution will be "triangular,” as 
shown in Fig. 6-46(b) (why?). As k decreases, the intensity of pressure on line 
A-A increases; when k is zero, the block becomes unstable. 

Problems such as this arise, for example, in the design of foundations for chim 
neys, as no tensile stresses can develop at the contact surface of a concrete pad 
with soil. Similar problems arise in foundations for heavy machinery. Similar 
reasoning can be applied where a number of forces are acting on a member and 
the contact area is of any shape. 


* 6 - 13 . Inelastic Bending with Axial Loads 

In Section 6-10, it is pointed out that the basic kinematic assumption that 
plane sections through a beam taken normal to its axis remain plane after 
a beam is bent remains valid even if the material behaves inelastically. 
Similary, plane sections perpendicular to a beam axis move along it par¬ 
allel to themselves when an inelastic member is loaded axially. For small 
deformations, the normal strains corresponding to these actions can be 
superposed. As a result of-such superposition, a plane defined by Eq. 6- 
47 can be formulated. Such general analysis of inelastic beams is rather 


to a planar case. 

The superposition of strains for a planar member simultaneously sub¬ 
jected to an axial force P and a bending moment M is shown schematically 
in Fig. 6-47. For clarity, the strains are greatly exaggerated. Superposition 
of strains due to P and M moves a plane section axially and rotates it as 
shown. If axial force P causes strain larger than any strain of opposite 
sign that is caused by M, the combined strains will not change their sign 
within a section. 

By supplementing these basic kinematic assumptions with the stress- 
strain relations and conditions of equilibrium, one can solve either elastic 
or inelastic problems. It is important to note, however, that superposition 



Fig. 6-46 Stresses between 
two contacting surfaces that 
do not transmit tensile 
forces. 


25 M. S. Aghbabian and E. P. Popov, “Unsymmetrical Bending of Rectangular 
Beams Beyond the Elastic Limit,” Proceedings, First U.S. National Congress 
of Applied Mechanics (Michigan: Edwards Bros., 1951), 579-584. 
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(a) Axial strain due to P 


(b) Bending strains due to M 

Fig. 6-47 Superposition of strains. 


(c) Combined strains due to P and M 


of stresses is applicable only in elastic problems where deformations are 
small. 

An example follows illustrating an elastic as well as an inelastic solution 
for a member simultaneously subjected to bending and axial forces. 





EXAMPLE 6-23 

Consider a rectangular elastic-plastic beam bent around the horizontal axis and 
simultaneously subjected to an axial tensile force. Determine the magnitudes of 
the axial forces and moments associated with the stress distributions shown in 
Figs. 6-48(a), (b), and (e). 


The stress distribution shown in Fig. 6-48(a) corresponds to the limiting elastic 
case, where the maximum stress is at the point of impending yielding. For this 
case, the stress-superposition approach can be used. Hence, 


Force P at yield can be defined as P v p = Ao-yp; from Eq. 6-21, the moment at 
yield is M yp = (//c)cr yp . Dividing Eq. 6-49 by <r yp and substituting the relations 
for P yp and M yp , after simplification, 


This establishes a relationship between P, and M i so that the maximum stress 
just equals cr yp . A plot of this equation corresponding to the case of impending 
yield is represented by a straight iine in Fig. 6-49. Piots of such relations are called 
interaction curves or diagrams. 


Fig. 6-48 Combined axial and bending stresses: (a) elastic stress distribution, (b) and (c) elastic-plastic stress 
distribution, and (e) and (f) fully plastic stress distribution. 

The stress distribution shown in Figs. 6-48(b) and (c) occurs after yielding has 
taken place in the lower quarter of the beam. With this stress distribution given, 
one can determine directly the magnitudes of P and M from the conditions of 
equilibrium. If on the other hand, P and M were given, since superposition does 
not apply, a cumbersome process would be necessary to determine the stress 
distribution. M 

For the stresses given in Figs. 6-48(b) and (c), one simply applies Eqs. 6-36 
and 6-37 developed for inelastic bending uf beams, except that in Eq. 6-36, the 
sum of the normal stresses must equal axial force P. Noting that in the elastic 1 - 5 n. 
zone, the stress can be expressed algebraically as u — o-yp/3 — a vp y/(3/i/8) and x. ___ —Fully plastic 

that in the plastic zone a = cr yp , one has \ 


r r - 4 - hfo (x 

P,= f adA= f -f 
Ja J — /i/4 3 

Mz = - f <ry dA = - [ 


3 V h. 

r>fi 

,-Ht z y 


r-u 4 l 

b dy + <r„bdy = a„- 

- t '-)y b d y ~f_ U2 a ny b dy 



= ^ cr yp AA 2 


At impending 


Note that the axial force just found exactly equals the force acting on the plastic Fig. 6-49 Interaction curves 
area of the section. Moment M 2 is greater than Myp = <j yp bii 16 auu less than M u i t for r anu M fur a 
= M p = crypWr/4; see Eq. 6-38. rectangular member. 
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The axial force and moment corresponding to the fully plastic case shown in 
Figs. 6-48(e) and (f) are simple to determine. As may be seen from Fig. 6-48(e) 
the axial force is developed by or yp acting on the area 2y\b. Because of symmetry 
these stresses make no contribution to the moment. Forces acting on the top and 
the bottom areas ab - [(/j/2) - yi]£>, Fig. 6-48(d), form a couple with a moment 
arm of h — a — hi?- + y>. Therefore, 

P 3 = 2yibij yp or yi = P 3 /26cr yp 
and 

M 3 = ab<7 yp (.h - a) = a- yp b(h 2 /4 — yf) = M p — (j yp byi 
3M VP Pi 


Then dividing by M p — 3M yp /2 — a yp bh z /4 and simplifying, one obtains 


This is a general equation for the interaction curve for P and M necessary to 
achieve the fully plastic condition in a rectangular member (see Fig. 6-49). Unlike 
the equation for the elastic case, the relation is nonlinear. 





Fig. 6-50 Bending of 
unsymmetric cross section. 


in the positive quadrant of the y and z axes is located by the perpendicular 
distance r from this line. Then analogous to Eq. 6-3, the longitudinal 
normal strain e x is assumed to be 


where in the chosen coordinates, 


** 26 6-14. Bending of Beams with Unsymmetric 
(Arbitrary) Cross Section 

A general equation for pure bending of elastic members of arbitrary cross 
section whose reference axes are not the principal axes can be formulated 
using the same approach as for the symmetrical cross sections considered 
earlier. Again, iL is assumed that any plane section through a beam, taken 
normal to its axis, remains plane after the beam is subjected to bending. 
Then two basic requirements for equilibrium are enforced: (1) the total 
axial force on any cross section of a beam must be zero, and (2) the 
external bending moment at a section must be developed by the internal 
stresses acting on the cross section. Hooke’s law is postulated for uniaxial 
normal strain. 

In order to derive the required equation, consider a beam having an 
arbitrary cross section such as that shown in Fig. 6-50. The orientation 
of the y and z orthogonal axes is chosen arbitrarily. Let this beam be 
subjected to a pure bending moment M having the components M y and 
M z , respectively, around the y and z axes; see Fig. 6-50(a). 

According to the fundamental hypothesis, during bending, a plane sec¬ 
tion through a beam would rotate and intersect the yz plane at an angle 
p with the z axis, as shown in the figure. A generic infinitesimal area dA 

26 This section is of an advanced character and can be omitted. 


r = y cos p - z sin p 


Then, by analogy to Eq. 6-4, the longitudinal elastic stress cr* acting on i.v,(c--- : _ 


and using Eq. 6-53, this relation becomes 


—£ky cos P + Ekz sin p 




seen from the limiting case of setting p equal to zero. Similarly, k sin p _ 

is the projected curvature k 7 in the xz plane. By adopting this notation, positive curvature 

Eq. 6-55 can be recast to read 

cr x - -Ek y y + Ek z z (6-56) z 

(b) 

The difference in signs in the two expressions on the right side of the ^ Relationships 
equations arises from the adopted sign convention and can be clarified between positive moments 
by making reference to Fig. 6-51. Here it can be noted that a mathe- and curvatures in xy- and xz- 
matically defined positive curvature, causing an increase in the slope of planes. 
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a bent beam with an increase’ in the distance from the origin, gives rise 
to two different cases. In the xy plane, positive curvature and positive 
bending moments have the same sense. The opposite is true in the xz 
plane. Hence, the normal stresses a x due to these two curvatures must 
be of opposite sign. 

By having an analytic expression for <y x > Eq. 6-56, the condition that 
the sum of all forces in the x direction must equal zero, i.e., 2 ^ = 0 , 
can be written as 

f a, dA = — £kn. f v dA + Ek, f ? dA = 0 
J " ' J ' - J ' -- 

This equation is identically satisfied provided that the coordinate axes 
are taken with their origin at the centroid of the cross section. This result 
was anticipated and the arbitrary orthogonal axes in Fig. 6-50 are shown 
passing through the centroid C of the cross section. 

By imposing the conditions of moment equilibrium at a section, two 
moment component equations can be written requiring that the externally 
applied moment around either axis is balanced by the internal system of 
stresses. One of these equations pertains to the moments around the z 
axis; the other, around the y axis. Hence, as previously defined, if M z is 
the known applied moment component around the z axis and M y is the 
known applied inoineiiL component around the y axis, one has the fol¬ 
lowing two equations: 

M z = j - a x y dA = Eity j y 2 dA - Ek z J yz dA (6-58) 

and 

r . „ f .. „ f. 

My - J + <J X Z cm. = -£,Ky j yz OA + £K Z J z~ dA (6-3y) 

where the constants are taken outside the integrals in the expressions on 
the right. The meaning of these integrals is discussed in Section 6-15. 
According to Eq. 6 - 66 , these integrals define the moments and product 
of inertia for a cross sectional area as I z , I y , and I yz , permitting the re¬ 
casting of the last two equations as 


and 


EL K y - EI yz k e = M z (6-60) 

-EI yz k v + EI y k z = M y (6-61) 


Solving these two equations simultaneously gives 
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gy substituting these constants in Eq. 6-56, the expression for the elastic 
bending stress tr x for any beam cross section with arbitrarily directed 
orthogonal coordinate axes is 


MJy + Mylyz MyI Z + MJy z 

I y I z - I$ z J Iyl z ~ I§ z 


(6-64) 


This is the generalized flexure formula. If the principal axes for a cross 
section are used, where I yz is zero, this equation simplifies to Eq. 6-41. 

By setting F.a. 6-64 equal to zero, the angle 6 for locating the neutral 
axis in the arbitrary coordinate system is obtained, giving 


y M y I z + M z l yz 
taD 13 “ Z ~ MJy + M y I„ 


(6.65) 


For the principal axes, this equation reverts to Eq. 6-43. 


EXAMPLE 6-24 

Using the general equation for elastic bending stress, verify the stresses found at 
points B and F for the angle of Example 6-16 shown in mm in Fig. 6-52. Show 
that these stresses are, respectively, the minimum and the maximum. The applied 
moment M z = 10 kN-m. 

Solution 

In Example 6-25, it is found that I z - 22.64 x 10 6 mm 4 , I y = 3.84 x 10 6 mm 4 , 
and Iy Z — 5.14 x 10" mm 4 . Substituting these values and M z — +10 kN-ni into 
Eq. 6-64, and defining, respectively, the coordinates of points B and F as (125.7, 
4.3) and (-74.3, 24.3), one has 

__ 10 x 10 6 x 3.84 x IQ 6 

~ 3.84 x 22.64 X 10 12 - 5.14 2 X 10 12 X 2 ‘ 

10 x 10 s x 5.14 x 10 s 
+ 3.84 X 22.64 X 10 12 - 5.14 2 x 10 12 X 4 ' 

= —0.6345 x 125.7 + 0.8493 x 4.3 = —76.1 MPa 
and 

u F = -0.6345 x (-74.3) + 0,8943 x 24.3 = +67.8 MPa 

To show that these stresses are the minimum and the maximum, respectively, 
locate the neutral axis using Eq. 6-65, giving 


10 x 10 6 x 5.14 x 10 s 
10 x 10 6 x 3.84 x 10 6 ' 


By sketching this line on the given cross section, it is evident by inspection 
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that the farthest distances measured perpendicular to NA are associated with 
points B and F. Therefore, the largest stresses occur at these points. 

Some minor discrepancies among the results given in Example 6-16 and in this 
example are due to roundoff errors. 


Part C AREA MOMENTS OF INERTIA 


* 27 6 - 15 . Area Moments and Products of Inertio 

Moments of inertia, or second moments of area around the z axis were 
already encountered in connection with symmetric cross sections. Here 
this concept is generalized for two orthogonal axes for any cross-sectional 
shape. With the yz coordinates chosen as shown in Fig. 6-53, by definition, 
the moments and product of inertia of an area are given as 

h = J y 2 dA ly = J z 2 dA and I yz = j yz dA (6-66) 

Note that these axes arc chosen to pass through the centroid C of the 
area. The use of such centroidal axes is essential in the solution of bending 
problems. It is also important to note that the product of inertia vanishes 
either for doubly or singly symmetric areas; see Fig. 6-54'. This can 
be seen by referring to Fig. 6-54(b), where, due to symmetry, for each 
y( + z) dA, there is ay( — z) dA, and their sum vanishes. 

In Section 6-4, it was shown that in calculating moments of inertia for 
symmetric cross sections having complex areas, it is advantageous to 

cn cnr.li orAoc Sntrx ci mnlo nirfc ii;Kir.T, tlo mnmAntc r>f* inart.n 

JUIJU1, ‘ UW JU ''“ JUU P‘ V ■-*1'-' HlV/illWilO Ul IUVIUH 

are available in formulas. Then by applying the parallel-axis theorem to 
each part and adding, Eq. 6-18a, the moment of inertia for the whole 
section is obtained. By making reference to the general case shown in 
Fig. 6-55, it can be concluded that the previously developed formula, Eq. 
6-18, for the transfer of a moment of inertia for an area from the z c to the 
z axis remains applicable. Moreover, except for a change in nutation, a 
similar formula applies for transferring a moment of inertia from the y c 
to the y axis. Therefore, the following two formulas for the transfer of 
axes are available for the moments of inertia: 

I z = I Ze +.Ad 2 z (6-18) 

and 

ly — ly c + Ady 



Fia. 6-53 Rotation of 
coordinate axes. 


This is an optional part of the chapter. 


(6-67) 
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. _ L + h L ~ L 

Similarly, l y ■ = ' ' - J cos 20 - l yz sin 20 . (6-70) 


- sin 26 + I yz cos 26 


These equations relate the moments and the product of inertia of an 
area (second moments) in the new y'z' coordinates to the initial ones in 
the yz coordinates through the angle 6 . Note lhaL Iy + I z - — l y + I z , i.e., 

axes remains thesame, i.e., invariant, regardless of the angle 6 . As noted 
earlier, the product of inertia I yz vanishes for doubly and singly symmetric 
sections. 

A maximum or a minimum value of I z ■ or Iy can be found by differ¬ 
entiating either Eq. 6-69 or 6-70 with respect to 0 and setting the derivative 
equal to zero, i.e., 


— (/ z - I y ) sin 20 + 2I yz cos 20 = 0 


This equation gives two roots within 360° that are 180° apart. Since this 
is for a double angle 20 1 , the roots for 0i are 90° apart. One of these roots 
locates an axis around which the moment of inertia is a maximum; the 
other locates the comu^ate axis for the minimum moment of inertia These 
two centroida! axes are known as the principal axes of inertia. As can be 
noted from Eq. 6-71, the same angles define the axes for which the product 
of inertia is zero. This means that the product of inertia for the principal 
axes is zero. 

By defining sines and cosines in terms of the double angle roots of Eq. 
6-72 (see Fig. 8-5), substituting these into Eq. 6-69, or Eq. 6-70, and 
simplifying, expressions for the principal moments of inertia are found: 



(6-73) 


where, by definition, I\ = 7 max , and / 2 — / m i n - The axes for which these 
maximum and minimum moments of inertia apply are defined by Eq. 6 - 
72. By directly substituting one of the roots of this equation into Eq. 6 
69, one can determine whether the selected root gives a maximum or a 
minimum value of the moment of inertia. 


Problems 


RADI C A.4C 

g/VrilVIl kl. V IW y 

For an angle having the cross section shown in mm in Fig. 6-56, find the principal 
axes and the principal moments of inertia. 

Solution 

It can be verified by the procedure discussed earlier that the centroid of the area 
lies 74.3 mm from the bottom and 24.3 mm from the left side. The moments and 
product of inertia about the y and z axes can be calculated by dividing the angle 
into two rectangles and using the transfer-of-axes Eqs. 6-18, 6-67, and 6 - 68 . Due z 
to the symmetry of the two rectangles into which the angle is divided, there are 
no product of inertia terms for these parts around their own centroidal axes. For z' 
rectangles around their centroidal axes, I - bh l !Yl, Eq. 6-19. 

u = 20 X 180 3 /12 + 20 X 180 x (125.7 - 90) 2 

+ 100 x 20 3 /12 + 100 x 20 x (-74.3 + 10) 2 = 22.64 x 10 6 mm 4 
I, = 180 x 20 3 /12 + 180 x 20 X (24.3 - 10) 2 

+ 20 x 100 3 /12 + 20 X 100 x (-50 + 24.3) 2 = 3.84 X 10°mm 2 
I yz = 0 + 20 x 180 x (125.7 — 90)(24.3 — 10) 

+ 0 + 100 x 20(-74.3 + 10)(-50 + 24.3) = 5.14 x 10 6 mm 4 

By substituting these values into Eq. 6-73, 

f„ = /, = 23.95 x 10 6 mm 4 and / mi „ = h = 2.53 X 10 6 mm 4 
From Eq. 6-72, 


2 x 5.14 x 10 6 

tan 261 “ (22.64 - 3.84J-X "10- = °‘ 547 


From inspection of Fig. 6-56, this angle is seen to define an axis for the maximum 
moment of inertia. A substitution of this value of 0, into Eq. 6-69 can confirm 
this conclusion. In tills case, / max is associated with the z' axis at 0] - 14.34°, 
i.e., / max - I z <; conversely, I min = Iy. 


Problems 

Sections 6-3 through 6-5 

6*1 through 6-4, Determine bending moment capac¬ 
ities around the horizontal axes for the cross-sectional 
areas with the dimensions shown in the figures. The 
allowable elastic stress is either 165 MPa or 24 ksi. For 
properties of W steel shapes, channels, and angles, see 
Tables 4, 5, and 7, respectively, in the Appendix. 



Fig. P6-1 
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6" X 4" X -1" angles 



Fig. P6-3 Fig. R6-4 


6-5. Verify the section moduli given in the Appendix 
tables for S 12 x 40.8, W 10 x 112, and C 12 x 20.7. 
6-6. If the applied moment is 40 k-ft, and the allowable 
clastic stress is 24 ksi, (a) what W section shuuld be 
used for bending around the horizontal axis and Od' 
around the vertical axis? 

6-7. A W 16 x 100 steel beam is supported at A and 
B as shown in the figure. What is the magnitude of the 
uniformly distributed ioad if a strain gage attached to 
the top of the upper flange measures 0.0002 in/in when 
the Ioad is applied? £ = 29 x 10 3 ksi. 



Fig. P6-/ 


6 - 8 . A small steel T beam is used in an inverted po¬ 
sition to span 400 mm. If, due to the application of the 
three forces shown in the figure, the longitudinal gage 
at A registers a compressive strain of 50 x 10~\ how 
large are the applied forces? £ = 200 GPa. 


p p 3P 



Beam section 


6-9 and 6-10. Determine plnxtir positive bending- 
ment capacities around the horizontal axes for beams 
having the cross sections shown in the figures. The 
maximum elastic stress in tension for Prob. 6-9 is io 
ksi, and in compression, 15 ksi; the corresponding 
stresses for Prob. 6-10 are 100 MPa and 150 MPa. 



Fig. P6-9 Fig. P6-10 


6-11. A beam having a solid rectangular cross section 
with the dimensions shown in the figure is subjected 
to a positive bending moment of 16 000 N-m acting 
around the horizontal axis, (a) Find the compressive 
iorce acting on iue suaueu area oi tne cross section 
developed by the bending stresses, (b) Find the tensile 
force acting on the cross-hatched area of the cross sec¬ 
tion. 



Fig. P6-11 


6-12. Consider a linearly elastic beam subjected to a 
bending moment M around its principal axis z for 
which the moment of inertia of the cross-sectional area 
is I. Show that for such a beam, the normal force F 
acting on any part of the cross-sectional area A, is 

F = MQII 

where - f 

Q — I y dA - yAj 

JA I 


Fig. P6-8 
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Fig. P6-12 

and y is the distance from the neutral axis of the cross 
section to the centroid of the area Aj, as shown in the 
figure. 

6-13. Determine the magnitude and position of the 
total tensile force T acting on this section when a pos¬ 
itive moment of 100 kN-m is applied. Since the mag¬ 
nitude of this tensile force T equals the compressive 
force C acting on the section, verify that the T-C cou¬ 
ple is equal to the applied moment. 



Fig. P6-13 


If a positive bending moment of 2270 ft-lb is applied 
to such a beam acting around a horizontal axis, (a) find 
the stresses at the extreme fibers, (b) calculate the total 
compressive force developed by the normal stresses 
above the neutral axis because of the bending of the 
beam, and (c) find the total force due to the tensile 
bending stresses at a section and compare it with the 
result found in (b). 

*6-15. By integration, determine the force developed 
by the bending stresses and its position acting on the 
shaded area of the cross section of the beam shown in 
the figure if the beam is subjected to a negative bending 
moment of 3500 N-m acting around the horizontal axis. 



Fig. P6-15 


*6-16. A beam has the cross section of an isosceles 
triangle, as shown in the figure, and is subjected to a 
negative bending moment of 4000 N-m around the hor¬ 
izontal axis, (a) Show by integration that I a = bh l l36. 
(b) Determine the location and magnitude of the re¬ 
sultant tensile and compressive forces acting on a sec¬ 
tion if b — h - 150 mm. 



Fig. P6-16 


5 . 4 / Two 2 x 6 in full- sized wooden blanks are »iued 
together to form a T section, as shown in the figure. 


6-17. For a linearly elastic material, at the same max¬ 
imum stress for a square member in the two different 
positions shown in the figure, determine the ratio of 
the bending moments. Bending takes place around the 
horizontal axis. 
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**6-18. Show that the elastic stress in a rectangular 
beam bent around its diagonal can be reduced by re¬ 
moving the small triangular areas, as shown in the fig¬ 
ure. This is referred to as the Emerson paradox/ {Hint: 
Let the sides of the removed triangular areas he kn, 
where k is a constant. In calculating I for the section, 
treat it as consisting of two rectangles, the large one 
having sides (1 - k)a, and the small one having the 
width ka's/l.) 



Fig. P6-18 


6-19. A channel-shaped member, as shown in the fig¬ 
ure, acts as a horizontal beam in a machine. When 
vertical forces are applied to this member the distance 
AS increases by 0.0010 in and the distance CD de¬ 
creases by 0.0090 in. What is the sense of the applied 
moment, and what normal stresses occur in the ex¬ 
treme fibers? E = 15 x 10 6 psi. 



1.5“ 


Fig. r6*19 

t In 1864, in Saint-Venant’s additions to Navier’s 
book, he calls the removed fibers useless. However, 
he, as well as Emerson, recognized that the elastic 
failure of these fibers does not indicate that the trun¬ 
cated section possesses greater static strength than the 
complete section. However, in machine design, for 
members subjected to fatigue, the removal of sharp 
corners may be advantageous. See I. Todhunter and 
K. Pearson, A History of the Theory of Elasticity and 
of the Strength of Materials (New York: Dover, i960). 
Vol. II, Part I, p. 109. 


6-20. A solid steel beam having the cross-sectional 
dimensions partially shown in the figure was loaded in 
the laboratory in pure bending. Bending took place 
around a horizontal ne.utral axis. Strain measurements 
showed that the top fibers contracted 0.0003 m/m lon¬ 
gitudinally; the bottom fibers elongated 0.0006 m/rn 
longitudinally. Determine the total normal force that 
acted on the shaded area indicated in the figure at the 
time the strain measurements were made. E = 200 
GPa. All dimensions are in mm. 



6-21. As the screw of a large steel C clamp, such as 
shown in the figure, is tightened upon an object, the 
strain in the horizontal direction due to bending only 
is being measured by a strain gage at point B. If a strain 
of 900 x IQ -6 in/in is noted, what is the force on the 
screw corresponding to the value of the observed 
strain? E — 30 x 10 s psi. 



6-22. A T beam shown in the figure is made of a ma¬ 
terial the behavior of which may be idealized as having 
a tensile proportional limit of 20 MPa and a compres¬ 
sive proportional limit of 40 MPa. With a factor of 
safety of H on the initiation of yielding, find the mag¬ 
nitude of the largest force F that may be applied to 


100 



Fig. P6-22 


this beam hi a downward direction as well as in an 
upward direction. Base answers only on the consid¬ 
eration of the maximum bending stresses caused by F. 
*6-23. A 150 X 300 mm rectangular section is sub¬ 
jected to a positive bending moment of 240 000 N-m 
around the “strong” axis. The material of the beam is 
nonisotroplc and is such that the modulus of elasticity 
in tension is U times as great as in compression; see 
the figure. If the stresses do not exceed the propor¬ 
tional limit, find the maximum tensile and compressive 
stresses in the beam. 



Fig. P6-23 


oeuiiuu U'O 

6*24. A small beam, shown in the figure, is to carry 
a cyclically applied load of 80 N/mni. The beam is 
12-mm thick, and spans 160 mm. Determine the max¬ 
imum stress at midspan and at depth transition points. 
Assume that the factors given in Fig. 6-15 are suffi- 


M I M 1 M I M 


— f 1 

, . 40 , | 8 


Fig. P6-24 


cienily accurate. Do not consider the stress concen¬ 
trations at the supports. 

6-25. Considering the beam of a 160-mm span and the 
loading conditions given in the preceding problem, de¬ 
termine the distances from the supports such that the 
stresses at midspan and at the depth transition points 
are the same. 


160 - 2a 


Fig. P6-25 


Section 6-7 

6-26. Show that the elastic strain energy due to bend¬ 
ing for a simple uniformly loaded beam of rectangular 
cross section is (o^,ax/2£)(^AL), where cr max is the 
maximum bending stress, A is the cross-sectional area, 
and L is the length of the beam. 

6-27. Show that C/bsnding - (o4av/2£)(Vol/9) for a can¬ 
tilever of rectangular cross section supporting a con¬ 
centrated load P at the end. 


cmaIUh i. a 

JCCIIOII w*u 

6-28. A composite beam of two different materials has 
the cross section shown in Fig. 6-7(a). For the upper 
50 x 80 mm bar, the elastic modulus E { = 15 GPa, 
and for the lower 50 x 20 mm bar, E 2 = 40 GPa. Find 
the maximum bending stresses in both materials 
caused by an applied positive moment of 12 kN-m act¬ 
ing around the z axis. Do not use the method of trans¬ 
formed sections. {Hint: Use Eq. 6-16 to locate the neu¬ 
tral axis and the direct procedure shown in Figs. 6-7 
and 6-20.) 
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6-29. Consider a composite beam whose cross section 
is made from three different materials bonded to¬ 
gether, as shown in Fig. 6-20(a). Bar 1 is 40 x 20 mm 
and has an elastic modulus E x = 15 GPa; bar 2 is 60 
x 40 mm with £ 2 = 10 GPa; and bar 3 is 20 x 20 mm 
with E$ — 30 GPa. Determine the maximum bending 
stresses in each of the three materials caused by an 
applied moment of 10 kN-m acting around the z axis. 
Do not use the method of transformed sections; see 
the hint in the preceding problem. 

6-30 and 6-31. Using transformed sections, deter¬ 
mine the maximum bending stresses in each of the two 
materials for the composite beams shown in the figures 
when subjected to positive bending moments of 80 
kN-m each. £ Sl = 210 GPa and E M = 70 GPa. C Hint 
for-Prob. 6-31: For an ellipse with semiaxes a and b, 
1 = Ttab 3 l4 around the major centroidal axis.) 


[—•—300 mm—*-] 



Fig. P6-30 Fig. P6-31 


6-32 and 6-33. Determine the allowable bending mo¬ 
ment around horizontal neutral axes for the composite 
beams of wood and steel plates having the cross-sec- 
tionai dimensions shown in the figures. Materials are 
fastened so that they act as a unit. £ St = 30 x 10 s psi 
and E w — 1.2 x 10 6 psi. The allowable bending 
stresses are ct s , * 20 ksi and <7 W = 1.2 ksi. 


X 9' 



Fig. P6-33 


6-34. A 150-mm thick concrete slab is longitudinals 
reinforced with steel bars, as shown in the figure. De¬ 
termine the allowable bending moment per 1-m width 
of this slab. Assume n — 12 and the allowable stresses 
for steel and concrete as 150 MN/nr and 8 MN/m 2 
respectively. 



10-mm $ bars 
80 mm on centers 


Fig. P6-34 

6-35. A beam has the cross section shown in the £<■>- 
ure, and is subjected to a positive bending moment that 
causes a tensile stress in the steel of 20 ksi. If n = 12, 
what is the value of the bending moment? 



Total A s = 3.0 in 2 

Fig. P6-35 


Section 6-9 

6-36. Rework Example 6-10 by changing h to 100 mm. 
6-37. Derive Eq. 6-35. 

6-38. What is the largest bending moment that may 
be applied to a curved bar, such as shown in Fig. 6- 
23(a), with ? = 3 in, if it has a circular cross-sectional 
area of 2-in diameter and the allowable stress is 12 ksi? 

Section 6-10 

6-39 through 6-43. Find the ratios M ulI /Myp for 
beams having the cross sections shown in the figures. 
Bending occurs around the horizontal axes. Assume 
idealized elastic-piastic behavior as in Example 6-11. 


Fig. P6-32 
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| 200 mm ( 



Fig. P6-39 Fig. P6-40 


| 150 mm | 



Fig. P6-41 Fig. P6-42 





Fig. P6-43 


6-44. Find the ultimate moment capacity for a beam 
having the cross section shown for Prob. 6-1. Assume 
that the material yields in tension and in compression 
at 200 MPa. 

6-45. A steel I beam subjected to pure bending de¬ 
velops a longitudinal strain of 1.6 x 10 -3 in the top 
flange in the location shown on the figure, (a) What 


Gage 20 



Fig. P6-45 


bending moment causes this strain? Assume ideal elas¬ 
tic-plastic material behavior with t = 200 GPa and <7 yp 
^ 240 MPa. (b) What residual strain would remain in 
the gage upon release of the applied load? (c) Draw 
the residual stress pattern. 

6-46. An I beam is made up from three steel plates 
welded together as shown in the figure. The flanges 
are of stronger sleel than the web. (a) What bending 
moment would the section develop when the largest 
stresses in the flanges just reach yield? The stress- 
strain properties of the two steels can be idealized as 
shown on the diagram, (b) Draw the residual stress 
pattern. 


20 



Fig. P6-46 


6-47. A small sandwich beam spanning 400 mm is 
made up by bonding two aluminum alloy strips to an 
alloy steel bar, as shown in the figure. The idealized 
stress-strain diagrams are shown in the figure. What 
is the magnitude of the applied bending moment if it 
causes -7.5 x 10~ 3 longitudinal strain in the gage 
glued to the top of the aluminum ailoy strip? 



Fig. P6-47 


6-48. On applying a bending moment around the hor¬ 
izontal axis to the T beam having the dimensions 
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5kN 



shown in the figure, the measured longitudinal strain 
at gage A is -2 x 10 -3 . Determine the magnitude of 
the applied bending moment if the stress-strain relation 
for the matcnal can be idealized as shown on the dia¬ 
gram. 

6-49. A 100 x 180 mm rectangular beam is of a ma¬ 
terial with the stress-strain characteristics shown in the 
figure, (a) Find the largest moment for which the entire 
cross section remains elastic, (b) Determine the ulti¬ 
mate moment capacity, and draw the resulting stress 
distribution, (c) What is the residual stress distribution 
after a release of the ultimate bending moment? (d) 
Show that the residual stresses are self-equilibrating. 


shown in the figure. Determine the largest bending 
stresses and locate the neutral axis. 

6-62. A 10-ft cantilever made up from the standard 
steel shape S 12 x 50 has its web in a vertical position 
as shown in the figure. Determine the maximum bend¬ 
ing stresses 2 ft from the support caused by the ap¬ 
plication of the variously inclined force P acting 
through the centroid of the section at the free end. Let 
a he 0°, 1°, and 5°. 



a (MPa) 



Beam section 

Fig. P6-49 


in mm, shown in the figure is subjected to a bending 
moment of 500 N-m around its horizontal axis. De¬ 
termine the maximum bending stresses. 



Section 6-11 

6-50. Rework Example 6-15 by assuming that the 
span is 6000 mm, the beam is 150 x 200 mm, and « 
is 20°. 

6-51. A 150 x 200 mm beam spanning 6000 mm is 
loaded in the middle of the span with an inclined force 
of 5 kN along the diagonal of the cross section, as 


Fig. P6-53 

6-54. A biaxially symmetric cruciform aluminum ex¬ 
trusion has the cross-sectional dimensions, in mm, 
shown in the figure. It is used in a tilted position as a 
cantilever to carry an applied force P = 100 N at the 
end. (a) Determine the maximum flexural tensile stress 
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200 nun from the loaded end of the cantilever. j«.ssume 
linearly elastic behavior of the material, (b) Locate a 
point of zero stress on line AB. 

6-55. Determine the bending stresses at the comers 
in the cantilever loaded, as shown in the figure, at a 
section 500 mm from the free enu. Also locate the neu¬ 
tral axis. 



Fig. P6-55 


6-56. Rework Example 6-16 by assuming that the 
angle is subjected to a4-kN-m bending moment around 
the vertical axis. 

6-57. Determine the maximum stresses in the 7. sec¬ 
tion caused by a2-N-m bending moment acting around 
the z axis. As found in Prob. 6-83, the principal mo¬ 
ments of inertia are h - h‘ = 753.9757 x 10 3 mm 4 , 
/ 2 = j y = 96.0243 x 10 3 mm 4 , and 0i = 32.8862°. 
(Him: Locating the neutral axis gives an indication as 
to where the largest stresses occur.) 


Fig. P6-57 


Section 6*12 

6-58. AW 10 x 49 beam 8 ft long is subjected to a 
pull P of 100 k, as shown in the figure. At the ends, 
where the pin connections are made, the beam is rein¬ 
forced with doubler plates. Determine the maximum 
flange stress in the middle of the member caused by 
the applied forces P. Qualitatively, briefly discuss the 
load transfer at the ends. Most likely, where are the 
highest stressed regions in this member? 



Fig. P6-5S 


6-59. For the machine link shown in the figure, de¬ 
termine the offset distance e such that the tensile and 
compressive stresses in the T section are equal. 



«—1 o mm 



Fig. P6-59 Link section 
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6-60. A frame for a punch press has the proportions 
shown in the figure. What force P can be applied to 
this frame controlled by the stresses in the sections 
such as a-a, if the allowable stresses arc 4,000 psi in 
tension and 12,000 psi in compression? 



6-61. A force of 169.8 k is applied to bar BC at C, as 
shown in the figure. Find the maximum stress acting 

piece of 6 by 6 in steel bar. Neglect the weight of the 
bar. 

169.fi k 


C ./ 



Fig. P6-61 


6-62. Calculate the maximum compressive stress act¬ 
ing on section a-a caused by the applied ioad for the 


V 707 Ib Pig. P6-62 



structure shown in the figure. The cross section at sec¬ 
tion a-a is that of a solid circular bar of 2 -in diameter. 
6*63. Compute the maximum compressive stress act¬ 
ing normal to section a~a for the structure shown in 
the figure. Post AS has a 12 by 12 in cross section. 
Neglect the weight of the structure. 



6-64. In order to obtain the magnitude of an eccentric 
vertical force F on a tee-shaped steel column, strain 
gages are attached at A and B, as shown in the figure. 
Determine the force F if the longitudinal strain at A is 
-100 x 10 -6 in/in and at B is -800 x 10” 6 in/in. E 
= 30 x 10 6 psi and G = 12 x 10 6 psi. The cross- 
sectional area of the column is 24 uri. 



Fig. P6-64 

*6-65. A bar having a 100 x 100 mm cross section is 
subjected to a force F, as shown in the figure. The 



Fig. P6-65 

longitudinal stresses on the extreme fibers at two sec¬ 
tions 200 mm apart are determined experimentally to 
be u A = 0; a B = -30 MPa; cr c = -24 MPa; and <jd 
- - 6 MPa. Determine the magnitude of the vertical 
and horizontal components of force F. 

6 - 66 . A rectangular vertical member fixed at Lhe base 
is loaded as shown in the figure. Find the location for 
a gage on member face AB such that no longitudinal 
strain would occur due to the application of force P 
= 6 kN. Does the answer depend on the magnitude 
of force F? Assume elastic behavior. All dimensions 
are piven in mm. 



6-67. An inclined tensile force F is applied to an alu¬ 
minum alloy bar such that its line of action goes 
through the centroid of the bar, as shown in mm in the 
figure. (The detail of the attachment is not shown.) 
What is the magnitude of force F if it causes a longi- 



Fig. P6-67 

tudinal strain of+20 x 10 -6 in the gage at A? Assume 
that the bar behaves as a linearly elastic material and 
let £ = 70 GPa. 

6-68. A magnesium alloy bar is bonded to a steel bar 
of the same size forming a beam having the cross-sec¬ 
tional dimensions in mm shown in the figure, (a) if on 
application of an eccentric axial force P, the upper 
longitudinal gage measures a compressive strain of 7 
x IQ -3 , and the lower one, a tensile strain of 2 x 
10 -3 , what is the magnitude of applied force P? As¬ 
sume elastic behavior of the materials with £ Mg = 45 
GPa and £s t = 200 GPa. (b) Where would one hove 
to apply axial force P to cause no bending? (It is in¬ 
teresting to note that this locates the neutral axis for 
this beam.) 
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6-69. A steel hook, having the proportions in the fig¬ 
ure, is subjected to a downward force of 19 k. The 
radius of the centroidal curved axis is 6 in. Determine 
the maximum stress in this hook. 


i 



Fig. P6-69 


6-70. A steel bar of 50-mm diameter is bent into a 
nearly complete circular ring of 300-mm outside di¬ 
ameter, as shown in the figure, (a) Calculate the max¬ 
imum stress in this ring caused by applying two 10-kN 
forces at the open end. (b) Find the ratio of the max¬ 
imum stress found in (a) to the largest compressive 
stress acting normal to the same section. 



Fig. P6-7Q 


6-71. A short block has cross-sectional dimensions in 
plan view as shown in the figure. Determine the range 


I A 

,100 100 , 



Fig. P6-71 


along the line A-A over which a downward vertical 
force could be applied to the top of the block without 
causing any tension at the base. Neglect the weight of 
the block. 

6-72. The cross-sectional area in plan view of a short 
block is in the shape of an “arrow,” as shown in the 
figure. Find the position of the vertical downward 
force on the line of symmetry of this section so that 
the stress at A is just zero. 



Fig. P6-72 


6-73. Determine the kern for a member having a solid 
circular cross section. 

6-74. For a small triangular dam of concrete weighing 
approximately 2550 kg/m 3 , as shown in the figure, find 
the approximate normal stress distribution at section 
A-B using elementary methods for prismatic members 
when the water behind the dam is at the level indi¬ 
cated. For the purpose of calculation, consider one 
linear meter of the dam in the direction perpendicular 
to the piane of the paper as an isolated beam. The 
dimensions shown are in meters. 



[-*-2.16 m—*-| 

Fig. P6-74 

6-75. What should the total height h of the dam shown 
in the cross-sectional view be so that the foundation 
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Fig. P6-75 


pressure at A is just zero? Assume that water weighs 
62.5 lb/ft 3 and concrete 150 lb/ft 3 . 


Section 6-13 

6-76. A T beam of perfectly eiastic-piastic material 
has the dimensions shown in the figure, (a) If the lon¬ 
gitudinal strain at the bottom of the flange is - e yp and 
is known to be zero at the juncture of the web and the 
flange, what axial force P and bending moment M act 
on the beam? (b) What would the strain reading be 
after the applied forces causing P and M in (a) are 
removed? Let tr yp - 200 MPa. 

10 mm 


M 



h — 50 mm —-1 

Fig. P6-76 


6-77. A ma°nesium allov casting has the dimensions 
given in the figure in mm. During application of force 
P, the upper gage recorded a tensile strain of 3 x 10 -3 , 
and the lower one, a compressive strain of 6 x 10~ 3 . 
(a) Estimate the magnitude of applied force P and its 
eccentricity e assuming idealized behavior for the ma¬ 
terial. Let CT yp = 135 MPa and = 3 x 10 -3 . (b) 



Section 


Fig. P6-77 

What will be the reading of the gages when applied 
force P is released? 

Section 6-14 

6-78. Rework Example 6-24 for an applied moment 
M y = 4 kN-m. 

6-79. Using the generalized flexure formula, find the 
iargest stresses in a beam with a Z cross section, hav¬ 
ing the dimensions shown in the figure for Prob. 6-57, 
due to a pure bending moment M- of 2 N-m. Also lo¬ 
cate the neutral axis. See answers to Prob. 6-83 for 
area moments of inertia for the cross section. 

6-80. Rework the preceding problem for an applied 
moment M v = 6 kN-m. 

Section 6-15 

6-81. (a) Find the product of inertia for the triangular 
area shown in the figure with respect to the given axes, 
(b) For the same area, determine the product of inertia 
with respect to the vertical and horizontal axes through 
the centroid. 



Fig. P6-81 


6-82. (a) Find the principal axes and principal mo¬ 
ments of inertia for the cross-sectional area of the angle 
shown in the figure, (b) The given dimensions of the 
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cross section, except for small radii at the ends and a 
fillet, correspond to the cross-sectional dimensions of 
an8 x 6 x 1 in angle listed in Table 7 of the Appendix. 
Using the information given in that tabic, calculate the 
principal moments of inertia and compare with the re¬ 
sults found in (a). {Hint: Note that per Section 11-6 
and Example 11-2, 7 min = ArjU,. The r listed in Table 
7 for the z axis is r min . Further, from the invariance 


condition, / ri -,; n + /,„**. — /,• 4- I y - = I x + J yi hence 
one can readily solve for/ max .) 

6-83. For the Z cross section shown in the figure, first 
determine area moments of inertia I y , I z , and I yz ; then 
obtain the directions of the principal axes and principal 



Fig. P6-83 


Xhupter 
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7 - 1 . Introduction 

This chapter is divided into two parts. Part A, the major part, is devoted 
to a study of shear stresses in beams caused by transverse shear. The 
related problem of attaching separate longitudinal parts of a beam by 
means of bolts, gluing, or welding is also considered. In Part B, super¬ 
position of direct shear stresses of the type discussed in Part A with those 
caused by torque, as in springs, is treated. This problem is analogous to 
that encountered in the previous chapter in the study of beams simul¬ 
taneously subjected to bending and axial forces. 

The discussion in this chanter is largely limi ted to elastic anaWses, the 
most widely used approach in the solution of the type of problems con¬ 
sidered. 


Part A SHEAR STRESSES IN BEAMS 


7 - 2 . Preliminary Remarks 

In deriving the torsion and the flexure formulas, the same sequence of 
reasoning was employed. First, a strain distribution was assumed across 
the section; next, properties of the material were brought in to relate these 
strains to stresses; and, finally, the equations of equilibrium were used 
to establish the desired relations. However, the development of the 
expression linking the shear force and the cross-sectional area of a beam 
to the stress follows a different path. The previous procedure cannot be 
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employed, as no simple assumption for the strain distribution due to the 
shear force can be made. Instead, an indirect approach is used. The stress 
distribution caused by flexure, as determined in the preceding chapter 
is assumed, which, together with the equilibrium requirements, resolves 
the problem of the shear stresses. 

First, it will be necessary to recall that the shear force is inseparably 
linked with a change in the bending moment at adjoining sections through 
a beam. Thus, if a shear and a. bending moment, are present, at one section 
through a beam, a different bending moment will exist at an adjoining 
section, although the shear may remain constant. This will lead to the 
establishment of the shear stresses on the imaginary longitudinal planes 
through the members that are parallel to its axis. Then, since at a point, 
equal shear stresses exist on Lhe uiuLually perpendicular planes, the shear 
stresses whose direction is coincident with the shear force at a section 
will be determined. InitiaEy, only beams having symmetrical cross sec¬ 
tions with applied forces acting in the plane of symmetry will be consid¬ 
ered. The related problem of determining interconnection requirements 
for fastening together several longitudinal elements of built-up or com¬ 
posite beams will also be discussed. 

In order to gain some insight into the problem, recall Eq. 5-4. Writing 
it in two alternative forms, 

. dM 

dM = V dx or — = V (7-1) 

Equation 7-1 means that if shear V is acting at a section, there will be a 
change in the bending moment M on an adjoining section. The difference 
between the bending moments on the adjoining seciions is equal to V dx. 
If no shear is acting, no change in the bending moment occurs. Alter¬ 
natively, the rate of change in moment along a beam is equal to the shear. 
Therefore, although shear is treated in this chapter as an independent 
action on a beam, it is inseparably linked with the change in the bending 
moment along the beam’s length. 

As an example of the above, consider the shear and moment diagrams 
from Example 5-7, shown in Fig. 7-1. Here at any two sections such as 
A and B taken through the beam anywhere between applied forces P, the 
bending moment is the same. No shear acts at these sections. On the 
other hand, between any two sections such as C and D near the support, 
a change in the bending moment does take place. Shear forces act at these 
sections. These shears are shown acting on an element of the beam in 
Fig. 7-l(d). Note that in this zone of the beam, the change in the bending 
moment in a distance dxis P dx &s shear V is equal to P. In subsequent 
discussion, the possibility of equal, as well as of different, bending mo¬ 
ments on two adjoining sections through a beam is of great importance. 

Before a detailed analysis is given, a study of a sequence of photographs 
of a model (Fig. 7-2) may prove helpful. The model represents a segment 
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(d) M M + c<M = M + P dx 


Fig. 7-1 Shear and bending moment diagrams for the loading shown. 

of an I beam. In Fig. 7-2 (a), in addition to the beam itself, blocks simulating 
stress distribution caused by bending moments may be seen. The moment 
on the right is assumed to be larger than the one on the left. This system 
of forces is in equilibrium providing vertical shears V (not seen in this 
view) also act on the beam segment. By separating the model along the 
neutral surface, one obtains two separate parts of the beam segment, as 
shown in Fig. 7-2(b). Again, either one of these parts alone must be in 
equilibrium. 

If the upper and the lower segments of Fig. 7-2(b) are connected by a 
dowel or a bolt in an actual beam, the axial forces on either the upper or 
the lower part caused by the bending moment stresses must be maintained 
in equilibrium by a force in the dowel. The force that must be resisted 
can be evaluated by summing the forces in the axial direction caused by 
bending stresses. In performing such a calculation, either the upper or 
the lower part of the beam segment can be used. The horizontal force 
transmitted by the dowel is the force needed to balance the net force 
caused by the bending stresses acting on the two adjoining sections. Al¬ 
ternatively, by subtracting the same bending stress on both ends of the 
segment, the same results can be obtained. This is shown schematically 
in Fig. 7-2(c), where assuming a zero bending moment on the left, only 

need be shown acting on the right. 

If, initially, the I beam considered is one piece requiring no bolts or 
dowels, an imaginary longitudinal plane can be used to separate the beam 
segment into two parts; see Fig. 7-2(d). As before, the net force that must 
be developed across the cut area to maintain equilibrium can be deter¬ 
mined. Dividing this force by the area of the imaginary horizontal cuL 
gives average shear stresses acting in this plane. In the analysis, it is again 
expedient to work with the change in bending moment rather than with 
the total moments on the end sections. 

After the shear stresses on one of the planes are found (i.e., the hor- 
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Fig. 7-2 Shear flow model of an I beam, (a) Beam segment with bending stresses simulated by blocks, (b) 
Shear force transmitted through a dowel, (c) For determining the force on a dowel only a change in moment 
is needed, (d) The longitudinal shear force divided by the area of the imaginary cut yields shear stress, (e) 
Horizontal cut below the flange for determining the shear stress, (f) Vertical cut through the flange for 
determining the shear stress. 


iznntal one in Fig. 7-2(d)), shear stresses on mutually perpendicular planes 
of an infinitesimal element also become known since they must be nu¬ 
merically equal, Eq. 1-2. This approach establishes the shear stresses in 
the plane of the beam section taken normal to its axis. 

The process discussed is quite general; two additional illustrations of 
separating the segment of the beam are in Figs. 7-2(e) and (f). In Fig. 7- 
2(e) the imaginary horizontal plane separates the beam just below the 
flange. Either the upper or the lower part of this beam can be used in 
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calculating the shear stresses in the cut. The imaginary vertical plane cuts 
off a part of the flange in Fig. 7-2(f). This permits calculation of shear 
stresses lying in a vertical plane in the figure. 

Before finally proceeding with the development of equations for de¬ 
termining the shear stresses in connecting bolts and in beams, an intuitive 
example is worthy of note. Consider a wooden plank placed on top of 
another, as shown in Fig. 7-3. If these planks act as a beam and are not 
interconnected, sliding at the surfaces of their contact will take place. 
The interconnection of these planks with nails or glue is necessary to 
make them act as an integral beam. In the next section, an equation will 
be derived for determining the required interconnection between the com¬ 
ponent parts of a beam to make them act as a unit. In the following section, 
this equation will be specialized to yield shear stresses in solid beams. 


I \ 



F!g. 7-3 Sliding between 
planks not fastened 
together. 


7-3. Shear Flow' 

Consider an elastic beam made from several continuous longitudinal 
planks whose cross section is shown in Fig. 7-4(a). For simplicity, the 
beam has a rectangular cross section, but such a limitation is not nec¬ 
essary. To make this beam act as an integral member, it is assumed that 




(d) 




Fig. 7-4 Elements for deriving shear flow in a beam. 
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Fig. 7-5 Procedure for 
determining | Q [. 


the planks are fastened at intervals by vertical bolts. An element nf this 

beam isolated by two parallel sections, both of which are perpendicular 
to the axis of the beam, is shown in Fig. 7-4(b). 

If the element shown in Fig. 7-4(b) is subjected to a bending moment 
+ M a at end A and to +M S at end B, bending stresses that act normal 
to the sections are developed. These bending stresses vary linearly from 
their respective neutral axes, and at any point at a distance y from the 
neutral axis are -M B y/I on the B end and —M A yU on the A end. 

From the beam element, Fig. 7-4(b), isolate the top plank, as shown in 
Fig. 7-4(c). The fibers of this plank nearest the neutral axis are located 
by the distance yi. Then, since stress times area is equal to force, the 
forces acting perpendicular to ends A and B of this plank may be deter¬ 
mined. At end B, the force acLing on an infinitesimal area dA at a distance 
y from the neutral axis is (- M B y!l) dA. The total force acting on the area 
■fobi a <■•/,> is the sum, or the integral, of these elementary forces over 
this area. Denoting the total force acting normal to the area fghj by F s 
and remembering that, at section B, M B and I are constants, one obtains 
the following relation: 


= ~fl 


y dA ~ — 


The integral defining 0 is the first or the statical moment of area fghj 
around the neutral axis. By definition, y is the distance from the neutral 
axis to the centroid of Ajghj • * Illustrations of the manner of determining 
Q are in Fig. 7-5. Equation 7-2 provides a convenient means of calculating 
the longitudinal force acting normal to any selected part of the cross- 
sectional area. 

Next consider end A of the element in Fig. 7-4(c). One can then express 
the total force acting normal to the area abde as 


fL 


where the meaning of Q is the same as that in Eq. 7-2 since for prismatic 
beams, an area such as fghj is equal to the area abde. Hence, if the 
moments at A and B were equal, it would follow that F A = F B , and 
the bolt shown in the figure would perform a nominal function of keep¬ 
ing the planks together and would not be needed to resist any known longi¬ 
tudinal forces. 


1 Area fpnn and its v mav also be used to find I O I. 
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On the other hand, if M A is not equal to M s . which is always the case 
when shears are present at the adjoining sections, F A is not equal to F B . 
More push (or pull) develops on one end of a “plank” than on the other, 
as different normal stresses act on the section from the two sides. Thus, 
jf M a A M b , equilibrium of the horizontal forces in Fig. 7-4(c) may be 
attained only by developing a horizontal resisting force R in the bolt. If 
Mb > M a , then | F B j > | F A |, and | F a \ + R = \ F s |, Fig. 7-4(d). The 
force | F b | - | F a [ = R tends to shear the bolt in the plane of the plank 
edfg. 2 If the shear force acting across the bolt at level km. Fig. 7-4(a), 
were to be investigated, the two upper planks should be considered as 
one unit. 

If M a A M b and the element of the beam is only dx long, the bending 
moments on the adjoining sections change by an infinitesimal amount. 
Thus, if the bending moment at A is M A , the bending moment at B is M b 
— 4 - dM. Likewise, in the same distance dx, the longitudinal forces 

F a and F b change by an infinitesimal force dF, i.e., j F b \ — l F A \ — dF. 
By substituting these relations into the expression for F s and F A found 
above, with areas fghj and abde taken equal, one obtains an expression 
for the differential longitudinal push (or puii) dF: 


I Fn I - I Fa | = 


M a + dM ' 

1 , 


In the final expression for dF, the actual bending moments at the adjoining 
sections are eliminated. Only the difference in the bending moments dM 
at the adjoining sections remains in the equation. 

Instead of working with a force dF, which is developed in a distance 
dx, it is more significant to obtain a similar force per unit of beam length. 
This quantity is obtained by dividing dF by dx. Physically, this quantity 
represents the difference between F B and F A for an element of the beam 
of unit length. The quantity dFIdx will be designated by q and will be 
referred to as the shear flow. Since force is measured in newtons or 
pounds, shear flow q has units of newtons per meter or pounds per inch. 
Then, recalling that dMldx = V, one obtains the following expression for 
the shear flow in beams: 



2 The forces ( | F B \ - \ F A |) and R are not collinear, but the element shown in 
Fig, 7-4(c) is in equilibrium. To avoid ambiguity, shear forces acting in the vertical 

Clitc nr/* nmittpH from the Hincrram 
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In this equation, 7 is the moment of interia of the entire cross-sectio na i 
area around the neutral axis, just as it does in the flexure formula from 
which it came. The total shear force at the section investigated is rep- 
resented by V, and the integral of y cLA for determining O extends only 
over the cross-sectional area of the beam to one side of this area at which 
y IS mVCSuigaiCu. 

In retrospect, note carefully that Eq. 7-5 was derived on the basis of 
the elastic flexure formula, but no term for a bending moment appears 
in the final expressions. This resulted from the fact that only the change 
in the bending moments at the adjoining sections had to be considered 
and the latter quantity is linked with shear V. Shear V was substituted 
for dMIdx, and this masks the origin of the established relations. Equation 
7-5 is very useful in determining the necessary interconnection between 
the elements making up a beam. This will be illustrated by examples. 


EXAMPLE 7-1 

Two long wooden planks form a T section of a beam, as shown in mm in Fig. 7- 
6(a). If this beam transmits a constant vertical shear of 3000 N, find the necessary 
spacing of the nails between the two planks to make the beam act as a unit. Assume 
that the allowable shear force per nail is 700 N. 

Solution 

In attacking such problems, the analyst must ask: What part of a beam has a 
tendency to slide longitudinally from the remainder? Here this occurs in the plane 
of contact of the two planks; Eq. 7-5 must be applied to determine the shear flow 
in this plane. To do this, the neutral axis of the whole section and its moment of 
inertia around the neutral axis must be found. Then as V is known and Q is defined 
as the statical moment of the area of the upper plank around the neutral axis, q 
may be determined. The distance y c from the top to the neutral axis is 


50 x 200 x 25 + 50 x 200 x 150 „„ r 

y ‘~ 50 x 200 + 50 x 200 ” ' im “ 

I - 200 ^ 503 + 50 x 200 x 62,5 2 + + 50 x 200 x 62.5 1 

= 113.54 x 10 b mm' t 

O = AfgHjy = 50 x 200 x (87.5 - 25) = 625 x 10 3 mm 3 
VQ 3000 x 625 x 10 3 

113.54 x 10 6 = 16 - 5NteuP 


Thus, a force of 16.5 N/mm must be transferred from one plank to the other along 
the length of the beam. However, from the data given, each nail is capable of 
resisting a force of 700 N; hence, one nail is adequate for transmitting shear along 
700/16.5 — 42 mm of the beam length. As shear remains constant at the consec¬ 
utive sections of the beam, the nails should be spaced throughout at 42-mm in¬ 
tervals. 









At the supports, the spacing of the lag screws must be 2 x 10 3 /16.2 = 123 mm 
apart. This spacing of the lag screws applies only at a section where shear V is 
equal to 9 kN. Similar calculations for a section where V = 4.5 kN gives q = 
8.1 N/ram; and the spacing of the lag screws becomes 2 x 10 3 /8.1 = 246 mm. 
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Thus, it is proper to specify the use of 10-mm lag screws on 120-mm centers for 
a distance of 1.5 m nearest both of the supports and 240-mm spacing of the same 
lag screws for the middle half of the beam. A greater refinement in making the 
transition from one spacing of fastenings to another may be desirable in some 
problems. The same spacing of lag screws should be used at section b-b as at 
section a-a. 

In numerous practical applications, beams are made up by bolting or riveting 
longitudinal pieces, as shown in Fig. 7-8(a), or welding them, as shown in Fig. 
7-8(b). Spacing of selected bolts or rivets, as well as sizing of welds, is determined 
using procedures analogous to those described before. The strength of individual 
bolts or rivets is discussed in Section 1-13 and that of welds is treated in Section 
1-14. Note that the bolts may be staggered along the length of a beam, and that 
some may act in double shear. The welds may be either continuous or intermittent. 


7-4. The Shear-Stress Formula for Beams 

The shear-stress formula for beams may be obtained by modifying the 
shear flow formula Thus, analogous to the earlier procedure, an element 
of a. beam may be isolated between two adjoining sections taken perpen¬ 
dicular to the axis of the beam. Then by passing another imaginary lon¬ 
gitudinal section through this element parallel to the axis of the beam, a 
new element is obtained, which corresponds to the element of one 
'■plank 5 ’ used in the earlier derivations. A side view of such an element 
is shown in Fig. 7-9(a), where the imaginary longitudinal cut is made at 
a distance yi from the neutral axis. The cross-sectional area of the beam 
is shown in Fig. 7-9(c). 




Fig. 7-9 Derivation of shear stresses in a beam. 
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If shear forces exist at the sections through the beam, a different bend¬ 
ing moment acts at section A than at B. Hence, more push or pull is 
developed on one side of the partial area fghj than on the other, and, as 
before, this longitudinal force in a distance dx is 

dF = IT y dA = At sh ff = ~j~Q 

fghj 

in a solid beam, the force resisting dt may be developed only in the 
plane of the longitudinal cut taken parallel to the axis of the beam. There¬ 
fore, assuming that the shear stress 7 is uniformly distributed? across the 
section of width t, the shear stress in the longitudinal plane may be ob¬ 
tained by dividing dF by the area t dx. This yields the horizontal shear 
stress t. For an infinitesimal element, however, numerically equal shear 
stresses 4 act on the mutually perpendicular planes; see Fig. 7-9(b). Hence, 
the same relation gives simultaneously the longitudinal shear stress and 
the shear stress in the plane of the vertical section at the longitudinal 
cut 5 

— = dM A fsvy 
‘ dx t dx It 

This equation may be simplified, since according to Eq. 7-1, dM/dx = V. 
and by Eq. 7-5, q = VQII. Hence, 



Equation 7-6 is the important formula for the shear stresses in a beam. 6 

3 This procedure is best suited to situations where the section sides are parallel 
and are away from significant changes in the shape of the cross section. For 
limitations see Section 7-6. 

4 Note that the sense of positive t agrees with the positive sense for V in beams 
adopted in Section 5-8. 

is present at a section through a beam, the moments at the adjoining sections are 
M and M + dM. The magnitude of M is irrelevant for determining the shear 
stresses. Hence, alternately, no moment need be considered at one section if at 
the adjoining section, a bending moment dM is assumed to act. Then on a partial 
area of the section, such as the shaded area in Fig. 7-9(c), this bending moment 
dM will cause an average normal stress (dMjyll , as given by the flexure formula. 
In the latter relation, y locates the fiber that is at an average distance from the 
neutral axis in the partial area of a section. Multiplying ( dMjyll by the partial 
area of the section leads to the same expression for dF as before. 

6 This formula was derived by D. I. Jouravsky in 1855. Its development was 
prompted by observing horizontal cracks in wood ties on several of the railroad 
bridges between Moscow and St. Petersburg. 
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rj gjves the shear stresses at the longitudinal cut. As before. V is the total 
shear force at a section, and I is the moment of inertia of the whole cross- 
sectional area about the neutral axis. Both V and/are constant at a section 
through a beam. Here 0 is the statical moment around the neutral axis 
of the partial area of the cross section to one side of the imaginary lon¬ 
gitudinal cut, and y is the distance from the neutral axis of the beam to 
the centroid of the partial area Af 8 hj. Finally, t is the width of the im¬ 
aginary longitudinal cut, which is usually equal to the thickness or width 
of the member. The shear stress at different longitudinal cuts through the 
beam assumes different values as the values of Q and t for such sections 
differ. 

Care must be exercised in making the longitudinal cuts preparatory for 
use in Eq. 7-6. The proper sectioning of some cruss-sectional areas of 
beams is shown in Figs. 7-10(a), (b), (d), and (e). The use of inclined 
"Uttin 0 Wanes should be avoided unless the section is made across a small 
thickness. When the axis of symmetry of the cross-sectional area of the 
beam is vertical and in the plane of the applied forces, the longitudinal 
cuts are usually made horizontally. In such cases, the solution of Eq. 7- 
6 gives simultaneous values of horizontal and vertical shear stresses, as 
such planes are mutually perpendicular, Eq. 1-2. The latter stresses act 
in the plane of the transverse section through the beam. Collectively, these 
shear stresses resist the shear force at the same section, thus satisfying 
the relation of statics, T. F y ~ 0. The validity of this statement for a 
special case will be proved in Example 7-3. 

For thin members only, Eq. 7-6 may be used to determine the shear 
stresses with a cut such as f-g of Fig. 7-10(b). These shear stresses act 
in a vertical plane and are directed perpendicularly to the plane of the 
paper. Matching shear stresses act horizontally; see Fig. 7-10(c). These 
shear stresses act in entirely different directions than those obtained by 
making horizontal cuts, such as f-g in Figs. 7-10(a) and (d). As these 
shear stresses do not contribute directly to the resistance of vertical shear 
V, their significance will be discussed in Section 7-7. 


ma v y 



Centroid of cross-hatched ai 


Fig. 7-10 Sectioning for partial areas of cross sections for computing shear stresses. 
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Procedure Summary 

The same three basic concepts of engineering mechanics of solids as be¬ 
fore are used in developing the formula for shear stresses in beams. How¬ 
ever, their use is less direct. 

(a) for determining the shear at a section, 

(b) by using the relationship between the shear and the rate of 
change in bending moment along a span, and 

(c) by determining the force at a longitudinal section of a beam 
element for obtaining the average shear stress. 

2. Geometry of deformation, as in pure bending, is assumed such that 
plane sections remain plane after deformation, leading to the con¬ 
clusion that normal strains in a section vary linearly from the neutral 
axis. Since, due to shear, the cross sections do not remain plane 
but warp, this assumption is less accurate than for purs bending. 
However, for small and moderate magnitudes of shear, and slender 
members, this assumption is satisfactory. 

3. Material properties are considered to obey Hooke’s law, although 
extension to other constitutive relations is possible for elementary 
solutions. 

These conditions treat the problem as one-dimensional, and the as¬ 
sumed geometry of deformation is insensitive to the effects of concen¬ 
trated forces and/or changes in the cross-sectional areas of beams. There¬ 
fore again reliance is largely placed on Saint-Venant’s principle. In other 
words, only at distances beyond the member depth from such distur¬ 
bances are the solutions accurate. Therefore solutions are best suited for 
slender members; see Section 7-5. Further, rigorous solutions show that 
for wide longitudinal sections, solutions are somewhat inaccurate due to 
complex warpage of their cross sections near the sides. 

An application of Eq. 7-6 for determining shear stresses in a rectangular 
beam is given next. Based on the results obtained in this example, a 
general discussion follows of the effect of shear on warpage of initially 
plane sections in beams. Then two additional examples on the application 
of Eq. 7-6 are provided. 

EXAMPLE 7-3 

Derive an expression for the shear-stress distribution in a beam of solid rectan¬ 
gular cross section transmuting a vertical shear V. 

Solution 

The cross-sectional area of the beam is shown in Fig. 7-ll(a). A longitudinal cut 
through the beam at a distance yi from the neutral axis isolates the partial area 
fghj of the cross section. Here t = b and the infinitesimal area of the cross section 
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may be conveniently expressed as b dy. By applying Eq. 7-6, the horizontal shear 
stress is found at level y, of the beam. At the same cut, numerically equal vertical 
shear stresses act in the plane of the cross section, Eq. 1-2. 
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izontal and the vertical shear stresses vary parabolically. The maximum value of 
the shear stress is obtained when yi is equal to zero. In the plane of the cross 
section. Fig. 7-ll(b), this is diagrammatically represented by T max at the neutral 
axis of the beam. At increasing distances from the neutral axis, the shear stresses 
gradually diminish. At the upper and lower boundaries of the beam, the shear 
stresses cease to exist as yi = ±/i/2. These values of the shear stresses at the 
various levels of the beam may be represented by the parabola shown in Fig. 7- 
11(c). An isometric view of the beam with horizontal and vertical shear stresses 
is Suown m Fig. 7-ll(u). 

To satisfy the condition of statics, X Fy = 0, at a section of the beam, the sum 
of all the vertical shear stresses ? times their respective areas dA must be equal 
to the vertical shear V. That this is the case may be shown by integrating t dA 
over the whole cross-sectional area A of the beam, using the general expression 
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As the derivation of Eq. 7-6 was indirect, this proof showing that the shear stresses 
integrated over the section equal the vertical shear is reassuring. Moreover, since 
an agreement in signs is found, this result indicates that the direction of the shear 
stresses at the section through a beurn is the same us that of the shear force V 
This fact may be used to determine the sense of the shear stresses. 

As noted before, the maximum shear stress in a rectangular beam occurs at 
the neutral axis, and for this case, the general expression for T max may be simplified 
by setting yi = 0. 

Vh 2 Vh 2 3 V 3 V 
Tmax - gj ~ Bfrhj /12 ~ 2 bk ~ 2 A (7-8a) 


where V is the total shear, and A is the entire cross-sectional area. The same 
result may be obtained more directly if it is noted that to make VQlIt a maximum 
Q must attain its largest value, as in this case V, I, and t are constants. From the 
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value of Q is obtained by considering one-half the cross-sectional area around 


the neutral axis of the beam. Hence, alternately, 



(7-8b) 


Since beams of rectangular cross-sectional area are used frequently in practice, 
Eq. 7-8b is very useful. It is widely used in the design of wooden beams since 
the shear strength of wood on planes parallel to the grain is small. Thus, although 
equal shear stresses exist on mutually perpendicular planes, wooden beams have 
a tendency to split longitudinally along the neutral axis. Note that the maximum 
shear stress is li times as great as the average shear stress V/A. Nevertheless, 
in the analysis of bolts and rivets, it is customary to determine their shear strengths 
by dividing the shear force V by the cross-sectional area A (see Section 1-8). Such 
practice is considered justified since the allowable and ultimate strengths are ini¬ 
tially determined in this manner from tests. For beams, on the other hand, Eq. 
7-6 is generally applied. 


**Alternative Solution 

From the point of view of elasticity, internal stresses and strains in beams are 
statically indeterminate. However, in the engineering theory discussed here, the 
introduction of a kinematic hypothesis that plane sections remain plane after bend¬ 
ing changes this situation. Here, in Eq. 6-11. it is asserted that in a beam, cr- = 
-My/I. Therefore, one part of Eq. 1-5—that giving the differentia! equation of 
equilibrium for a two-dimensional problem with a body force X = 0—suffices to 
solve for the unknown shear stress. From the conditions of no shear stress at the 
top and the bottom boundaries, Tyj — 0 at y — ± A/2, the constant of integration 
is found. 



*7.5. Warpage of Plane Sections Due to Shear 

A solution based on the mathematical theory of elasticity for a rectangular 
beam subjected simultaneously to bending and shear shows that plane 
sections perpendicular to the beam axis warp, i.e., they do not remain 
plane. This can also be concluded from Eq. 7-7 derived in the preceding 
example. 

According to Hooke’s law, shear strains must be associated with shear 
stresses. Therefore, the shear stresses given by Eq. 7-7 give rise to shear 
strains. According to this equation, the maximum shear stress, hence, 
maximum shear strain, occurs at y = 0; conversely, no shear strain takes 
place aty = ± h/2. This behavior warps the initially plane sections through 
a beam, as shown qualitatively in Fig. 7-12, and contradicts the funda¬ 
mental assumption of the simplified bending theory for pure flexure. How¬ 
ever, based on rigorous analysis, warpage of the sections is known to be 
important only for very short members and is negligibly small for slender 
members. Tins can be substantiated by the two-dimensional finite-element 
studies for rectangular cantilevers shown in Figs. 7-13 and 7-14. In both 

7 In the elasticity sign convention used here, positive shear stress acts upward 
on the right face of an element as shown in Fig. 1-5. By analogy this requires 

that m/Jv = — V 
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. va Maximum 

Fig. 7-12 Shear distortions m distortion at 

a beam. neutral axis 



instances, the beams are fixed along lines AB at the nodal points indicated 
by dots in the figures. To avoid local disturbances of the type shown 
earlier in Fig. 2-31, in each case, applied forces P are distributed para- 
bolically per Eq. 7-7 to the nodal points along lines CD. 

The displacements of the nodal points of the elements for both beams 
shown in the figures are greatly exaggerated. For the numerical values 
used, they are increased by a factor of 3000 compared with the linear 
dimensions of the members. Considerable warpage of the initially plane 
sections can be clearly observed for the short cantilever in Fig. 7-13. By 
contrast, for the longer member in Fig. 7-14, the warpage of the sections 
is imperceptible. This study together with an examination of analytical 
results as well as experimental measurements on beams suggests that the 
assumption of “plane sections” is reasonable. It should also be noted 
that if shear force V along a beam is constant and the boundaries provide 
no restraint, the warping of all cross sections is the same. Therefore, the 
strain distribution caused by bending remains the same as in pure bending. 
Based on these considerations, a far-reaching conclusion can be made 
that the presence of shear at a section does not invalidate the expressions 

<V,r k»n/UrwT ctr»c»c Ho'-k/cH oorUor- 


Fig 7-13 Deformed mesh for 1S cailf!0ne ^» however, that local disturbances of stresses occur at 
a short cantilever from a the points of load applications and the use of the elementary elastic theory 
finite element solution. for short beams is questionable. 
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yCAivIPLE 7-** 

Using the simplified theory, determine the shear-stress distribution due to shear 
yin the elastic-plastic zone of a rectangular beam. 

c 0 !ufion 

This situation occurs, for example, in a cantilever loaded as shown in Fig. 7-15(a). 
In the elastic-plastic zone, the external bending moment M = Px, whereas, 
according to Eq. 6-40, the internal resisting moment M = M p - <j yp by 2 J3. Upon 
noting that y 0 varies with x and differentiating the above equations, one notes the 
following equality: 

dM _ ^ _ 2by 0 a yp dy 0 
dx 3 dx 

This relation will be needed later. First, however, proceeding as in the elastic 
case, consider the equilibrium of a beam element, as shown in Fig. 7-15(b). Larger 
longitudinal forces act on the right side of this element than on the left. By sep¬ 
arating the beam at the neutral axis and equating the force at the cut to irie dif¬ 
ference in the longitudinal force, one obtains 

r 0 i dx b — Oyp dy 0 b !2 

where b is the width of the beam. After substituting dyjdx from the relation found 
earlier and eliminating b, one finds the maximum horizontal shear stress ?<,: 


cryp dyo _ 3 P _ 3 P_ 
2 dx 4 by„ 2 A? 


(7-9) 


where A 0 is the cross-sectional area of the elastic part of the cross section. The 
shear-stress distribution for the elastic-plastic case is shown in Fig. 7-15(c). This 
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and opposite normal stresses occur in the plastic zones, no unbalance in longi¬ 


tudinal forces occurs and no shear stresses are developed. 



(a) (b) (c) (d) 

Fig. 7-15 Shear stress distribution in a rectangular elastic-plastic beam. 
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This elementary solution has been refined by using a more carefully formularpH 
criterion of yielding caused by the simultaneous action of normal and shear 
stresses. 8 


EXAMPLE 7-5 

An I beam is loaded as shown in Fig. 7-16(a). If it has the cross section shown 
in Fig. 7-16(c), determine the shear stresses at the levels indicated. Neglect the 
weight of the beam. 

Solution 

From the free-body diagram of the beam segment in Fig. 7-16(b), it is seen that 
the vertical shear at all sections is 50 kips. Bending moments do not enter directly 
into the present problem. The shear flow at the various levels of the beam is 
computed in the following table using Eq. 7-5. Since t = qli, Eq. 7-6, the shear 
stresses are obtained by dividing the shear flows by the respective widths of the 
beam. 

7 - 6 x 12 J /12 - 5.5 x 11=712 = 254 in 4 

8 D. C. Drucker, “The Effect of Shear on the Plastic Bending of Beams,” J 
Appl. Mech. 23 (1956):509-514. 



Fig. 746 


Sec. 7-4. Warpage of Plan© Sections Du© to Shear 


377 


For use in Eq. 7-5. the ratio Vll ~ 50,000/254 = 197 lb/in 4 . 


Level 

Afghj 


y 

Q - A /*hjy <i 

= VQ/I 

t 

t (psi) 

1-1 


0 

6 

0 

0 

6.0 

0 

2-2 

0.5 x 6 = 

3.00 

5.75 

17.25 

3400 

6.0 

0.5 

570 

6800 

3-3 

[ 0.5x6 = 
(0.5 x 0.5 = 

3.00 

0.25 

5.75 

5.25 


3650 

0.5 

7300 

A A 

j 0.5 x 6 = 

3.00 

5.75 

17-251,,, », 

/4fion 

n s 

07«n 


" [0.5 x 5.5 - 2.75 2.75 7.56J-- 

17 AfgV i s *h e partial area of the cross section above a given level in in 4 . 
b y is distance in mm from the neutral axis to the centroid of the partial area. 


downward on the right face of the elements. This sense of the shear stresses 
coincides with the sense of shear force V. For this reason, a strict adherence to 
the sign convention is often unnecessary. It is always true that f A t dA is equal 
to V and has the same sense. 

Note that at level 2-2, two widths are used to determine the shear stress—one 
just above the line 2-2, and one just below. A width of 6 in corresponds to the 
first case, and 0.5 in to the second. This transition point will be discussed in the 
next section. The results obtained, which by virtue of symmetry are also appli¬ 
cable to trie lower half of the section, are plotted in Figs. 7-!6(d) and (e). By a 
method similar to the one used in the preceding example, it may be shown that 
the curves in Fig. 7-16(e) are parts of a second-degree parabola. 

The variation of the shear stress indicated by Fig. 7-16(e) may be interpreted 
as is shown in Fig. 7-16(1). The maximum shear stress occurs at the neutral axis, 
and the vertical shear stresses throughout the web of the beam arc nearly of the 
same magnitude. The vertical shear stresses occurring in the flanges are very 
small. For this reason, the maximum shear stress in an I beam is often approx¬ 
imated by dividing the total shear V by the cross-sectional area of the web with 
the web height assumed equal to the beam overaii height, area abed in Fig. 7-i6(fj. 
Hence, 


In the example considered, this gives 


This stress differs by about 15 percent from the one found by the accurate formula. 
For most cross sections, a much closer approximation to the true maximum shear 
stress may be obtained by dividing the shear by the web area between the flanges 
only. For the above example, this procedure gives a stress of 9091 psi, which is 
an error of only about 8 percent. It should be clear from the above that division 







Fig. 7-17 Boundary 
conditions are not satisfied 
at the levels 2-2. 


Shear Stresses In Beams and Related Problems \ 

i 

of V b v the whole cross-sectional area, of the heam to obtain the shear stress 
not permissible. t 

An element of the beam at the neutral axis is shown in Fig. 7-16(g). At levels 1 

3-3 and 2-2, bending stresses, in addition to the shear stresses, act on the vertical * 

faces of the elements. No shear stresses and only bending stresses act on the 
elements at level 1-1. ■ 


The sides of cross sections were assumed to be parallel in all the pre¬ 
ceding examples. If they are not parallel, both Q and t vary with the 
section level, and.the maximum shear stress may not occur at the neutral 
axis. However, using Eq. 7-6, the maximum average shear stress can 
always be found. For example it can be shown that for a symmetric tri¬ 
angular cross section such a maximum shear stress is midway between 
the apex and the base. For such cross sections, the stresses vary across 
a longitudinal section, and are particularly inaccurate near the sloping 
sides; see Fig. 7-18. Similar results may develop at longitudinal sections 
taken at an angle with the axes. 

The same procedures as described before are used for determining lon¬ 
gitudinal shear stresses in composite beams at bonded or glued surfaces. 

*7-6. Some Limitations of the Shear-Stress Formula 

The shear-stress formula for beams is based on the flexure formula. 
Hence, all of the limitations imposed on the flexure formula apply. The 
material is assumed to be elastic with the same elastic modulus in tension 
as in compression. The theory developed applies only to straight beams. 
Moreover, there are additional limitations that are not present in the flex¬ 
ure formula. Some of these will be discussed now. 

Consider a section through the I beam analyzed in Example 7-5. Some 
of the results of this analysis are reproduced in Fig. 7-17. The shear 
stresses computed earlier for level 1-1 apply to the infinitesimal element 
a. The vertical shear stress is zero for this element. Likewise, no shear 
stresses exist on the top plane of the beam. This is as it should be, since 
the top surface of the beam is a free surface. In mathematical phraseology, 
this means that Lhe conditions at the boundary are satisfied. For beams 
of rectangular cross section, the situation at the boundaries is correct. 

A different condition is found when the shear stresses determined for 
the I beam at levels 2-2 are scrutinized. The shear stresses were found 
to be 570 psi for the elements such as b or c shown in the figure. This 
requires matching horizontal shear stresses on the inner surfaces of the 
flanges. However, the latter surfaces must be free of the shear stresses 
as they are free boundaries of Lhe beam. Tills leads to a contradiction 
that cannot be resolved by the methods of engineering mechanics of sol¬ 
ids. The more advanced techniques of the- mathematical theory of elas- 


Sec. 7-6. Some Limitations of the Shear-Stress Formula 


379 



ticity or three-dimensional finite-element analysis must be used to obtain 
an accurate solution. 

Fortunately, the above defect of the shear-stress formula for beams Is 
not serious. The vertical shear stresses in the flanges are small. The large 
shear stresses occur in the web and, for all practical purposes, are cor¬ 
rectly given by Eq. 7-6. No appreciable error is involved by using the 
relations derived in this chapter for thin-walled members, and the majority 
of beams belong to this group. Moreover, as stated earlier, the solution 
for the shear stresses for a beam with a rectangular cross section is cor¬ 
rect. 

In mechanical applications, circular shafts frequently act as beams. 
Hcncc, beams having a solid circular cross section form an important 
class. These beams are not “thin-walled.” An examination of the bound¬ 
ary conditions for circular members, Fig. 7-18(a), leads to the conclusion 
that when shear stresses are present, they must act parallel to the bound¬ 
ary. As no matching shear stress can exist on the free surface of a beam, 
no shear stress component can act normal to the boundary. However, 
according to Eq. 7-6, vertical shear stresses of equal intensity act at every 
level, such as ac in Fig. 7-18(b). This is incompatible with the boundary 
conditions for elements a and c, and the solution indicated by Eq. 7-6 is 
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inconsistent .. 9 Fortunately, the maximum shear stresses occurring at the 

neutral axis satisfy the boundary conditions and are within about 5 percent 
of their true value. 10 

*7-7. Shear Stresses in Beam Flanges 

In an I beam, the existence of shear stresses acting in a vertical longi¬ 
tudinal cut as c-c in Fig. 7-19(a) was indicated in Fig. 7-2(f) and Section 
7-4. These shear stresses act perpendicular to the plane of the paper. Their 
magnitude may be found by applying Eq. 7-6, and their sense follows by 
considering the bending moments at the adjoining sections through the 
beam. For example, if for the beam shown in Fig. 1-I9(b),positive bending 
moments increase Loward the reader, larger normal forces acl on the near 
section. For the elements shown, t t dx or q dx must aid the smaller force 
actin' 3 on the partial area of the cross section. This fixes the sense of th“ 
shear stresses in the longitudinal cuts. However, numerically equal shear 
stresses act on the mutually perpendicular planes of an infinitesimal ele¬ 
ment, and the shear stresses on such planes either meet or part with their 
directional arrowheads at a comer. Hence, the sense of the shear stresses 
in the plane of the section becomes known also. 

The magnitude of the shear stresses varies for the different vertical 
cuts. For example, if cut c-c in Fig. 7-19(a) is at the edge of the beam, 
the hatched area of the beam’s cross section is zero. However, if the 
thickness of the flange is constant, and cut c-c is made progressively 
closer to the web, this area increases from zero at a linear rate. Moreover, 
as y remains constant for any such area, Q also increases linearly from 
zero toward the web. Therefore, since V and I are constant at any section 
tmougn tne u£am, snear now q c = * iOuOws tuc same variation. If 
the thickness of the flange remains the same, the shear stress t c = VQI 
It varies similarly. The same variation of q c and t c applies on both sides 
of the axis of symmetry of the cross section. However, as may be seen 
from Fig. 7-19(b), these quantities in the plane of the cross section act in 
opposite directions on the two sides. The variation of these shear stresses 
or shear flows is represented in Fig. 7-19(c), where for simplicity, it is 
assumed that the web has zero thickness. 

9 The exact elastic solution of this problem is beyond the scope of this text. 
However, a better approximation of the true stresses may be obtained rather 
simply. Firsl, an assumption is made that the shear stress as found by Eq. 7-6 
gives a tme cnmpnnent of the shear stress acting in the vertical direction. Then, 
since at every level, the shear stresses at the boundary must act tangent to the 
boundary, the lines of action of these shear stresses intersect at some point, as 
A in Fig. 7 18(b). Thus, a second assumption is made that all shear stresses at a 
given level act in a direction toward a single point, as A in Fig. 748(b). Therefore, 
the shear stress at any point such as F becomes equal to t^/cos <t>. The stress 
system found in the above manner is consistent. 

10 A. E. H. Love, Mathematical Theory of Elasticity, 4th ed. (New York: 
Dover, 1944), 348. 
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(d) 

Fig. 7-19 Shear forces in the flanges of an I beam act perpendicularly to the axis of symmetry. 

In common with all stresses, the shear stresses shown in Fig. 7-19(c), 
when integrated over the area on which they act, are equivalent to a force. 

The magnitude of the horizontal force F\ for one-half of the flange, Fig. 

7-19(d), is equal to the average shear stress multiplied by one-half of the 
whole area of the flange, i.e., 


fbt\ 


( Qc-m 


A fb\ . 

V W 


If an I beam transmits a vertical shear, these horizontal forces act in the 
upper and lower flanges. However, because of the symmetry of the cross 
section, these equai forces occur in pairs and oppose each other, and 
cause no apparent external effect. 

To determine the shear flow at the juncture of the flange and the web, 
cut a-a in Fig. 7-19(a), the whole area of the flange times y must be used 
in computing the value of 0. However, since in finding q c . max, one-half 
the flange area times the same y has already been used, the sum of the 
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shear flow 11 at cut a-a. Hence, figuratively speaking, the horizontal shear 
flows “turn through 90° and merge to become the vertical shear flow.” 
Thus, the shear flows at the various horizontal cuts through the web may 
be determined in the manner explained in the preceding sections. More¬ 
over, as the resistance to the vertical shear V in thin-walled I beams is 
developed mainly in the web, it is so shown in Fig. 7-19(d). The sense of 
the shear stresses and shear flows in the web coincides with the direction 
of the shear V. Note that the vertical shear flow “splits” upon reaching 
the lower flange. This is represented in Fig. 7-19(d) by the two forces F, 
that are the result of the horizontal shear flows in the flanges. 

The shear forces that act at a section of an I beam are shown in Fig. 
7-19(d), and, for equilibrium, the applied vertical forces must act through 
the centroid of the cross-sectional area to be coincident with V. If the 
forces are so applied, no torsion of the member will occur. This is tr 1 -’ 
for all sections having cross-sectional areas with an axis of symmetry. To 
avoid torsion of such members, the applied forces must act in the plane 
of symmetry of the cross section and the axis of the beam. A beam with 
an unsymmetrical section will be discussed next. 

7-8. Shear Center 

Consider a beam having the cross section of a channel; see Fig. 7-20(a). 
The walls of this channel are assumed to be sufficiently thin that the 
computations may be based on center line dimensions. Bending of this 
channel takes place around the horizontal axis and although this cross 
section does not have a vertical axis of symmetry, it will be assumed that 
the bcuuing stresses arc given by the usual flexure formula. Assuming 
further that this channel resists a vertical shear, the bending moments 
will vary from one section through the beam to another. 

By taking an arbitrary vertical cut as c-c in Fig. 7-20(a), q and t may 

11 The same statement cannot he made with regard to the shear stresses, as 
the thickness of the flange may differ from that of the web. 



<b) (c) (d) 

Fig. 7-20 Deriving location of shear center for a channel. 
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be found in the usual manner. Along the horizontal legs of the channel, 
these quantities vary linearly from the free edge, just as they do for one 
side of the flange in an I beam. The variation of q and t is parabolic along 
the web. The variation of these quantities is shown in Fig. 7-20(b), where 
they are plotted along the center line of the channel's section. 
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a force F\ ~ (rd2)bt, and the sum of the vertical shear stresses over the 
area of the web is the shear V = /_ ji/f t t dy. 12 These shear forces acting 
in the plane of the cross section are shown in Fig. 7-20(c) and indicate 
that a force V and a couple F\h are developed at the section through the 
channel. Physically, there is a tendency for the channel to twist around 
some longitudinal axis. To prevent twisting and thus maintain the appli¬ 
cability of the initially assumed bending-stress distribution, the externally 
applied forces must be applied in such a manner as to balance the internal 
couple F\h, For example, consider the segment of a cantilever beam of 
negligible weight, shown in Fig. 7-20(d), to which a vertical force P is 
applied parallel to the web at a distance e from the web’s center line. To 
maintain this applied force in equilibrium, an equal and opposite shear 
force V must be developed in the web. Likewise, to cause no twisting of 
the channel , couple Pe must equal couple Ffi. At the same section 
through the channel, bending moment PL is resisted by the usual flexural 
stresses (these are not shown in the figure). 

An expression for distance e, locating the plane in which force P must 
be applied so as to cause no twist in the channel, may now be obtained. 
Thus, remembering that F\h ~ Pe and P = V, 

e = F\h = [l/2)T a bth _ bth VQ _ bth Vbtjhll ) = 'b 7 h*t 

p P 2P li 2 P li 4 1 

Note that distance e is independent of the magnitude of applied force 
P , as well as of its location along the beam. Distance e is a property of 
a section and is measured outward from the center of the web to the 
applied force. 

A similar investigation may be made to locate the plane in which the 
horizontal forces must be applied so as to cause no twist in ihe channel. 
However, for the channel consiucrcu, uy virtue Ot symmetry, it may eS 
seen that this plane coincides with the neutral plane of the former case. 
The intersection of these two mutually perpendicular planes with the plane 
of the cross section locates a point that is called the shear center. 13 The 
shear center is designated by the letter S in Fig. 7-20(c). The shear center 
for any cross section lies on a longitudinal line parallel to the axis of the 

12 When the thickness of a channel is variable, it is more convenient to find F\ 
and V by using the respective shear flows, i.e., Fi = (q a /2)b and V = f 1ft a q 
dy. Since the flanges are thin, the vertical shear force carried by them is negligible. 

13 A. Eeaenschwvler and R. Maillart of Switzerland clarified this conceDt onlv 
in 1921. 
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beam. Any transverse force applied through the shear renter causes no 
torsion of the beam. A detailed investigation of this problem shows that 
when a member of any cross-sectional area is twisted, the twist takes 
place around the shear center, which remains fixed. For this reason, the 
shear center is sometimes called the center of twist. 

For cross-sectional areas having one axis of symmetry, the shear center 
is always located on the axis of symmetry. For those that have two axes 
of symmetry, the shear center coincides with the centroid of the cross- 
sectional area. This is the case for the I beam that was considered in the 
previous section. 

The exact location of the shear center for unsymmetrical cross sections 
of thick materials is difficult to obtain and is known only in a few cases. 
If the material is thin, as has been assumed in the preceding discussion 
relatively simple procedures may always be devised to locate the shear 
center of the cross section. The usual procedure consists of deter mi ning 
the shear forces, as Fj and V before, at a section, and then finding the 
location of the external force necessary to keep these forces in equilib¬ 
rium. 


EXAMPLE 7-6 

Find the approximate location of the shear center for a beam with the cross section 
Oi the channel shown in Fig. 7-21. 

Solution 

Instead of using Eq. 7-12 directly, sume further simplifications may be made. The 
moment of inertia of a thin-walied channel around its neutral axis ms" be found 
with sufficient accuracy by neglecting the moment of inertia of the flanges around 
their own axes (only!). This expression for I may then be substituted into Eq. 7- 
12 and; after simplifications, a formula for e of channels is obtained. 

I ” U + (Ac! 2 )„ aM „ = th 3 H2 + 2bt(M2f = th 3 H2 + bth 2 l2 
b 2 h 2 t _ b 2 h 2 t b 

6 41 4{bth 2 l2 + th 3 H2) ~ 2 + MU (7 ~ 13) 

Equation 7-13 shows that when the width of flanges b is very large, e approaches 
its maximum value of b/2. When h is very large, e approaches its minimum value 
of zero. Otherwise, e assumes an intermediate value between these two limits. 
For the numerical data given in Fig. 7-21, 


5 

2 + 10/(3 x 5) 


1,87 in 


Hence, the shear center S is 1.87 — 0.0.5 = 1.82 in from the outside vertical face 
of the channel. 


Sec. 7-8. Shear Center 


i-VAR/IPI P 7.7 
' ' 

Find the approximate location of the shear center for the cross section of the I 
beam shown in Fig. 7-22(a). Note that the flanges are unequal. 

.Solution 

This cross section has a horizontal axis of symmetry and the shear center is located 
on if, where it is located remains to be answered. Applied force P causes signif¬ 
icant bending and shear stresses only in the flanges, and the contribution of the 
web to the resistance of applied force P is negligible. 

Let the shear force resisted by the left flange of the beam be Vi, and by the 
right flange, V 2 . For equilibrium, Vt + V 2 = P- Likewise, to have no twist of 
the section, from 2 M A = 0, Pe = V 2 h (or Pf = VJi). Thus, only V 2 remains 
to be determined to solve the problem. This may be done by noting that the right 
flange is actually an ordinary rectangular beam. The shear stress (or shear flow) 

, .1__ 1 VVM gm r»f a 

in sucri a ueaili IS ui!>uium.cu tiaiawutau;, 1 15. Miln -**« “* “ 

parabola is two-thirds of The base times the maximum altitude, V 7 = ib 2 {q 2 ) mzy .. 
However, since the total shear V - P, by Eq. 7-5, (q 2 ) max = VQ/I = PQII, where 
q is the statical moment of the upper half of the right-hand flange, and I is the 
moment of inertia of the whole section. Hence, 


: V 2 h = ~b 2 {q 2 ) max .h « 
2hb 2 2hb 2 b 2 t 2 b 2 

’ TT e = 1 T 7T 7 


where I 2 is the moment of inertia of the right-hand flange around the neutral axis. 
Similarly, it may be shown that f = hlfll, where /, applies to the left flange, if 
the web of the beam is thin, as originaiiy assumed, I = h + I 2 , and e + / = h, 
as is to be expected. 


A similar analysis leads to the conclusion that the shear center for a 
symmetrical angle is located at the intersection of the center lines of its 
legs, as shown in Figs. 7-23(a) and (b). This follows since the shear flow 
at every section, as c-c, is directed along the center line of a leg. These 
shear flows yield two identical forces, Fi, in the legs. The vertical com¬ 
ponents of these forces equal the vertical shear applied through S. An 
g,,ni nm „r i* * ic/> -fV.11nd fnr anv anolp. nr T section. as shown in 

UliUlUgUUO JltUUUUll U AW-A.W .w. ~..j C-- -- -. 

Figs. 7-24(a) and (b). The location of the shear center for various members 
is particularly important in aircraft applications . 14 

14 For further details, see E. F. Bruhn, Analysis and Design of Flight Vehicle 
Structures (Cincinnati: Tri-State, 1965). .See also P. Kuhn, Stresses in Aircraft 
and Shell Structures (New York: McGraw-Hill, 1956). 
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r\ 



(a) (b) (a) <b) 

Fig. 7-23 Shear center for an Fig. 7-24 Shear center for the 

equal leg angle is at S. sections shown is at S. 



As remarked earlier, in order to prevent torsion of a beam, the applied 
force must act through the shear center. When such a force forms an angle 
with the vertical, it is best to resolve it into components along the principal 
axes of the cross section, as shown in Fig. 6-38. If force P is applied 
outside shear center S, as shown in Fig. 7-25, Lwo equal but opposite 


addition to the stresses caused by P applied at S, the torsional stresses 
caused by the torque equal to Pd must be considered, as described in 
Chapter 4. 

It is to be noted that generally, in addition to the shear stresses discussed 
in this chapter, bending stresses usually also act on the elements consid¬ 
ered. Transformation of this kind of state of stress is discussed in Chapter 
8. In the remainder of this chapter, only superposition of the shear stresses 
is considered. 


Part i SUPERPOSITION OF SHEAR STRESSES 


7-9. Combined Direct and Torsional Shear Stresses 

The analysts for combined direct and torsional shear stresses consists of 
two parts that are then superposed. In one of these parts, the direct shear 
stresses are determined using the procedures of Part A of this chapter; 
in the second, the shear stresses caused by torques susceptible to the 
methods of analysis treated in Chapter 4 are used. 

The two analyses for combined shear stresses must be determined for 
the same elementary area regardless of cause. Multiplying these stresses 
by the respective area gives forces. Since these forces can be added vec- 
torially, on reversing the process, i.e., on dividing the vector sum by the 
initial area, one obtains the combined shear stress. Such being the case, 
the shear stresses acting on the same plane of an infinitesimal element 


Sec. 7-9. Combined Direct and Torsional Shear Stresses 

Ug combined vectorially.*"’ Generally, the maximum torsional shear 
stresses as well as the maximum direct shear stress for beams occur at 
the boundaries of cross sections and are collinear. Therefore, an algebraic 
sum of these stresses gives the combined shear stress at a point. However, 
on the interior of such members, a vectorial sum of the direct and torsional 
stresses is necessary. 

In treating beam problems, as noted earlier, it must be recognized that 
In addition to the shear stresses discussed before, generally, normal 
stresses caused by bending also act on the elements considered. Proce¬ 
dures for combining such normal stresses with shear stresses are dis¬ 
cussed in the next chapter. 

EXAMPLE 7-8 

Find the maximum shear stress due to the applied forces in plane A-B of the 10- 
mm diameter high-strength steel shaft shown in Fig. 7-26(a). 

15 The inverse n rob!em of resolving a shear stress was considered in connection 
with Fig. 4-34. 
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Since only the stresses due to the applied forces are required, the weight of the 
shaft need not be considered. The frcc-body of a segment of the shaft is shown 
in Fig. 7-26(h). The system of forces at the cut necessary to keep this segment 
in equilibrium consists of a torque, T = 20 N-m, a shear, V = 250 N, and a 
bending moment, M = 25 N-m. 

Due to torque T, the shear stresses in cut A-B vary linearly from the axis of 
the shaft and reach the maximum value given by Eq. 4 3, T max — Tc/J. These 
maximum shear stresses, agreeing in sense with the resisting torque T, are shown 
at points A, B, D, and E in Fig. 7-26(c). 

The direct shear stresses caused by shear force V may be obtained by using 
Eq. 7-6, t = VQIIt. For elemenls A and B, Fig. 7-26(d), 0 = 0; hence, t = 0. 
The shear stress reaches its maximum value at level ED. For this, Q is equal to 
the cross-hatched area shown in Fig. 7-26(d) multir'ied by .the distance from its 
centroid to the neutral axis. The latter quantity is y - 4c/3tt, where c is the radius 
of the cross-sectional area; see Table 2 in the Appendix. Hence, 


TTC 2 4c 2c 3 

2 3tt 3 


Moreover, since t = 2c, and I — ttc 4 /4, the maximum direct shear stress is 

VQ V 2c 3 4 4V 4V 

‘ max It 2c 3 ttc 4 3-rr c 1 3 A ^ 

where A is the entire cross-sectional area of the rod. (A similar expression was 
derived in Example 7-3 for a beam of rectangular section.) In Fig. 7-26(d), this 
shear stress is shown acting down on the elementary areas at E, C, and D. This 
direction agrees with the direction of shear V. 

To find the maximum combined shear stress in plane A-B, the stresses shown 
in Figs. 7-26(c) and (d) are superposed. Inspection shows that the maximum shear 
stress is at E, since in the two diagrams, the shear stresses at E act in the same 
direction. There are no direct shear stresses at A and B, while at C there is no 
torsional shear stress. The two shear stresses act in opposite directions at D. 

The combined shear stresses at the five points. A, B. C, D, and E, unlike most 
of the interior points, require no formal vectorial addition for determining their 
magnitudes. Since the torsional shear stresses at the interior points are smaller 
lhan Lhose at the boundary, the maximum combined shear occurs at E. 


I = - « 491 mm 4 

2 


A - - it d 2 ~ 78.5 mm 2 
4 
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7 is the distance from the axis of the spring to the centroid of the rod’s 
* up ’ cross-sectional area. 

J Here it should be noted that in previous work, it has been reiterated 
rl that if a shear is present at a section, a change in the bending moment 

J_ must take place along the member. Here a shear acts at every section of 

i the rod, yet no bending moment nor a change in it appears to occur. This 

y is so only because the rod is curved. Such an element of the rod viewed 

' from the top is shown in Fig. 7-28. At both ends of the element, the torques 

(down) are e q ua i to Fr, and, using vectorial representation, act in the directions 
shown. The component of these vectors toward the axis of the spring 0, 
resolved at the point of intersection of the vectors, 2 Fr dfyl2 = Fr d$, 
opposes the couple developed by the vertical shears V = F, which are 
? d<\> apart. 

The maximum shear stress at an arbitrary section through the rod could 
be obtained as in the preceding example, by superposing the torsional 
and the direct shearing stresses. This maximum shear stress occurs at the 
inside of the coil at point E, Fig. 7-27(b). However, in the analysis of 
springs, it has become customary to assume that the shear stress caused 
by the direct shear force is uniformly distributed over the cross-sectional 
area of the rod. Hence, the nominal direct shear stress for any point on 
the cross section is t = F/A. Superposition of this nominal direct and the 
torsional shear stress at E gives the maximum combined shear stress. 
Thus, since T - Fr, d = 2c, and J = iT<f732, 


it is seen trom tms equation tnat as me uiameier ui uie ruu a uccumes 
small in relation to the coil radius 7, the effect of the direct shear stress 
also becomes small. On the other hand, if the reverse is true, the first 
term in the parentheses becomes important. However, in the latter case, 
the results indicated by Eq. 7-16 are considerably in error, and Eq. 7-16 
should not be used, as it is based on the torsion formula for straight rods. 
As d becomes numerically comparable to 7, the length of the inside fibers 
of the coil differs greatly from the length of the oulside fibers, and the 
assumptions of strain used in the torsion formula are not applicable. 

The spring problem has been solved exactly 19 by the methods of the 
mathematical theory of elasticity, and while these results are complicated, 
for any one spring, they may be made to depend on a single parameter 
m = 2rid, which is called the spring index. Thus, Eq. 7-16 may be re¬ 
written as 


19 q Goehner “Die Berschnung Z'dindrischer Schraubenfedem,’’ Zeitschrift 
des Vereins deutscher Ingenieure 76/1 (March 1932): 269. 




27 

Spring index, m - — 


where K may be interpreted as a strcss-conccntration factor for closely 
coiled helical springs made from circular rods. A plot of K vs. the spring 
index is shown 20 in Fig. 7-29. For heavy springs, the spring index is small; 
hence, the stress-concentration factor K becomes important. For all 
cases, factor K accounts for the correct amount of direct shear stress. 
Very high stresses are commonly allowed in springs because high-strength 
materials are used in their fabrication. For good-quality spring steel, work¬ 
ing shear stresses range anywhere from 200 to 700 MPa (30 to 100 ksi). 

**7-11. Defiecfion of Closely Coiled Helical Springs 

For completeness, the deflection of closely coiled helical springs will be 
discussed in this section. Attention will be confined to closely coiled hel¬ 
ical springs with a large spring index, i.e., the diameter of the wire will 
be assumed small in comparison with the radius of the coil. This permits 
the treatment of an element of a spring between two closely adjoining 
sections through the wire as a straight circular bar in torsion. The effect 
of direct shear on the deflection of the spring will be ignored. This is 
usually permissible as the latter effect is small. 

Consider a helical spring such as shown in Fig. 7-30. A typical element 
AE of this spring is subjected throughout its length to a torque T = Fr. 
This torque causes a relative rotation between the two adjoining planes, 

A D tUo nf Air mtotinn mow 

tillU JJ, anu Willi oiuil'-l-.lll uvvuiuw; , mw uiuvum ui Lino xvi.iau.uw urn; 

be obtained by using Eq. 4-14, d§ ~ T dx/JG , for straight circular bars. 
For this equation, the applied torque T — Fr, dx is the length of the 
element, G is the shear modulus of elasticity, and J is the polar moment 
of inertia of the wire's cross-sectional area. 

If the plane A of the wire is imagined fixed, the rotation of the plane 

20 An analytical expression that gives the value of K within 1 or 2 percent of 
the true value is frequently used. This expression in terms of spring index m is 
K\ ~ (4 m - l)/(4m - 4) + 0.615/m. It was derived by A. M. Wahl in the 1940s 
on the basis of some, simplifying assumptions and is known as the Wahl correction 
factor for curvature in helical springs. 


Fig. 7-29 SUess-couceiitration 
factors for helical round-wire 
compression or tension 
springs. 



Fig. 7-30 Deriving deflection 
for a helical spring. 
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r jg given by the foregoing expression The contribution of this elenien* 
to the movement of force F at C is equal to distance BC multiplied by 
angle d<&, i.e., CD = BC d§. However, since element AB is small, dis¬ 
tance CD is also small, and this distance may be considered perpendicular 
(although it is an arc) to line BC. Moreover, only the vertical component 
of this deflection is significant, as in a spring consisting of many coils, 
for any element on one side of the spring, there is a corresponding equiv¬ 
alent element on the other. The diametrically opposite elements of the 
spring balance out the horizontal component of the deflection and permit 
only the vertical deflection of force F. Therefore, by finding the vertical 
increment ED of the deflection of force F due to an element of spring AB 
and summing such increments for all elements of the spring, the deflection 
of the whole spring is obtained. 

From similar triangles CDE and CBH, 


CD ~ llC “ ED -BC BB 

However, CD ~ BC d<$>, HB = r, and ED may be denoted by dL, as it 
represents an infinitesimal vertical deflection of the spring due to rotation 
of an element AB. Thus, rfA - f d$ and 


i Td,i ’ = Jo 7 j§ = ii 


However, T = Fr, and for a closely coiled spring, the length L of the 
wire may be taken with sufficient accuracy as 2-nrN, where N is the num¬ 
ber of live or active coils of the spring. Hence, the deflection A of the 
spring is 

2 tt Fr^N 

a = ——— w-iea/ 

J o- 

or if the value of J for the wire is substituted, 


Equations 7-l8a and 7-18b give the deflection of a closely coiled helical 
spring along its axis when such a spring is subjected to either a tensile 
or compressive force F. In these formulas, the effect of the direct shear 
stress on the deflection is neglected, i.e., they give only the effect of 
torsional deformations. 

The behavior of a spring may be conveniently defined by its spring 
constant k. From F.q. 7-18h. the spring constant for a helical spring made 
from a wire with a circular cross section is 



Fig. P7-1 
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7-2. The shear diagram for the box beam supporting 
a uniformly distributed load is conservatively approx¬ 
imated for design by the stepped diagram shown in the 
figure. If the beam is nailed together with 16d (16- 
penny) box nails from four full-sized pieces, as shown 
in the cross section, what nail spacing should be used 
along the span? Assume that each nail is good for 75 
lb in shear. 


2" 



t I 4" I ! 

2"-h h-H h~ 2 " 

Fig. P7-2 


7-3. A- 10-in square box beam is to be made from four 
2-in thick wood pieces. Two possible designs are con¬ 
sidered, as shown in the figure. Moreover, the design 
shown in (a) can be turned 90° in the application, (a) 
Select the design requiring the minimum amount of 
nailing for transmitting shear, (b) If the shear to be 
transmitted by this member is 620 lb, what is the nail 
spacing for the best design? The nailing is Lo be done 
with 16d (16-penny) box nails that are good for 50 lb 
each in shear. 



(a) (b) 

Fig. P7-3 

7-4. A beam is loaded so that the moment diagram 
varies, as shown in the figure. For the cross section 


shown, determine the bolt spacing for the critical re 
gion of the span. The bolts are arranged in pairs and 
the allowable shear force per high-strength bolt is 120 
kN. 

7-5. A wooden box beam, made up from 2-in thick 
boards, has the dimensions shown in the figure. Tf th~ 
beam transmits a vertical shear of 760 lb, what should 
be the longitudinal spacing of the nails (a) for con¬ 
necting board A with boards B and C, and (b) for con¬ 
necting board D with boards B and C? 



7-6. Two W 8 x 67 beams are arranged as shown in 
the figure. Determine the bending and shear capacities 
of this member if the allowable bending stress is 24 ksi 
and the shear capacity of each bolt is 20 k. The bolts 
are arranged in pairs and arc spaced 6 in on center. 


T 



riy. r/-o 


7-7. A plate girder is made up from two 14 x \ in cover 
plates, four 6 x 4 x \ in angles, and a 39h x § in web 
plate, as shown in the figure. If at the section consid¬ 



Fig. P7-4 
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ered, a total vertical shear of 150 k is transmitted, what 
must be the spacing of rivets A and 5? For the girder 
around the neutral axis, I is 14,560 in 4 . Assume 2-iu 
rivets and note that one rivet is good for 6.63 k in single 
shear, 13.25 k in double shear, and 11.3 k in bearing 
on a f-in plate. 

7-8. A simply supported beam has a cross section con¬ 
sisting of a C 12 x 20.7 and a W 18 x 50 fastened 
together by f-in-diameter bolts spaced longitudinally 6 
in apart in each row, as shown in the figure. If this 
beam is loaded with a downward concentrated force 
of 112 k in the middle of the span, what is the shear 
stress in the bolls? Neglect the weight of the beam. 
The moment of inertia I of the whole member around 
the neutral axis is 1120 in 4 . 



Fig. P7-8 


7-9. Machined channel-like caps are attached to a 
plate to form the beam cross section shown in the fig¬ 
ure. The interconnecting 10-mm-diameter rivets are 
placed longitudinally 80 mm on center. If the allowable 
shear stress for the rivets is 50 MPa, what is the al¬ 
lowable shear for this section? 



Fig. P7-9 

7-10. A T-flange girder is used to support a 900-kN 
load in the middle of a 7-m simple span. The dimen¬ 
sions of the girder are given in the figure in a cross¬ 


50 

I 



Fig. P7-10 


sectional view. If the 22-mm-diameter rivets are 
spaced 125 mm apart longitudinally, what shear stress 
will be developed in the rivets by the applied loading^ 
The moment of inertia of the girder around the neutral 
axis is approximately 4300 x 10 6 mm 4 . 

Sections 7-4 and 7*5 

7-11. Show that a formula, analogous to Eq. 7-8a, for 
beams having a solid circular cross section of area A 
is w = WiA. 

7-12. Show that a formula, analogous to Eq. 7-8a, for 
thin-walled circular tubes acting as beams having a net 
cross-sectional area A is = 2V!A. 

7-13. A T beam has the cross section shown in the 
figure. Calculate the shear stresses for the indicated 
six horizontal sections when the beam transmits a ver¬ 
tical shear of 240 kN. Plot the results as in Fig. 7-16(e). 



7-14. A box beam has the cross section shown in the 
figure. Calculate shear stresses at several horizontal 
sections when the beam bending moment changes 
along the beam at the rate of 500 kN-m/m and plot the 
results as in Fig. 7-16(e). 
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25 



Fig. P7-14 


6 in, and T max is limited to 100 psi, what is the maximum 
vertical shear V that this section may carry? 

7-17. A beam has a rhombic cross section, as shown 
in the figure. Assume that this beam transmits a ver¬ 
tical shear of 5000 N, and investigate the shear stresses 
at levels 50 mm apart, beginning with the apex. Report 
the results on a plot similar to the one shown in Fig. 
'/-16(e). 


7-15. A thin-walled extrusion has a cross section, in 
the form of an isosceles triangle, as shown in the fig¬ 
ure. Using Eq. 7-6, determine the shear stresses at the 
midheight and ccntroidal levels of the cross section 
corresponding to the vertical shear V = 100 kN. Cal¬ 
culate the approximate section properties for the mem¬ 
ber using the centerline dimensions shown on the de¬ 
tail. (Hint: For a thin inclined rectangular area, I = 
bLtf/li where b is its width Z. its length and h its 
vertical height. Justify before using.) 



U—100 mm '—I i ’ 

* 100 mm 


(a) (bl Approximation detail 

rig. P7-15 

7-16. A beam has a cross-sectional area in the form of 
an isosceles triangle for which the base b is equal to 
one-half its height h. (a) Using calculus and the con¬ 
ventional stress-anab'sis formula determine the lo¬ 
cation of the maximum shear stress caused by a ver¬ 
tical shear V. Draw the manner in which the shear 
stress varies across the section, (b) If b = 3 in, h = 





Fig. P7-16 



7-18. A beam is loaded such that the moment diagram 
varies as shown in the figure, (a) Find the maximum 
longitudinal shear force acting on the •J-m-diameter 
bolts spaced 12 in apart, (b) Find the shear stress in 
the glued joint. 

i 2" i 2"[ 



;±i u-f 


Is) Moment diagram 


(b) Section 


Fig. P7-18 


7-19. A beam has the cross-se.ctional dimensions 
shown in the figure. If the allowable stresses are 7 ksi 


b-H 



Fig. P7-19 2-in diameter holes 
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in tension. 10 ksi in compression, and 8 ksi in shear, 
what is the maximum allowable shear and the maxi¬ 
mum allowable bending moment for this beam? Con¬ 
sider only the vertical loading of the beam and confine 
calculations for shear to sections a-a and b~b. 

■j_2Q, ,a wooden I beam is made up with a narrow 
lower flange because of space limitations, as shown in 
the figure. The lower flange is fastened to the web with 
nails spaced longitudinally 6 in apart, and the vertical 
boards in the lower flange arc glued in place. Deter¬ 
mine the stress in the glued joints and the force carried 
by each nail in the nailed joint if the beam is subjected 
to a vertical shear of 400 lb. The moment of inertia for 
the whole section around the neutral axis is 2640 in 4 . 



Fig. P7-20 


7-21. A steel cantilever beam is fabricated from two 
structural tees welded together as shown in the figure. 
Determine the allowable force P that the beam can 
cany if the allowable stress in bending is 150 MPa; in 
shear, 100 MPa; and along the weld, 2 MN/m. Neglect 
the weight of the beam. 


40 



Fig. P7-22 


500 N, determine the maximum allowable vertical 
shear for this member. 

7-23. A wooden joist having the cross-sectional di¬ 
mensions, in mm, shown in the figure is to be made 

C _c;- onH ctn>rtnral_«Tr»H 

11U1U UUUglOO X U XU1UOW UU.16-J **■*“ — o- 

plywood web. If the allowable shear stress on plywood 
is 2 MPa, what strength glue must be specified for the 
interfaces between the flanges and the web for a bal¬ 
anced design in shear? 




Fig. P7-21 


7-22. A box beam is fabricated by nailing plywood 
sides to two longitudinal wooden pieces, as shown in 
the fioure. If the allowable shear stress for plywood is 
1.5 MPa and the allowable shear strength per nail is 


7-24. A beam is made up of four 50 x 100 mm full- 
sized Douglas Fir pieces that are glued to a 25 x 450 
mm Douglas Fir plywood web, as shown in the figure. 
Determine the maximum allowable shear and ihe max- 



Fig. P7-24 
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carr” if the allowable bending stress is 10 MPa: the 
allowable shear stress in plywood is 600 kN/m 2 and the 
allowable shearing stress in the glued joints is 300 
kN/m z . All dimensions in the figure are in mm. 

7-25. Calculate the bending and the shear stresses due 

tilever shown in the figure, and show these stresses 
acting on an isolated sketch of the element. 



Fig. P7-25 

7-26. A W 14 x 90 beam supports a uniformly dis¬ 
tributed load of 4 k/ft, including its own weight, as 
shown in the figure. Determine the bending and the 
shear stresses acting on elements A and B. Show the 
magnitude and sense of the computed quantities on 
infinitesimal elements. 


4 k/h 



Fig. P7-26 

7-27. Isolate the 50 x 150 x 200 mm shaded element 
from the rectangular beam having a 200 x 300 mm 
cross section and loaded as shown in the figure. On a 
free-body diagram, indicate the location, magnitude. 



Fig. P7-27 


and sense of all resultant forces due to the bending orjj 
shear stresses acting on this segment. Neglect the 
weight of the beam. 

*7-28. Two steel bars are bonded to an aluminum 
alloy core, making up a sandwich beam having the 
cross section shown in the figure. If this beam is loaded 
so that the bending moment changes at the rate of 5 
kN-m/m, what maximum shear stress develops in the 
member? For steel, Es t — 210 GPa; for aluminum 
alloy, Z?ai = 70 GPa. {Hint: The stress distribution pat¬ 
tern can he established, as shown in Fig. 6-7(r.) j and 
only the change in bending moment per unit distance 
along the beam need be considered, as shown in Fig. 
7-2(d). Alternatively, a transformed section, discussed 
in Section 6-8, can be used.) • 


10 



Fig. P7-28 


*7-29. The cross section of a beam of two different 
materials has the dimensions shown in the figure. The 
elastic modulus for the vertical web members is E w = 
30 x 10 3 ksi and that for the five pieces for the flange 
material is Ef — 15 x 10 3 ksi. If the vertical shear 
transmitted bv this member is 4 k, (a) what is the max¬ 
imum shear stress in the web? (b) What is the largest 
shear stress between the webs and the flange material? 
(See the hint in preceding problem.) 





Fig. P7-29 
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*7-30. An aluminum alloy extrusion for use as a beam 
has the cross-sectional dimensions in mm shown in the 
figure. Due to a vertical shear V = 10 kN, determine 
the shear stresses in the vertical walls of the member 
at the horizontal section passing through the section 

centroid. 


4 4 



4 10 4 _20 4 10 4 


Fig, P7-30 

*7-31. The cross-sectional dimensions of a beam of a 
synthetic thermoplastic material are given in mm in the 
figure. The member material is 3 mm thick throughout, 
(a) Calculate the moment of inertia I for the entire 
cross-sectional area around the horizontal centroidal 
axis. Use centerline dimensions as shown in Prob. 7- 
15. (b) Determine the magnitudes of the shear stresses 
at sections a -a, b-b, and c-c due to the vertical shear 
V = 10 kN. 



Fig. P7-31 


7*32. A metal box beam has the cross section in mm 
shown in the figure. If VII is 0.006 N/mm 4 , what shear 
stresses occur at sections a-a and b~b ? The centroid 
for the cross section is given. Use centerline dimen¬ 
sions for calculating area properties (see Proh. 7-15), 
{Hint: Take advantage of symmetry.) 



Fig. P7-32 

7-33. A metal beam is made up of four 30 x 24 x 4 
mm angles attached with an adequate number of bolts 
to a 100 x 4 mm web plate, as shown in mm in the 
figure. Determine the shear stresses at section a-a. 
Let VII — 0.01 N/mm 4 . 






4 

Fig. P7-33 


7-34. A beam is fabricated by slotting 4-in standard 
steel pipes longitudinally and then securely welding 
them to a 23 x § in web plate, as shown in the figure. 


2 i' 



Fig. P7-34 
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/ 0 f th e composite section around the neutral avis is 
1018 in 4 . If at a certain section, this beam transmits a 
vertical shear of 40 k, determine the shear stress in the 
pipe and in the web plate at a level 10 in above the 
neutral axis. 

Sections 7-7 and 7-8 

7-35. A beam having a cross section with the dimen¬ 
sions in mm shown in the figure is in a region where 
there is a constant, positive vertical shear of 100 kN. 
(a) Calculate the shear flow q acting at each of the four 
sections indicated in the figure, (b) Assuming a posi¬ 
tive bending moment of 27 kN-m at one section and a 
larger moment at the adjoining section 10 mm away, 
draw' isometric sketches of each segment of the beam 
isolated by the sections 10 mm apart and the four sec¬ 
tions shown in the figure, and on the sketches indicate 
all forces acting on the segments. Neglect vertical 



Fig. P7-35 


7-36. A beam having the cross section with the di¬ 
mensions shown in the figure transmits a vertical shear 


v = 7 k applied through the shear center, (a) Deter¬ 
mine the shear stresses at sections a-a, b-b, and c- 
c. I around the neutral axis is 35.7 in 4 . The thickness 
of the material is £ in throughout, (b) Sketch the shear 
stress distribution along the centerline of the member. 
7-37 through 7-40. Determine the location of the 
shear center for the beams having the cross-sectional 
dimensions shown in the figures. All members are to 
be considered thin-walled, and calculations should be 
based on the centerline dimensions. 



Fig. P7-38 


Fig. P7-39 


Problems 
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**7-41. Show that for the 7. cross section shown in a unit spa.n distance be V- x 1 = 10 lb-in. Using this 

part (a) of the figure, the shear center lies on the ver- AM, calculate the stresses along the centerline of the 

deal axis passing through the section’s centroid. Dem- Z section using the generalized flexure formula, Eq. 

onstrating that the force resultant due to the internal 6-64. Such calculations should verify the normal stress 

shear flow is zero in each flange constitutes a proof. distribution shown in part (b) of the figure. By intc- 

( flint: Apply vertical shear force V y shown in the fie- grating these stresses along the section centerline, as 

ure. Since the position of the shear center is indepen- in Fig. 7-20(b), the shear flow in the plane of the section 

dent of the magnitude of sheaf V y , it can be chosen is found, part (c) of the figure. The force resultants 

arbitrarily. Likewise, it is the rate of change in M, as based on these shears vanish in both flanges.) Note 

in Fig. 7-2(d), rather than its magnitude that is of im- that for the given section, I z — 2.133 in 4 , I y — 0.533 

nortance. Therefore, let the change in moment AM in in 4 , and I yz = 0.800 in 4 . 



Fig. P7-41 

**7-42. Show that for the Z cross section in the pre- centerline is useful in the solution. Note that the re¬ 
ceding problem, the shear center lies on the horizontal sultant shear force in the web is zero.) 

line passing through ihe section’s cenlroiu. Demon- 7-43 and 7-44. Determine ine location of the shear 

strating that an applied horizontal force is equally di- center for the beams with idealized cross sections 

vided between the two flanges constitutes a solution shown in the figures. Neglect the areas of the plates 

of the problem. (Hint: Apply a horizontal force V z , say connecting the longitudinal stringers, each one of 

equal to 10 lb, through the section’s centroid, and as which has an effective area A concentrated at a point 

in the preceding problem, calculate the normal stresses for resisting longitudinal forces. There are two such 

and the shear stresses in the plane of the cross section. areas in Fig, P7-43 and eight in Fig. P7-44. (This kind 

An auxiliary plot of the shear stresses along the section of idealization is often used in aircraft design.) 




402 


Shear Stresses in Beams and Related Problems 


“1 rt a/'tir.ric at nnintc A nnH R onH shnw the results «_ 

tfWIlWII / ■ 7 — 1---’..- -- «U 

isolated infinitesimal elements. Elements A should be 
7-45 through 7-47. Cantilevers of the kind shown in viewed from the top, and elements B from the left. Use 

the figure for Prob. 7-45 are subjected to horizontal centerline dimensions for the box in calculating the 

forces P, causing bending, direct shear, and torsion. torsional stresses in Prob. 7-45. The details for apply. 

Determine the stresses at the surfaces due to these ing forces P are not shown. 



Fig. P7-45 


Z 5 = 20 N 



Sections 7-10 and 7-11 


7-48. A helical valve spring is made of j-in-diameter 
steel wire and has an outside diameter of 2 in. In op¬ 
eration, the compressive force applied to this spring 
varies from 20 lb minimum to 70 lb maximum. If there 
are eight active colls, what is the valve lift (or travel), 
and what is the minimum shear stress in the spring 
when in operation? G = 11.6 x 10 6 psi. 

7-49. If a helical tension spring consisting of 12 live 
coils of 6-mm steel wire and of 30 mm outside diameter 
is attached to the end of another helical tension spring 
of 18 ’r-e coils of 8-mm steel wire and of 40 mm outside 
diameter, what is the spring constant for this two- 
spring system? What is the largest force that may be 
applied to these springs without exceeding a shear 
stress of 480 MPa? G = 82 GN/m\ 

7-50. A heavy helical steel spring is made from a 
1-in-diameter rod and has an outside diameter of 9 in. 


As originally manufactured, it has the pitch p - in; 
see the figure. If a force P, of such magnitude that the 
rod’s 5 -in thick outer annulus becomes plastic, is ap- 




of the spring on removal of the load. Assume linearly 


elastic-plastic material with T yp = 50 ksi, and G - 12 
x' 10 3 ksi. Neglect the effects of stress concentration 
and of the direct shear on deflection. (Hint: See Ex¬ 
amples 4-13 and 4-14.) 



Fig. P7-50 
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8-1. Introduction 

In the first two parts of this chapter, a formal treatment for changing the 
components of the state of stress or strain given in one set of coordinate 
axes to any other set of rotated axes is discussed. This transformation of 
stress or strain between any two different sets of coordinate axes is a 
mathematical process and does not necessarily require the use of formulas 
derived earlier. The connection between the established stress-analysis 
formulas and stress transformation is considered in the next chapter. 
Transformation of stress is discussed in Part A of this chapter; strain 
transformation in Part B. In both instances, the discussion is largely con¬ 
fined to problems in two dimensions. The possibility of transforming a 
given state of stress involving both normal and shear stresses to any other 
set of rotated coordinate axes permits an examination of the effect of such 
stresses on a material. In this manner, criteria for the onset of yield or 
the occurrence of fracture can be hypothesized. This important topic is 
treated in Part C. 


A TRANSFORMATION OF STRESS 


8-2. The Basic Problem 

In several of the preceding chapters, stresses caused by separate actions 
causing either normal and/or shear stresses were considered. The super¬ 
position of normal stresses acting on the same element, when axial forces 
and bending occur simultaneously, was discussed in Chapter 6. Similarly, 
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Transformation of Stress 



Fig. 8-1 State of stress at a point on different planes. 


the superposition of shear stresses caused by torque and direct shear was 
considered in Chapter 7. Moreover, in Chapter 3, Section 3-7, it was 
demonstrated that a state of pure shear can be transformed into an equiv¬ 
alent state of normal stresses (Fig. 3-11). Often in stress analysis, a more 


gencr; 

case, 
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element A is subjected to a normal stress cr x due to axial pull and 


bending, and simultaneously experiences a direct shear stress tT he 


combined normal stress cr x follows by superposition. However, the com¬ 


bination of the normal stress v x with the shear stress requires special 


treatment. Essentially, this requires a consideration of stresses on an 
inclined plane, such as shown in Fig. 8-l(b). Since an inclined plane may 
be chosen arbitrarily, the state of stress at a point can be described in an 
infinite number of ways, which are all equivalent. 

Stress has a magnitude and a sense, and is also associated with an area 


over which it acts. Such mathematical entities are tensors and are of a 


higher order than vectors. 1 However, the components of the stress on 
the same area are vectors. These stress components can be superposed 
by vector addition. As noted earlier, this was used in Chapter 6 and 7. 
Therefore the stresses can be referred to as stress vectors or tractions, 
provided they act on the same surface in or on a body. Only a change in 
the orientation of an area displays the non-vectorial character of the stress 


as a whole. 

In the discussion that follows, direct use of stress vectors is avoided 
by multiplying stresses by their respective areas to obtain forces, which 
are vectors, and then adding them vectorially. On obtaining the force 
components on an inclined plane the process is reversed by dividing these 
force components by the inclined area to obtain the stresses on such 


planes. 

This procedure will be first illustrated by a numerical example. Then 
the developed approach will be generalized to obtain algebraic relations 
for a stress transformation for finding stresses on any inclined plane from 


‘ Scalars are tensors of rank zero, vectors are tensors of the first rank, and 
stresses and strains are second-rank tensors. See Section 1-4. 


(a) 


(b) 


Fig. 8-2 Representations of stresses acting on an element, 
a given state of stress. The methods used in these derivations do not 
involve properties of a material. Therefore, provided the initial stresses 
are given, the derived relations are applicable whether the material be¬ 
haves elastically or plastically or even if it is not a solid. However, the 
planes on which the normal or the shear stresses reach their maximum 
intensity have a particularly significant effect on materials. 

The general state of stress shown in Fig. 8-2(a) will not be considered 
in deriving the laws of stress transformation at a point. Instead, the two- 
dimensional stress problem indicated in Fig. 8-2(b) will be studied. In 
practical applications, this is a particularly important case as it is usually 
possible to select a critical element at an outer boundary of a member. 

The outside face of such an element, as ABCD in the figure, is generally 
free of significant surface stresses, whereas the stresses right at the sur¬ 
face acting parallel to it are usually the largest. Planar representation of 
the stresses, as shown in Fig. 8-2(c), will be used in most derivations and 
examples. 

EXAMPLE 8-1 

Let the state of stress for an element of unit thickness be as shown in Fig. 8-3(a). 

An alternative representation of the state of stress at the same point may be given 
on an infinitesimal wedge with an angle of a = 225°, as in Fig. 8-3(b). Find the 
stresses that must act on plane AB of the wedge to keep the element in equilibrium. 

11 MPa a 


h 



1 MPa 


(a) (b) 

Fig. 8-3 
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Solution 

Wedge ABC is part of the element in Fig. 8-3(a); therefore, the stresses on faces 
AC and BC are known. The unknown normal and shear stresses acting on face 
AB are designated in the figure by u a and T a , respectively. Their sense is assumed 
arbitrarily. 

To determine cr a and T a , for convenience only, let the area of the face defined 
by line AB be unity such as m 2 . Then the area corresponding to line AC is equal 
to 1 x cos a = 0.924 m 2 and that to BC is equal to 1 x sin a - 0.383 m 2 . (More 
rigorously, the area corresponding to line AB should be taken as dA, but this 
quantity cancels out in the subsequent algebraic expressions.) Forces F,, F 2 , F 3 
and F 4 , Fig. 8-3{c), can be obtained by multiplying the stresses by their respective 
areas. The unknown equilibrant forces N and S act, respectively, normal and 
tangential to plane AB. Then applying the equations of static equilibrium to the 
forces acting on the wedge gives forces N and S. 

F\ = 3 x 0.924 = 2.78 MN F 2 = 2 x 0.924 = 1.85 MN 

F 3 = 2 x 0.383 = 0.766 MN F 4 = 1 x 0.383 = 0.383 MN 

^?Fn = 0 N ~ Fi cos a — F 2 sin u - F 3 cos cx + F 4 sin a 

= 2.78(0.924) - 1.85(0.383) - 0.766(0.924) 

+ 0.383(0.383) 

= 1.29 MN 

f>,F s - 0 S = F\ sin a + F 2 cos a - F 3 sin a - F 4 cos a 

= 2.78(0.383) + 1.85(0.924) - 0.766(0.383) 

- 0.383(0.924) 

= 2.12 MN 


Forces N and S act on the plane defined by AB, which was initially assumed 

correctly. By dividing these forces by the area on which they act, the stresses 
acting on plane AB are obtained. Thus, cr a = 1.29 MPa and T a = 2.12 MPa and 
act in the direction shown in Fig. 8-3(b). 


The foregoing procedure accomplished something remarkable. It trans¬ 
formed the description of the state of stress from one set of planes to 
another. Either system of stresses pertaining to an infinitesimal element 
describes the state of stress at the same point of a body. 

The procedure of isolating a wedge and using the equations of the equi¬ 
librium of forces to determine stresses on inclined planes is fundamental. 
Ordinary sign conventions of statics suffice to solve any problem. The 
reader is urged to return to this approach whenever questions arise re¬ 
garding the more advanced procedures developed in the remainder of this 
chapter. 


Sec. 8-3. Transformation of Stresses in Two-Dimenslonai Problems 


o 2 Transformation cf stress* 
Problems 


TurQ.pjmanelnnQ! 


By following the same procedure as in the last example, equations for the 
normal and shear stresses acting on an inclined plane can be derived in 
algebraic form. Such expressions are called stress-transformation equa¬ 
tions. These equations are based on the initially given stresses acting on 
an element of known orientation and the plane being investigated defined 
by a normal to it. The dependence of the stresses on the inclination of 
the plane is clearly apparent. 

Algebraic equations are developed using an element of unit thickness 
in Fig. 8-4(a) in a state of two-dimensional stress initially referred to the 
xy axes. If normal stresses a x and tr y are tensile stresses, they are taken 
as positive, and are negative if compressive. Positive shear stress is de¬ 
fined as acting upward in the positive direction of the y-axis on the right 
(positive) face DE of the element. This sign convention for shear stresses 
was introduced in Chapter 1 (see Fig. 1-3) and is generally used in con¬ 
tinuum mechanics (elasticity, plasticity, rheology). However it differs 
from the conventional beam shear sign convention used m Chapters 5 
and 7. Here the stress transformation is sought from the xy coordinate 
axes to the x'y' axes. The angle 9, which locates the x' axis, is positive 
when measured from the x axis toward the y axis in a counterclockwise 
direction. 

The outward normal to the section forms an angle 0 with the x-axis. If 
an area of the wedge isolated by this section is dA, the areas associated 
with the faces AC and AB are dA cos 6 and dA sin 6, respectively. By 
multiplying the stresses by their respective areas, a diagram with the 
forced acting on the wedge is constructed. Fig. 8-4(c). Then, by applying 
the equations of static equilibrium to the forces acting on the wedge, 
stresses cr*', and iy y are obtained: 



w . 




i a i (hi 

Fig. 8-4 Derivation of stress transformation on an inclined plane. 
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Sec. 8-4. Principal Stresses in Two-Dimensional Problems 


V F_, = 0 n\.- dA =s (T.. dA cos ft cos 6 -I- n\. dA sin ft sin A 

+ t^, dA cos 6 sin 6 -f Txy dA sin 0 cos 0 
ct x . = cr* cos 2 6 + <r y sin 2 0 + 2T.xy sin 0 cos 0 
1 + cos 20 1 - cos 20 

“ crj- 2 - + Uy -2- + 7xy Sm 26 



Similarly, from 2 Fy — 



Equations 8-1 and 8-2 are the general expressions for the normal and 
the shear stress, respectively, on any plane located by the angle 0 and 
caused by a known system of stresses. These relations are the equations 
for transformation of stress from one set of coordinate axes to anoth o, ‘ 
Note particularly that cy, oy and are initially known stresses. 

Replacing 0 in Eq. 8-1 by 0 + 90° gives the normal stress in the direction 
of the y' axis. This stress can be designated as oy; see Fig. l-3(b). Hence, 
on noting that cos (20 + 180°) = -cos 20, and sin (20 + 180°) = -sin20, 
one has 

oy = — - <Jx ^ ^ cos 29 - Txy sin 20 (8-3) 

By adding Eqs. 8-1 and 8-3, 

oy + ay = cy + ay (8-4) 

meaning that the sum of the normal stresses on any two mutually per¬ 
pendicular planes remains the same, 2 i.e., invariant, regardless of the 
angle 0. 

Mathematically analogous equations were found in Section 6-16 in con¬ 
nection with area moments and products of inertia. The transformation 
equations in both cases are alike. 

It is to be noted that in plane strain problems, where e z = - ~izy 

2 A similar relation for three-dimensional problems is c • + cr • + <r • = cr- ■! 
cr y + ay 


- 0. a normal stress ov can also develop. From Eq. 3-14c, this stress is 
given as 

<r z = v(oy + ctj,) (8-5) 

The forces resulting from this stress do not enter the relevant equilibrium 
equations used in deriving .stress-transformation expressions, Moreover, 
by virtue of Eq. 8-4, the ay + oy term in Eq. 8-5 remains constant re¬ 
gardless of 0. Therefore, the derived equations for stress transformation 
are applicable for problems of plane stress as well as plane strain. 

8=4. Principal Stresses in Two-Dimensional Problems 

Interest often centers on the determination of the largest possible stress, 
as given by Eqs. 8-1 and 8-2, and the planes on which such stresses occur 
is found first. To fin d the plane for a maximum or a minimum normal 
stress, Eq. 8-1 is differential with respect to 6 and the derivative set equal 
to zero, i.e., 



where the subscript of the angle 9 is used to designate the angle that 
defines the plane of the maximum or minimum normal stress. Equation 
8-6 has two roots, since the value of the tangent of an angle in the dia- 

„_oo mow Vw» coon frr,m "Pm 8.S 
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These roots are 180° apart, and, as Eq. 8-6 is for a double angle, the roots 



Fig. 8-5 Angle functions for principal stresses. 
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of 6i are 90° apart. One of these roots locates a plane on which the max¬ 
imum normal stress acts; the other locates the corresponding plane for 
the minimum normal stress. To distinguish between these two roots, a 
prime and double prime notation is used. 

Before evaluating these stresses, carefully observe that if the location 
of planes on which no shear stresses act is wanted, Eq. 8-2 must be set 
equal to zero. This yields the same relation as that in Eq. 8-6. Therefore, 
an important conclusion is reached: on planes on which maximum or 
minimum normal stresses occur, there are no shear stresses. These planes 
are called the principal planes of stress, and the stresses acting on these 
planes—the maximum and minimum normal stresses—are called the prin¬ 
cipal stresses. 

The magnitudes of the principal stresses can be obtained by substituting 
the values of the sine and cosine functions corresponding to the double 
angle given by Eq. 8*6 into Eq. 8-1. Then the results are simplified and 
the expression for the maximum normal stress (denoted by <ti) and the 
minimum normal stress (denoted by cr 2 ) becomes 



where the positive sign in front of the square root must be used to obtain 
cti and the negative sign to obtain cr 2 . The planes on which these stresses 
act can be determined by using Eq. 8-6. A particular root of Eq. 8-6 
substituted into Eq. 8-1 wiil check the result found from Eq. 8-4 and at 
the same time will locate llie plane on which this principal stress acts. 


8-5. Maximum Shear Stresses in Two-Dimensional 
Problems 


If IT, 
defi! 


are known for an element, the shear stress on any plane 

.Mo 0 ic m,rar, Kw T r, C "> ^ fV,*. 




made before for the normal stresses may be made for the shear stress. 
Thus, similarly, to locate the planes on which the maximum or the min¬ 
imum shear stresses act, Eq. 8-2 must be differentiated with respect to 0 
and the derivative set equal to zero. When this is carried out and the 


results are simplified, 


Sec. 8-5. Maximum Shear Stresses in Two-Dimensional Problems 
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where the subscript 2 is attached to 0 to designate the plane on which the 
shear stress is a maximum or a minimum. Like Eq. 8-6, Eq. 8-8 has two 
roots, which again may be distinguished by attaching to 0 2 a prime or a 
double prime notation. The two planes defined by this equation are mu¬ 
tually perpendicular. Moreover, the value of lan 20 2 given by Eq. 8-8 is 

__:_la 9 f. ,-r>/-xto 
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for the double angles of Eq. 8-8 are 90° away from the. corresponding roots 


of Eq. 8-6. This means that the angles that locate the planes of maximum 


or minim um shear stress form angles of 45° with the planes of the principal 


stresses. A substitution into Eq. 8-2 of the sine and cosine functions cor¬ 


responding to the double angle given by Eq. 8-8 and determined in a 
manner analogous to that in Fig. 8-5 gives the maximum and Ihe minimum 
values of the shear stresses. These, after simplifications, are 



Thus, the maximum shear stress differs from the minimum shear stress 
only in sign. Moreover, since the two roots given by Eq. 8-8 locate planes 
90° apart, this result also means that the numerical values of the shear 
stresses on the mutually perpendicular planes are the same. This concept 
was repeatedly used after being established in Section 1-4. In this deri¬ 
vation, the difference in sign of the two shear stresses arises from the 
convention for locating the planes on which these stresses act. From the 
pnysicai point of view, these signs have no meaning, and for this reason, 
the largest shear stress regardless of sign will often be called the maximum 
shear stress. 

The definite sense of the shear stress can always be determined by 


direct substitution of the particular root of 0 2 into Eq. 8-2. A positive 
shear stress indicates that it acts in the direction assumed in Fig. 8-4(b), 
and vice versa. The determination of the maximum shear stress is of 
utmost importance for materials Ihai are weak in shear strength. This will 
j: _ n +v.;r 
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Unlike the principal stresses for which no shear stresses occur on the 


principal planes, the maximum shear stresses act on planes that are usu¬ 
ally not free of normal stresses. Substitution of 0 2 from Eq. 8-8 into Eq. 
8-1 shows that the normal stresses that act on the planes of the maximum 


shear stresses are 
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Therefore, a normal stress acts simultaneously with the maximum shear 
stress unless o* + vanishes. 

If a x and a y in Eq. 8-9 are the principal stress, is zero and Eq. 8-9 
simplifies to 


( 8 - 11 ) 


Here it is useful to recall a relationship between pure shear and the 
principal stresses discussed earlier in connection with Fig. 3-11. The re¬ 
sults of this analysis are displayed in Fig. 8-6. Equation 8-7 clearly shows 
that in the absence of normal stresses, the principal stresses are numer¬ 
ically equal to the shear stress. The sense of the normal stresses follows 
from Eq. 8-6. The shear stresses act toward the diagonal DF in the di¬ 
rection of the principal tensile stresses; see Fig. 8-6(a). 




(e) 

F{g. 8-6 Equivalent 
representations for pure 
shear stress. 


EXAMPLE 8-2 

For the state of stress in Example 8-1, reproduced in Fig. 8-7(a), (a) rework the 
previous problem for 9 = — 225 °, using the general equations for the transfor¬ 
mation of stress; ( b ) find the principal stresses and show their sense on a properly 
oriented element; and (c) find the maximum shear stresses with the associated 
normal stresses and show the results on a properly oriented element. 


Solution 

(a) By directly applying Eqs. 8-1 and 8-2 for 0 = — 22\°, wither* = +3 MPa, oy 
= +1 MPa, and t„ = +2 MPa, one has 


ov = ^ 2 eo$(—45 n ) + 2 sin(—45°) 

= 2+ lx 0.707 - 2 x 0.707 - +1.29 MPa 
3 - 1 

T x . y . =--— sm(-45°) + 2cos(-45°) 

= +1 x 0.707 + 2 x 0.707 = +2.12 MPa 


me positive sign Oi u*' inuicates tension; wucrcas tuc positive sign Ot m 
dicates that the shear stress acts in the +y' direction, as shown in Fig. 8-4(b). 
These results are shown in Fig. 8-7(b) as well as in Fig. 8-7(c). 

(b) The principal stresses are obtained by means of Eq. 8-7. The planes on which 
the principal stresses act are found by using Eq. 8-6. 



This locates the two principal planes, AB and CD, Figs. 8-7(d) and (e), on which 
and a 2 act. On which one of these planes the principal stresses act is unkuuwn. 

o_ -n . r> , T. . J t... o' — 71°4V Tlio ctrsfe fminH hv 

w, u.4. 0-1 13 suivtu uy using, in. -• ~ 

this calculation is the stress that acts on plane AB. Then, since 20i = 63°26', 
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This result, besides giving a check on the previous calculations, shows that the 
maximum principal stress acts on plane AB. The complete state of stress at the 
given point in terms of the principal stresses is shown in Fig. 8-7(f). Note that 
the results satisfy Eq. 8-4. 

(c) The maximum shear stress is found by using Eq. 8-9. The planes on which 
these stresses act are defined uy Eq. 8 - 8 . The sense of the shear' stresses is de¬ 
termined by substituting one of the roots of Eq. 8-8 into Eq. 8-2. Normal stresses 
associated with the maximum shear stress are determined by using Eq. 8-11. 

W = V[(3 - l)/2] 2 + 2 2 = V5 = 2.24 MPa 

tan 29 2 = - 0 ~ 1)g = -0.500 

202 = 153°26' or 153°26' + 180" = 333"26' 

Hence, 02 = ?6°43' and 02 = 166°43' 

These planes are shown in Figs. 8-7(g) and (h). Then, by using 282 = 153°26' in 
Eq. 8-2, 

tv,’ = - sin 153°26' + 2 cos 153°26' = -2.24 MPa 

which means that the shear along plane EF has an opposite sense to that of the 
y' axis. From Eq. 8-7, 

3 4 1 

tj- = d___ = 2 MPa 

The complete results are shown in Fig. 8-7(i). Note again that Eq. 8-4 is satisfied. 

The description of the state of stress can now be exhibited in three alternative 
forms: as the originally given data, and in terms of the stresses found in parts ( b ) 
and (c) of this problem. All these descriptions of the state of stress at the given 
point are equivalent. Iu matrix representation, tills yields 



8.6. Mohr’s Circle of Stress for Two-Dimensional Problems 

In this section, the basic Eqs. 8-i and 8-2 for the stress transformation 
at a point will be reexamined in order to interpret them graphically. In 
doing this, two objectives will be pursued. First, by graphically inter¬ 
preting these equations, a greater insight into the general problem of stress 
transformation will be achieved. This is the main purpose of this section. 
Second, with the aid of graphical construction, a quicker solution of 
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-tress-transformation problems can often be obtained. This will be dis¬ 
missed in the following section. 

A careful study of Eqs. 8-1 and 8-2 shows that they represent a circle 
written in parametric form. That they do represent a circle is made clearer 
by first rewriting them as 

oy ~ ^ ■■■ — = °* ^ gy cos 20 4 t*, sin 20 (8-12) 

r x y = — sin 20 4- t cos 20 (8-13) 


Then by squaring both these equations, adding, and simplifying, 


V - 2 / 


V 2 / 


In a given problem, tr x , u y , and are the three known constants, and 
. nnH «r , . are the variables. Hence, Eo. 8-14 may be- written in more- 
compact form as 


(ay - a) 2 4 = b 2 (8-15) 


where a = (cr* 4 ay)/2, ana b 2 = [(a* - o- y )/2] 2 4 7%, are constants. 

This equation is the familiar expression of analytical geometry, (x 
a) 2 4 y 2 = b 2 , for a circle of radius b with its center at (4a,0). Hence, 
if a circle satisfying this equation is plotted, the simultaneous values of 
a point (x,y) on this circle correspond to oy and 7 x y for a particular 
orientation of an inclined plane. The ordinate of a point on the circle is 
the shear stress t*v; the abscissa is the normal stress ay. The circle so 
constructed is called a circle of stress or Mohr’s circle of stress. 3 

By using the previous interpretation, a Mohr’s circle for the stresses 
given in Fig. 8-8(a) is plotted in Fig. 8-8(c) with a and r as the coordinate 
axes. The center C is at (a,0), and the circle radius R = b. Hence, 


and 



(8-17) 


The coordinates for point A on the circle correspond to the stresses in 
Fig. 8-8(a) on the right face of the element. For this face of the element, 

3 It is so named in honor of Otto Mohr of Germany, who in 1895 suggested its 
use in stress-analysis problems. 
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Fig. 8-8 Mohr’s circle of stress. 

0 = 0°, i.e., the xy and the x'y' axes coincide, and ay = oy and t x < y . = 
Txy • The positive directions for these stresses coincide with the positive 
directions of the axes. Since AJJ/CD - y/Kcr* - cr y )/2], according to 
Eq. 8-6, the angle ACD is equal to 20!. The coordinates for the conjugate 
point B correspond to the stresses in Fig. 8-8(a) on the upper face of the 
element. This follows from Eqs. 8-1 and 8-2 with 0 - 90° or alternatively 
for Oy from Eq. 8-3 with 0 = 0°. 

The same reasoning applies to any other orientation of an element, such 
as shown in Fig. 8-8(b). A pair of conjugate points J and K can always 
be found on the circle to give the corresponding stresses, Fig. 8-8(c). An 
infinity of possible states of stress dependent on the angle 0 are defined 
by the stress circle. Therefore, the following important observations re¬ 
garding the state of stress at a point can be made based on the Mohr’s 
circle. 

1. The largest possible normal stress is cri; the smallest is i r 2 . No shear 
stresses exist together with either one of these principal stresses. 

2. The largest shear stress T niaA is numerically equal to the radius of 
the circle, also to (oi - ct 2 )/2. A normal stress equal to (rri -I- 02 )/ 
2 acts on each of the planes of maximum shear stress. 

3. If o-i - oy Mohr’s circle degenerates into a point, and no shear 
stresses at all develop in the xy plane. 
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4. If <y x + rr y = 0, thft center of Mohr’s circle coincides with the origin 
of the err coordinates, and the state of pure shear exists. 

5. The sum of the normal stresses on any two mutually perpendicular 
planes is invariant, i.e., 

&x + oy = a - ] + 02 = oy + oy — constant 

*8-7. Construction of Mohr’s Circles for Stress 
Transformation 

The transformation of two-dimensional state of stress from one set of 
coordinates to another can always be made by direct application of statics 
as in Example 8-1, or, using the derived equations in Sections 8-3, 8-4, 
and 8-5. The latter equations can readily be programmed for a computer. 

However, the graphical display of stress transformations using a Mohr’s 
circle offers a comprehensive view of a solution and is useful in some 
applications. Two alternative techniques for achieving such solutions are 
given in what follows. The physical planes on which the transformed 
stresses act are clearly displayed in the first method; in the second, the 
derivation for stress transformation is simpler, although determining the 
direction of the transformed stress is a little less convenient. The choice 
of method is a matter of preference. 

Method 1 

The basic problem consists of constructing the circle of stress for given 
stresses ay oy and y, such as shown in Fig. 8-9(a), and then determiiiiiig 
the state of stress on an arbitrary plane a—a. A procedure for determining 
the stresses on any inclined plane requires justification on the basis of 
the equations derived in Section 8-3. 

According to Eq. 8-16 the center C of a Mohr’s circle of stress is located 
on the a axis at a distance (<j x + o y )/2 from the origin. Point A on the 
circle has the coordinates (oyy) corresponding to the stresses acting on 
the right-hand face of the element in the positive direction of the coor¬ 
dinate axes, Fig. 8-9(a). Point A will be referred to as the origin of planes. 

This information is sufficient to draw a circle of stress, Fig. 8-9(b). 

The next step consists of drawing on the circle of stress a line through 
A parallel to plane a-a in the physical plane of Fig. 8-9(a). The intersection 
of this line at J with the stress circle gives the stresses acting on plane 
a-a. This requires some justification. For this purpose, the indicated geo¬ 
metric construction must be reviewed in detail. 

According to the previous derivation shown in Fig. 8-8(c), angle ACE 
in Fig. 8-9(b) is equal to 20*. Further, since line CH is drawn perpendicular 
to line AJ, angle ACJ is bisected, and <1 = 20j - 0. Hence, angle JCF 
is 0 - a = 20 - 20i, and it remains to be shown that the coordinates of 
point J define the stresses acting on inclined plane a-a. For this purpose, 
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<C> <d) (bl 

Fig. 8-9 Construction of Mohr’s circle for determining stresses on an arbitrary plane. 

one notes from Fig. 8-9(b) that if R is the radius of a circle, R cos 20! - 
(cr* — (j y )/2 and R sin 20] = t^. Then, forming expressions for the normal 
and shear stresses at J based on the construction of the circle in Fig. 8- 
9(b) and making use of trigonometric identities for double angles, one has 

or./ = + ^ cos ^0 — 20i) 

= Vx ^ Uy + R (cos 20 cos 20] + sin 20 sin 20]) 

= ^ gy + gj ^ 0-31 cos 20 + Txy sin 20 (8-18) 

and 

t j ~ R sin(20 - 20j) = R sin 20 cos 20] - R cos 20 sin 20] 

= + ~ S1 - n 7ft _ T _. ros 7ft (8-191 

2 ' ’ 

Except for the sign of -tj, the last expressions are identical to Eqs. 8- 
1 and 8-2, and, therefore, define the stresses acting on the element shown 
in the upper right quadrant of Fig. 8-9(b). The hatched side of this element 
is parallel to line AJ on the stress circle, which is parallel to line a-a in 


pig. 8-9(a). However, since the sign of 1 y is opposite to that in the. basic, 
transformation, Eq. 8-2, a special rule for the direction of shear stress 
has to.be introduced. 

For this purpose, consider the initial data for the element shown in Fig. 
g-9(a), where all stresses are shown with positive sense. By isolating the 
shear stresses acting ori the vertical faces, Fig. 8-9(c), it call be seen that 
these stresses alone cause a counterclockwise couple. By considering 
Ones emanating from the origin of planes A, for the first case, Fig. 8-9(c), 
the circle is intersected at E, whereas for the second case. Fig. 8-9(d), it 
is intersected at G. This can be generalized into a rule: if the point of 
intersection of a line emanating from the origin of planes A intersects the 
circle above the a axis, the shear stresses on the opposite sides of an 
element cause a clockwise couple. Conversely, if the point of intersection 
lies below the cr axis, the shear stresses on the opposite sides cause a 
''ounterclockwise couple. According to this rule, the shear stresses at J 
in Fig. 8-9(b) act with a clockwise sense. 

This general procedure is illustrated for two particularly important 
cases. For the data given in Fig. 8-10(a), the principal stresses are found 



Fig. 8-10 Determining principal normal and maximal shear stresses. 
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ctj and (t 2 , give the principal stresses. Connecting these points with the 
origin of planes A locates the planes on which these stresses act. Angle 
0! can be determined by trigonometry. Either one of the two solutions is 
sufficient to obtain the complete solution shown on the element on the 
right. 

The magnitudes of the maximum absolute shear stresses are known to 
be given by the radius of the Mohr’s circle. As shown in Fig. 8-10(c) 
these stresses are located ahove and below C. Connecting these points 
with the origin of planes A determines the planes on which these stresses 
act. The corresponding elements are shown in the upper two diagrams of 
the elements, where the associated mean normal stresses are also indi¬ 
cated. Either one of these solutions with the aid of equilibrium concepts 
is sufficient for the complete solution shown on the bottom element in 


The state of stress in the xy coordinate system is shown m Fig. 8-11 (a). 
The origin for these coordinates is arbitrarily chosen at the center of the 
infinitesimal element. The objective is to transform the given stresses to 
those in the rotated set of x'y' axes as shown in Figs. 8-11(a) and (b) by 
using Mohr’s circle. 

As before, the center C of the Mohr’s circle is located at (a x + a y )i 2. 
Again the right hand face of the element defines <r x and ly, used to locate 
a point on the circle. However, 

if Try > 0, it is plotted downwards at cr*, and 

if < 0, it is plotted upwards at oy 

This in effect amounts to directing the positive t axis downward, and is 
shown in Fig. 8-ll(c). The coordinates of u t and t.™ locate the governing 
point A c on the circle. This point corresponds to point A in the earlier 
construction; see Fig. 8-8. However, because of the opposite directions 
of the positive t axes, whereas points A and A c are related, they are not 
the same. Point B c , conjugate to point A c , can be located on the circle 
as shown in Fig. 8-11(c). The double angle 20, follows from geometry. 

Next the diameter A U B U is rotated through an angle 20 in the same sense 
that the x' axis is rotated through the angle 0 with respect to the x axis. 
Then the new point A' c determines the stresses ay and iyy on the right 
hand face of the element in Fig. 8-11(b). Note that for the case shown, 
the shear stress iyy is negative, since at ay it is above the a axis. Similar 
considerations apply to the conjugate point B' c defining the stresses on 
the plane normal to the y' axis. 

The expressions for a x ■ and r x - y - can be formulated from the construc¬ 
tion of the Mohr’s circle shown in Fig. 8-11(c) using Eas. 8-16 and 8-17. 
After simplfications, these relations, except for the sign of t x ■>,•, reduce 
to the basic stress transformation relations, Eqs. 8-1 and 8-2. Hence this 
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Solution 

To construct Mohr’s circle of stress, the following quantities are required. 

1. Center of circle on the o axis: ( — 2 + 4)/2 — +1 MPa. 

2. Origin of planes A from data on the right face of element: (-2, -4) MPa. 

3. Radius of circle: CA - v'CD 2 "T1m 2 = 5 MPa. 

After drawing the circie, one obtains cr, = +6 MPa, cr 2 = -4 MPa, anu T max = 
5 MPa. 

Line AB on the stress circle locates the principal plane for cr, = 6 MPa. The 
angle 6, is 26°34\ since tan 0, = AD/DB = 4/8 = 0.5. The other principal stress, 
ct 2 = -4 MPa, acts at right angle to the above plane. These results are shown 
on a properly oriented element. 

Line AG on the circle at 45“ with the principal planes determines the planes 
for maximum shear, 7 max = 5 MPa, and the associated mean normal stress ct' = 
1 MPa. The latter stress corresponds to cr at the circle center. Complete results 
are shown on a properly oriented element. 

It is wui thy to note that the directions of the principal stresses can be anticipated 
and can be used in calculations as a check. A suitable inspection procedure is 
shown in Fig. 8-13. To begin with, it is known that tensile stresses of equal mag¬ 
nitude to the shear stress develop along a diagonal as shown in Fig. 8-6. Therefore, 
the maximum tensile stress cr,, which is the result of all stresses, must act as 
shown in Fig. 8-13(b). Situations with compressive stresses can be treated sun 
ilarly. Fig. 8-13(d). 
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(a) (b) (c) 

Fig. 8-13 Qualitative estimates of directions for principal stresses. 


EXAMPLE 8-4 

Using Mohr’s circle, transform the stresses shown in Fig. 8-14(a) into stresses 
acting on the plane at an angle of 22|° with the vertical axis. Use Method 1. 

For this case, the center of the circle is at (1 + 3)/2 = +2 MP a on the cr axis. 
The origin of planes A is at (3,3), and the radius R = Vl 2 + 3 2 = 3.16 MPa. By 
using these data, a stress circle is plotted in Fig. 8-14(b) on which an inclined line 
at 22.5° locating point J is drawn. 

Angle p is 71.57°, since tan |3 = AD/CD = 3. A normal to AJ forms an angle 
of 22.5“ with the a axis. Therefore, a = 71.57° - 22.5° = 49.07°, and angle 
FCJ is a - 22.5° = 26.57“.. This locates J on the circle. Hence, aj = 2 
+ R cos( —26.57°) = 2 + 3.16(0.894) = 4.83 MPa, and Ty = R sin(-26.57°) 
= 3.16 (-0.447) = -1.41 MPa. 


1 MHa T 

l-L. t i 



(c) 



Transformation of Stress 


Sec. 8-8. Principal Stresses for a General State of Stress 


ij is negative, the shear stresses are shown acting counterclockwise. 

Again it should be remarked that the equations for stress transformation are 
identical in form to the equations for determining the principal axes and moments 
of inertia of areas (Section 6-12). Therefore, Mohr’s circle can be constructed for 
finding these conations, 4 


/.cosp = m, and cos y = n. The meaning of these quantities is illustrated 
in Fig- 8-14(b). From the same figure, it can be noted that since / 2 + n 2 
= d 2 and d 2 + m z = 1, 


l 2 + m 2 + n 2 ^ 1 


** 5 8-8. Principal Stresses for a General State of Stress 

Traditionally, in an introductory text on solid mechanics, attention is 
largely confined to stresses in two dimensions. Since, however, the phys¬ 
ical elements studied are always three-dimensional, for completeness, it 
is desirable to consider the consequences of three-dimensionality oil stress 

on the discussion that follows in this chapter, as well as on some issues 
considered in the next chapter. 

Consider a general state of stress and define an infinitesimal tetra¬ 
hedron 6 as shown in Fig. 8-15(a). Instead of considering an inclined plane 
in the xy coordinate system, as before for a wedge, the unknown stresses 
are sought on an arbitrary oblique plane ABC in the three dimensional 
xyz coordinate system. A set of known stresses on the other three faces 
of the mutually nernendicular planes of the tetrahedron is given. These 
stresses are the same as shown earlier in Fig. l-3(a). 

A unit normal n to the oblique plane defines its orientation. This unit 

4 See J. L. Meriam, and L. G. Kraige, Statics, 2nd ed. (New York: Wiley, 
1986). 

5 This section is more advanced and can be omitted. 

6 A tetrahedron was fu st introduced in the study of stress transformations by 
the great French mathematician A. L. Cauchy in the 1820s. 
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Fig. 8-15 Tetrahedron for 
deriving a principal stress on 
an oblique plane. 



Further, if the infinitesimal area ABC is defined as dA^c = dA, then 
the three areas of the tetrahedron along the coordinate axes, identified 
by their subscripts, are dA BOC = dA l, dA A oc - dA m, and dA AOB ~ 
dA nP 

Force equilibrium equations for the tetrahedron can now be written by 
multiplying the stresses given in Fig. 8-15(a) by the respective areas es¬ 
tablished. For simplicity, it will be assumed that only a normal stress cr„, 
i.e., a principal stress, is acting on face ABC. The components..of the 
corresponding normal force (cr„ dA) are obtained by resolving it along the 
coordinate axes using the direction cosines, Fig. 8-15(b). On this basis, 

^Ft = 0 (tT n dA)l ~ a x dAl - i^dAm - 7 Iz dAn = 0 

2Fy = 0 (u n dA)m ~ (TydAm ~ jyzdAn - TxydAl = 0 (8-21) 

2 ^ = 0 ( <j n dA')n — o z dAn — t xz dAi — r yz dAm = 0 

Simplifying, changing signs, and regrouping terms, 

(CT* “ OVi)/ + Txy/n +■ t xz n - 0 
t xyl + (cry — v n )m + r yz n = 0 (8-22) 

7 xz l + T yz m + (cr z — a„)n — 0 

By virtue of Eq. 8-20, all three direction cosines cannot be zero. However, 
the system of linear homogeneous equations has a nontrivial solution if 
and only if the determinant of the coefficients of l, m, and n vanishes. 
Hence, 


7 These areas are the projection of dA on the respective coordinate planes. To 
clarify, consider the two-dimensional wedge shown in Fig. 8-A and compare the 
volumes using two different paths. Let the area associated with side AC be A a c> 
and the corrresponding wedge height be AB. Then the wedge volume is AacABI 
2. On the other hand, if the area for the side CB is A C b, and the wedge height is 
A8 cos 6 = ABl, the volume is A C bABU2. By equating the volumes and simpli- 

lations given above can be justified. 
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(8-24) 

la = Vx + CTy + (J z (8-25) 

where II CT = (a x <j y + <j y a z + a z o x ) — (rly + T yz + (8-26) 

111,7 = CrxCTyOz + ZTxyTyzTxz ~ (o^T yz + (J y T xz + <J Z T%,) (8-27) 

Here if the initial coordinate system is changed, thereby changing the 
three mutually perpendicular planes of the tetrahedron, the u-„ on the 
inclined plane must remain the same. Therefore the constants I CT , ll a , and 
TTT^ in Eq. 8-24 must also remain the same, and hence they are invariant. 
Moreover, since the matrix of Eq. 8-23 is symmetric, and all of its ele¬ 
ments are real, according to the Descartes rule of signs, in general, Eq. 
8-24 has three real root* These roots are the eigenvalues of the deter- 
minental Eq. 8-23 and are the principal stresses of the problem. 

The three roots giving the principal stresses can be found from Eq. 8- 
24 using synthetic division or Newton’s method of tangents. 8 9 It is cus¬ 
tomary to order the principal stress such that aj > cr 2 > cr 3 . Any one of 
these roots can be substituted into any two of Eqs. 8-22, and together 
with Eq. 8-20 form a set of three simultaneous equations. A solution of 
these equations gives the direction cosines for the selected principal 
stress. The three principal directions for the principal stresses are or¬ 
thogonal. The planes normal to the principal directions are the principal 
planes of stress. If two or three of the principal stresses are equal, there 
are an infinite number of principal directions. This is further commented 
upon in the next section. 

8=9. Mohr’s Circle for a Genera! State of Stress 

In the preceding section, it was shown that for a general state of stress, 
there are three orthogonal principal stresses, cri, 02 , and a 3 , provided crj 
5 ^ o - 2 5 * cr 3 . These stresses act along the principal axes. Plane stress prob¬ 
lems fall within the scope of the general theory when one of the principal 
stresses is zero. So do the plane strain problems when one of the principal 
stresses is given by Eq. 8-5. However, degenerate cases arise requiring 
special treatment. 

If only two of the principal stresses are equal, the remaining principal 
stress has a unique direction. Any other two orthogonal directions of an 

8 1. S. Sokolnikoff, Mathematical Theory of Elasticity, 2nd ed. (New York: 
McGraw-Hill, 1956), 47. 

9 A. Ralston, A First Course in Numerical Analysis (New York: McGraw-Hill, 

1965), M- G. Salvadori. and M. T.. Baron, Numerical Method in Engineering 

(Englewood Cliffs, NJ: Prentice-Hall, 1952). 






Views of element on different principal axes 
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orthogonal triad are the principal directions. This case may be referred 
to as a cylindrical or axisymmetric state of stress. 10 If all three principal 
stresses are. ennal the. state nf stress «c t r\ ha Am> 

- ----- “rU1UU \Ji 

orthogonal axes for this case gives the principal axes. 

For the general case, consider the illustration given in Fig. 8-16, where 
the ordered principal stresses are o-i > cr 2 > 03 . Suppose further that, 
after an appropriate stress transformation, principal axes 1, 2, and 3 and 
the corresponding principal stresses are oriented as shown on an element 
in Fig. 8-16(a). By viewing this element along the three principal axes, 3 
two-dimensional diagrams, shown in Fig. 8-16(b), are obtained. For each 
of these diagrams, one can draw a Mohr’s circle of stress. This is shown 
in Fig. 8-16(c) with a cluster of three circles. As far as the stress mag¬ 
nitudes are concerned, the outer circle is the most important one. 

Although by definition (Section 8-4), the principal stresses are the max¬ 
imum and the minimum ones, it is of interest as to where on a plot, such 
as Fig. S- 16(c), the stresses on all arbitrary oblique planes lie. Such a 
plane is designated by K in Fig. 8-16(a). The results of this study, con¬ 
sidering stresses in three dimensions, show 11 that the coordinate points 


Fig. 6-16 iriaxiai state of 
stress. 


10 O. Hoffman and G. Sachs, Introduction to the Theory of Plasticity for En- 
Binpprs (New York" McGraw-Hill 1953' 

" " Ibid. 'n. .. “ JJ '' 
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for all possible planes lie either on one of the three circles or in an area 
between them, shown hatched in Fig. 8-16(c). A series of circles is defined 
within this area having their centers on the cr axis by holding any one of 
the direction cosines constant. Therefore, it is convenient to refer to the 
three circles drawn as the principal stress circles. The largest of these is 
the major principal stress circle. 

Inasmuch as all stresses in their various transformations may play a 
role in causing either yield or breakdown of a material, it is often instruc¬ 
tive to plot all three principal circles of stress, as shown in Fig. 8-16(c). 
Two examples of this kind follow. In making such plots, the degenerate 
cases, when two or all principal stresses are equal, must be kept in mind. 
For such cases, a Mohr’s circle becomes a point. 


EXAMPLE 8-5 

For the data of Example 8-3, repeated in Fig. 8-17(a), construct three Mohr’s 
principal circles of stress by viewing an element from three principal directions. 
Assume that this is a Wane stress problem. 

Solution 

The principal stresses for this problem in two dimensions have already been de¬ 
termined in Example 8-3. The results are repeated in Fig. 8-17(b). Since this is a 
plane stress problem, the stress in the direction normal to the paper is zero. The 
complete state of stress showing all principal stresses is in Fig. 8-17(e). The 3 
two-dimensional diagrams of the element viewed from different directions are in 
Figs. 8-17(d)-(f). The cluster of three Mohr’s principal circles is shown in Fig. 
8-17(g). 

If the given stresses were for a plane strain problem, the middle principal stress, 
instead of being zero, per Eq. 8-5, would be cr 2 = v(6 - 4) = +2 v, where v is 
Poisson’s ratio. 


EXAMPLE 8-6 

For the plane stress shown in Fig. 8-18(a), draw the three Mohr’s principal circle 
diagrams and determine the state of stress for maximum shear. 

Solution 

Two of the principal stresses are given; the third is zero, as this is a plane stress 
problem. The three principal stress circles are shown in Fig. 8-18(b).'The max¬ 
imum shear stress occurs in the planes shown in Fig. 8-18(c). This stress is as¬ 
sociated with point D on the major principal circle, and in physical orientation 
is given in Fig. 8-l8(d). 

This type of problem occurs in pressure-vessel analyses, where it is important 
to recognize that large shear stresses may arise. 



(d) 


Fig. 8-18 
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Part B TRANSFORMATION OF STRAIN 


8-10. Strains in Two Dimensions 



Original 

element 


In the following four sections, study is directed toward strain transfor¬ 
mation in two dimensions. This includes consideration of plane stress and 
plain strain problems. It will be shown that the transformation of normal 
and shear strains from one set of rotated axes to another is completely 
analogous to the transformation of normal and shear stresses presented 
earlier. Therefore,'after establishing the strain transformation equations, 
it is possible to introduce Mohr’s circle of strain. A procedure for reducing 
surface strain measurements made by means of strain gages into principal 
stresses completes this part of the chapter. 

In studying the strains at a point, only the relative displacement of the 
adjoining points is of importance. Translation and rotation of an element 
as a whole are of no consequence since these displacements are rigid- 
body displacements. For example, if the exlerisional strain of a diagonal 
ds of the original element in Fig. 8-19(a) is being studied, the element in 
its deformed condition can be brought back for comparison purposes, as 
shown in Fig. 8-19(c). It is immaterial whether the horizontal (dashed) or 
the vertical (dotted) sides of the deformed and the undeformed elements 
are matched to determine dA. For the small strains and rotations con¬ 
sidered, the relevant quantity, elongation dA in the direction of the di¬ 
agonal, is essentially the same regardless of the method of comparison 
employed. In treating strains in this manner, only kinematic questions 
have relevance. The mechanical r, ro n erties of material do not enter the 
problem. 


(u> 


8-11. Transformation of Strain in Two Dimonsions 





{cl 

Fig. 8-19 Strains are 
determined from relative 
deformations. 


In establishing the equations for the transformation of strain, strict ad¬ 
herence to a sign convention is necessary. The sign convention used here 
is related to the one chosen for the stresses in Section 8-3. The normal 
strains e, and e,, corresponding to elongations in the x and y directions, 
respectively, are taken positive. The shear strain is considered positive 
if the 90° angle between the x- and the y-axes becomes smaller. For con¬ 
venience in deriving the strain transformation equations, the element dis¬ 
torted by positive shear strain will be taken as that shown in Fig. 8-20(a). 

Next, suppose that the strains £ x , z y , and 7 xy associated with the xy 
axes are known and extensional strain along some new x' axis is required. 
The new x'y' system of axes is related to the xy axes as in Fig. 8-20(b). 
In these new coordinates, a length OA, which is dx' long, may be thought 
of as being a diagonal of a rectangular differential element dx by dy in 
the initial coordinates. 
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(a) (b) 

Fig. 8-20 Exaggerated deformations of elements for deriving strains along new axes. 


By considering point O fixed, one can compute the displacements of 
point A caused by the imposed strains on a different basis in the two 
coordinate systems. The displacement in the x direction is AA' ~ c x dx\ 
in they direction, A'A" = z y dy. For the shear strain, assuming it causes 
the horizontal displacement shown in Fig. 8-20(a), A"A'" = 7 ^ dy. The 
order in which these displacements occur is arbitrary. In Fig. 8-20(b), 
displacement AA' is shown first, then A'A", and finally A" A'". By project¬ 
ing these displacements onto the x' axis, one finds the displacement of 
point A along the x' axis. Then, recognizing that by definition, £*• dx' in 
the x'y' coordinate system is also the elongation of OA, one has the fol¬ 
lowing equality: 

£*• dx' = AA' cos 0 + A'A" sin 0 + A"A'" cos 0 


By substituting the appropriate expi 
dividing through by dx', one has 


id 
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Since, however, dxidx' = cos 0 and dyldx' ~ sin 0, 


By analogous reasoning, 


c* cos 0 + c y sin 6 + y*y sin 0 cos t 


Equation 8-28 is the basic expression for normal strain transformation 
in a plane in an arbitrary direction defined by the x’ axis. 12 In order to 
apply this equation, e*, c y , and y^ must be known. By use of trigonometric 
identities already encountered in deriving Eq. 8-1, the last equation can 
be rewritten also as 


P = — (e* — £y) sin 0 cos 0 + -y^ cos 2 0 

Therefore, since the shear strain y x - y ' of an angle included between the 
x'y' axes jg p + a, one has 

y x - y ■ = -2(e x — £y) sin 0 cos 0 + y^Ccos 2 0 - sin 2 0) 


y x -y' - — (e x — £y) sin 20 + y^ cos 20 


- cos 20 + sin 20 


To complete the study of strain transformation at a point, shear-strain 
transformation must also be established, bor this purpose, consider an 
element OACB with sides OA and OB directed along the x' and the y' 
axes, as shown in Fig. 8-20(b). By definition, the shear strain for this 
element is the change in angle AOB. From the figure, the change of this 
angle is a + 3- 

For small deformations, the small angle a can be determined by project¬ 
ing the displacements AA ‘, A'A", and A"A'" onto a normal to OA and 
dividing this quantity by dx'. In applying this approach, the tangent of 
the angle is assumed equal to the angle itself. This is acceptable as the 


— AA’ sin 0 + A'A" cos 0 - A"A'" sin 6 


This is the second fundamental expression for the transformation of strain. 
Note that when 0 = 0°, the shear strain associated with the xy axes is 
recovered. 

The basic Eqs. 8-29 and 8-30 for strain transformation in a plane are 
analogous to Eqs. 8-1 and 8-2 for stress transformation in two dimensions. 

tensors and mathematically obey the same laws of transformation. This 
similarity will be emphasized in discussing Mohr’s circle of strain. 

**8-12* Alternative Derivation for Strain Transformation 
in Two-Dimensions 

An approach more suitable for deriving strain transformation in three 
dimensions is presented in this section. 

Consider element AB initially ds long, as shown in Fig. 8-21. After 
straining, this element displaces to the position A'B' and becomes ds* 
long. The initial length is ds 2 ~ dx 2 + dy 2 and the strained length of the 
element is {ds*) 2 = {dx*) 2 + {dy*) 2 , with dx* = dx + du and dy* = 
dy + av. 


= — (e* ~ £y) sin 0 cos 0 - yxy sin 2 


2 Using direction cosines /, m, and n (see Section 8-8), Eq. 8-28 can be rewritten 


= c x l 2 + £ y m 2 + yxylm 


normal strain transformation in three dimensions becomes 

£,< = c*/ 2 + t: y m 2 + c z « 2 -I- y^lm + y yi mn + y„ln 
Therefore, Eq. 8-28 can be applied only for strain transformation in two dimen- 


\dy * 
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The infinitesimal increments of strain, du and dv for the absolute dis¬ 
placements u and u; can be found formally by applying the chain rule of 
differentiation to obtain total differentials, i.e., 

du du , dv do , 

du = — dx + — dy and dv = — dx + — dy 

dx ay oX uy 

By using these relations, the strain is most conveniently defined as the 
difference between ( ds *) 2 and ds 2 . This difference is zero for unstrained 
bodies. 

For the small-deformation theory, in the expression for {ds*) 2 , the 
squares of small quantities can be neglected in comparison with the quan¬ 
tities themselves. Thus, after some algebraic manipulations and simpli¬ 
fications, 

(*•)* = (l + 2^W + 2 d X dxdy + (i + 2 f) d y- + 2 a x dxdy 

\ dxj dy \ dy J dx 

Hence, 

, „ dv , , . (du dv\ , , 

{ds*) 2 - ds z - 2 — dx 2 + 2 — dy 2 + 2 ( — + —• j dx dy 

dx dy \dy dxj 

and, by recalling Eqs. 3-7 and 3-9, which define strains as derivatives of 
displacements, one has 

{ds*) 2 — ds 2 — 2z x dx 2 + 2z y dy 2 + 2-y^y dy dx (8-31) 
For small deformations, to a high degree of accuracy, one has 

//,= - i d c* 4- l dS * ~ ^ ds ?p« ds 2 r8-3?.’l 

... ‘ ~"V ds )- - .. 

where the normal strain £e = {ds* — ds)/ds from the classical defini¬ 
tion of small strain, and, since ds* differs very little from ds, ds* + ds 
** 2 ds. 

By equating Eqs. 8-31 and 8-32, dividing through by ds 2 , and recognizing 
that cos 0 = dxlds and sin 0 = dy/ds, one obtains 

e 0 = z x cos 2 0 + z y sin 2 0+7^ sin 0 cos 0 (8-33) 

This equation for normal strain is essentially identical to Eq. 8-28. 

By taking two initially mutually perpendicular sides of an element and 
then forming the scalar product for the same two sides in the deformed 
state, Eq. 8-30 for the shear strain can be reproduced. 

Extension of this procedure to a three dimensional case is direct, and 
is left for the reader to complete. 
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circle C is at [(e* + e v )/2,0] and, from the given data, the origin of planes 
A on the circle is at (e*,7*y/2). An examination of this circle leads to 
conclusions analogous to those reached before for the circle of stress. 

1. The maximum normal strain is £i; the minimum is e 2 . These are the 
principal strains, and no shear strains are associated with them. The 
directions of the normal strains coincide with the directions of the 
principal stresses. As can be deduced from the circle, the analytical 
expression for the principal strains is 



where the positive sign in front of the square root is to be used for 
Ei, the maximum principal strain in the algebraic sense. The negative 
sign is to be used for e 2 , the minimum principal strain. The planes 
on which the principal strains act can be defined analytically from 
Eq. 8-34 by setting it equal to zero. Thus, 



Since this equation has two roots, it is completely analogous to Eq. 


2. The largest shear strain 7 max is equal to two times the radius of the 
circle. Normal strains of (si + e 2 )/2 in two mutually perpendicular 
directions are associated with the maximum shear strain. 

3. The sum of normal strains in any two mutually perpendicular di¬ 
rections is invariant , i.e., £i + e 2 — — constant. Other 

properties of strains at a point can be established by studying the 
circle further. 


Mathematically, in every respect, strain transformation is identical to 
stress transformation. Therefore, in a general three-dimensional strain 
problem, there are three principal directions in which principal normal 
strains develop. For plane strain, when e z = — Izy — 0* besides the 

two principal strains Ci and c 2 , another principal strain Cj = — 0. By 

identifying the latter principal strain by a point on the e - y/2 plot, it is 
possible to draw a cluster of three principal strain circles just as before 
for the stress circles (Figs. 8-17 and 8-18). This procedure is illustrated 
in the next example. Mohr’s strain circles degenerate to a point when two 


or three principal strains are equal. 

For determining strain in the z direction for plane stress, one must first 



form an inverse of the first three of Eqs. 3-14, i.e., to solve them simul¬ 
taneously to express stresses in terms of strain. For the stress in the z 
direction, this gives 




Since (e* + c y ) is invariant, e. remains constant for any planar coordinate 
transformation. Hence, at a point, either the Mohr’s circle of strain, or 
its fundamental e n uivalent of algebraic transformations for the two-di¬ 
mensional problem, is applicable. 


EXAMPLE 8-7 

It is observed that an element of a body in a state of plane strain contracts 500 
gm/m along the x axis, elongates 300 |±m/m in they direction, and distorts through 
an angle 13 of 600 grad, as shown in Fig. 8-23(a). Using Mohr’s circle, determine 

13 This measurement may be made by scribing a small square on a body, strain¬ 
ing the body, and then measuring the change in angle that takes place. Photo¬ 
graphic enlargements of grids, or photogrammetric procedures, have been used 
for this purpose. 
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the m-piane principai strains for the given data and show the uhcciiuns in which 
they occur. On the same diagram, draw the remaining two principal strain circles. 

Solution 

The given data are s, ~ -500 jj-m/m, t y = +3QQ jim/m, and -y A> = —600 g.m/m 
Hence, on the e - y/2 system of axes, the center C is at (e* + e>,)/2 = - too 
pm/m from 0, Fig. 8-23(b). The origin of planes A is at (- 500, - 300). The circle 
radius AC is 500 pm/m. Hence, Ei = +400 pm/m acts in the direction perpen¬ 
dicular lu line Ae, and ej — -600 pm/m acts in the direction perpendicular- to 
the line AE 3 (not shown). From geometry, 6 = tan -1 300/900 — 18°25'. 

Since this is a plane strain problem, another principal strain, £2 = 0, is at the 
origin O of the coordinate axes. Therefore, the two small dashed-line strain circles 
are shown on the figure to complete the problem. 


*8-14. Strain Rosettes 

Measurements of normal strain are particularly simple to make, and highly 
reliable techniques have been developed for this purpose. In such work, 
these strains are measured along several closely clustered gage lines, dia- 
grammatically indicated in Fig. 8-24(a) by lines a-a, b-b, and c-c. These 
gage lines may be located on the member investigated with reference to 
some coordinate axes (such as x and y) by the respective angles 0 i, 0 2 , 
and 0 3 . By comparing the initial distance between any two corresponding 
gage points with the distance in the stressed member, the elongation in 
the gage length is obtained. Dividing the elongation by the gage length 
gives the strain in the 0 , direction, which will be designated £*,. By per¬ 
forming the same operation with the other gage lines, £e, and £ 93 are 
obtained. If the distances between the gage points are small, measure¬ 
ments approximating the strains at a point are obtained. 

Arrangements of gage lines at a point in a cluster, as shown in Fig. 8 - 
24, are called strain rosettes. If three strain measurements arc taken at 



(a) (b) (c> 

Fig. 8-24 (a) General strain rosette; (b) rectangular or 45° strain rosette; (c) equiangular or delta 
rosette. 
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- -osette the information is sufficient to determine the complete state of 
plane strain at a point. 

As already noted in Section 2-2, a particularly versatile and accurate ■< 
method for measuring strain employs electric strain gages. These gages, 
made either of tine wire or foil glued to a member, are very sensitive for ✓ 
measuring the change in electrical resistance due to deformation in a 
member. An appropriate calibration 14 relates gage resistance to strain. 1 2 3 

Several types of rosettes are in general use. These usually consist of three ^ 

single-element gages grouped together, as shown in Fig. 8-25. Metal-foil la} 

rosettes of this type are available in a wide range of sizes, with active 
gage lengths varying from 0.8 to 12 mm. 

If angles 0j, 02, and 0 3 , together with the corresponding strains £ e ,, 
e e ,, and e 93 , are known from measurements, three simultaneous equations 
patterned after Eq. 8-28 can be written. In writing these equations, it is 
convenient to enr n lo v the following notation; e < = e-, s - s and e a - 
53 £e 3 - 

£ 0 , = £x cos 2 0i + c y sin 2 0i + sin 0! cos 0i 

e 02 = e x cos -4 02 + £ y sin' 1 0 2 + yxy sin 0 2 cos 0 2 (8-39) 

£e 3 = e* cos 2 03 + £y sin 2 0 3 + y^ sin 0 3 cos 0 3 

Fig. 8-25 Three-element 

This set of equations can be solved for £y, and y^, and the problem meta i-fuil elecirical- 
reverts to the cases already considered. resistance Strain gages 

To minimize computational work, the gages in a rosette are usually (Courtesy of Micro- 
arranged in an orderly manner. For example, in Fig. 8-24(b), 0i = 0°, 0 2 Measurements Division, 

= 45”, and 6, = 90°. This arrangement of gage lines is known as the North CaZna?"' 

rectangular or the 45 strain rosette. By direct substitution into Eq. 8-39, u.s.A.). 
it is found that for this rosette 

£ x = £ 0 « £y = £ 90 ° 2£ 4 s° = tx + ty + yxy 





Thus, £x, £y, and 7 ^, become known. Variations of this arrangement are 
shown in Fig. 8-25. 

Another arrangement of gage lines is shown in Fig. 8-24(c). This is 
known as the equiangular, or the delta, or the 60° rosette. Again, by 
substituting into Eq. 8-39 and simplifying, 



l ' s See Society for Experimental Mechanics (SEM), A. S. Kobayasni (eu.), 
Handbook on Experimental Mechanics (Englewood Cliffs, NJ: 1987). 
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and 


737 2(S60° -- E t ao -)/V3 


(8-41b) 


Other types of rosettes are occasionally used in experiments. The data 
from all rosettes can be analyzed by applying Eq. 8-39, solving for e 
e y , and yxy, and then either applying the strain-transformation equations 
or constructing Mohr’s circle for finding the principal strains. 

Sometimes rosettes with more than three lines are used. An additional 
gage line measurement provides a check on the experimental work. For 
these rosettes, the invariance of the strains in the mutually perpendicular 
directions can be used to check the data. 

The application of the experimental rosette technique in complicated 
problems of stress analysis is almost indispensable. 

Tn most problems where strain rosettes are used, it is necessar' to 
determine the principal stresses at the point of strain measurement. In 
this problem, the surface where the strains are measured is generally free 
of significant normal surface stresses, i.e. cr z = 0. Therefore, this is a 
piane stress problem. Hence, the relevant Eqs. 3-14 written in terms of 
principal stresses, cti and u- 2 , become 


CTi 02 , 02 Oi 

£i = — v — and e 2 •= - v — (8-42) 

Solving these equations simultaneously for the principal stresses, one 
obtains the required relations: 


f -*\ 

E 

= l _ v 2 ( £l + V£2 ) 

v_I_ ) 


02 






E 

1 - v 2 


(£ 2 + VE 2 ) 


(8-43) 


The elastic constants E and v must be determined from some appropriate 
experiments. With the aid of such experimental work, very complicated 
problems can be solved successfully. 


EXAMPLE 8-8 

At a certain point on a steel machine part, measurements with an electric rec¬ 
tangular rosette indicate that e 0 « = -500 p.m/m, £ 45 * = +200 jim/m, and e 90 » = 
+ 300 jim/m. Assuming that E — 200 GPa and v — 0.3, find the principal stiesses 
at the point investigated. 

Solution 
From Eq. 8-40. 

y*y = 2e 45 = - (e 0 ° + £90°) = 2 x 200 - (-500 + 300) = 600 p-m/m 


400 fim/m and e 2 = -600 p.m/m. Hence, using Eqs. 8-43, 


*° 2 3 [400 + 0.3 x (-600)] x 10“ 6 = +48.4 MPa 

Zu ° Vff (-600 + 0.3 x 400) x 10" 6 = 105 MPa 
1 - U.3 2 


Tensile stress cri acts in the direction of e,; see Fig. 8-23. The compressive stress 
(T 2 acts in the direction of £ 2 . 


Part C YIELD AND FRACTURE CRITERIA 


8-15. Introductory Remarks 


From the preceding study of the text, it should be apparent that in nu¬ 
merous technical problems, the state of stress and strain at critical points 
mav be ver v convlex. Idealized mathematical n rocedures for determining 


those states, as well as their transformations to different coordinates, are 
available. However the precise response of real materials to such stresses 
and strains defies accurate formulations. A number of questions remain 
unsettled and are part of an active area of materials research. As yet no 
comprehensive theory can provide accurate predictions of material be¬ 
havior under the multitude of static, dynamic, impact, and cyclic loading, 
as well as temperature effects. Only the classical idealizations of yield 
and fracture criteria for materials are discussed here. Of necessity, they 
are used in the majority of structural and machine design. These strength 
theories are structured to apply to particular classes of materials. The 
two most widely accepted criteria for the onset of inelastic behavior (yield) 
for ductile materials under combined stresses are discussed first. This is 
followed by presentation of a fracture criterion for brittle materials. It 
must be emphasized that, in classifying materials in this manner, strictly 
speaking, one refers to the brittle or ductile state of the material, as this 
characteristic is greatly affected by temperature as well as by the state 
of stress itself. For example, some low-carbon steels below their transition 
temperatures of about 10°C (+ 50°F) become brittle, losing their excellent 
ductile properties, and behave like different materials; see Fig. 8-26. More 
complete discussion of such issues are beyond the scope of this text. 

Most of the information on yielding and fracture of materials under the 
action of biaxial stresses comes from experiments on thin-walled cylin¬ 
ders. A typical arrangement for such an experiment is shown in Fig. 8- 
27. The ends of a thin-walled cylinder of the material being investigated 


r 


Brittle 


Fig. 8-26 Typical transition 
curve for stress or energy to 
fracture vs. temperature for 
carbon steel. 
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arc CiOSCu UJ ou^cuTuiu* c«po. xx,i* iO»«*s uiC >.OuO., interior Ol a i;yii n . 
drical pressure vessel. By pressurizing the available space until the yield¬ 
ing or bursting occurs, the elements of the wall are subjected to biaxial 
stresses of a constant ratio 0 - 1/02 - 2. By applying an additional tensile 
force P to the caps, the 0-2 stress is increased to any predetermined amount 
0-2 + cr". By applying a compressive force, the 0-2 stress can be minimized 
or eliminated. Actual compressive stress in the longitudinal direction is 
undesirable, as the tube may buckle. By maintaining a fixed ratio between 
the principal stresses until the failure point is reached, the desired data 
on a material are obtained. Analogous experiments with tubes simul¬ 


taneously subjected to torque, axial force, and pressure are also used. 
An interpretation of these data, together with all other related experi¬ 
mental evidence, including the simple tension tests, permits a formulation 
of theories of failure for various materials subjected to combined stresses. 


8=16. Maximum Shear-Stress Theory 

The maximum shear-stress theory , 15 or simply the maximum shear theory, 
results from the observation that in a ductile material slip occurs during 
yielding along critically oriented planes. This suggests that the maximum 
shear stress plays the key role, and it is assumed that yielding of the 
material depends only on the maximum shear stress that is attained within 
an element. Therefore, whenever a certain critical value T cr is reached 
yielding in an element commences . 16 For a given material, this value 
usually is set equal to the shear stress at yield in simple tension or 
compression. Hence, according to Eq. 8-9, if cr* = ±cri =£ 0, and a y = 

T.rv — 0, 





(8-44) 


which means that if cr yp is the yield-poiiii stress found, for example, in a 
simple tension test, the corresponding maximum shear stress is half as 
large. This conclusion also follows easily from Mohr’s circle of stress. 

In applying this criterion to a biaxial plane stress problem, two different 
cases arise. In one case, the signs of the principal stresses <ti and <t 2 are 
the same. Taking them, for example, to be tensile, Fig. 8-28(a), and setting 
03 = 0, the resulting Mohr’s principal stress circles are as shown in Fig. 


15 This theory appears to have been originally proposed by C. A. Coulomb in 
1773. In 1868, H. Tresca presented the results of his work on the flow of metals 
under great pressures to the French Academy. Now this theory often bears his 
name. 

16 In single, crystals, slip occurs along preferential planes and in preferential 
directions. In studies of this phenomenon, the effective component of the shear 
stress causing slip must be carefully determined. Here it is assumed that because 


erties, and so by determining T f 


‘ous crystals, the material has isotropic prop- 
one finds the critical shear stress. 
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Fig. 8-28 Planes of T max for 

8-28(b). Here the maximum shear stress is of the same magnitude as would biaxial stress - 
occur in a simple uniaxial stress, Figs. 8-28(a) and (c). Therefore, if 1 0 -, | 

> j a 2 1, according to Eq. 8-44, | 0-1 | must not exceed a yp . Similarly, if 
| cr 2 | > | cti' I, | 02 | must not be greater than cr yp . Therefore, the criteria 
corresponding to this case are 


and 


The second case is considered in Figs. 8-28(d)-(t), where the signs ot 
o-i and o 2 are opposite, and cr 3 = 0. The largest Mohr’s circle passes 
through oi and cr 2 , and the maximum shear stress r ma x = (| <ti | + | 0 2 |)/ 2 . 
The alternative possible slip planes are identified in Fig. 8-28(d) and (f). 
This maximum shear stress cannot exceed the shear yield criterion in 
simple tension, i.e., T max s cr yp /2. Hence, 







Yield and Fraclure Criteria 




Yield criterion 
maximum shear 



or, for impending yield, 


A plot of this equation gives the two sloping lines shown in Fig. 8-29. 
Dividing Eqs. 8-45 by cr yp puts them into the same form as Eq. 8-46a. 
These modified equations, cri/cr yp = ±1, and cr 2 /cr yp = ±1, plot, re¬ 
spectively, in Fig. 8-29 as two vertical and two horizontal lines. Then 
hy treating (T : /rr..„ and rr 2 /rr..„ as coordinates of a point in this nrincma* 
stress space, some important conclusions can be reached. 

If a point defined by cri/a yp and a 2 /cr yp falls on the hexagon shown in 
Fig. 8-29, a material begins and continues to yield. No such stress points 
can lie outside the hexagon because one of the three yield criteria equa¬ 
tions given before for perfectly plastic material would be violated. The 
stress points falling within the hexagon indicate that a material behaves 
elastically. 

Note that, according to the maximum shear theory, if hydrostatic tensile 
or compressive stresses are added, i.e., stresses such that cri = <j' 2 = 
0 - 3 , no change in the material response is predicted. Adding these stresses 
merely shifts the Mohr’s circles of stress along the cr axis and T max remains 
the same. Also note that since the maximum shear stresses are defined 


the material is isotropic. 

The derived yield criterion for perfectly plastic material is often referred 
to as the Tresca yield condition and is one of the widely used laws of 
plasticity. 


*8-17. Maximum Distortion-Energy Theory 

Another widely accepted criterion of yielding for ductile isotropic ma¬ 
terials is based on energy concepts . 17 In this approach, the total elastic 
energy is divided into two parts: one associated with the volumetric 
changes of the material, and the other causing shear distortions. By equat¬ 
ing the shear distortion energy at yield point in simple tension to that 
under combined stress, the yield criterion for combined stress is estab¬ 
lished. 

17 The first attempt to use the total energy as the cntenon of yielding was mads 
by E. Beltrami of Italy in 1885. In its present form, the theory was proposed by 
M. T. Huber of Poland in 1904 and was further developed and explained by R- 
von Mises (1913) and H. Hencky (1925), both of Germany and the United States. 
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stress, the procedure of resolving the general state of stress must be em¬ 


ployed. This is based on the concept of superposition. For example, it is 
possible to consider the stress tensor of the three principal stresses—cri, 
cr 2 , and cr 3 —to consist of two additive component tensors. The elements 


of one component tensor are defined as the mean “hydrostatic” stress: 


cr 


0~ 1 + CT 2 + Q~3 

3 


(8-47) 


The elements of the other tensor are (cri - a), (cr 2 - o'), and (cr 3 - cr). 
Writing this in matrix representation, one has 

1 0 0^ 0 (^ ^<ti - a- 0 0 \ 

0 a 2 0=0 5 0 + 0 1/2 - u 0 | (8-48) 

\0 0 0-3/ \0 0 by \ 0 0 cr 3 - uj 


This resolution of the general state of stress is shown schematically in 
Fig. 8-30. The special case of resolving the uniaxial state of the stress in 
the figure has been carried a step further. The sum of the stresses in Figs. 
8-30(f) nd (g) corresponds to the last tensor of Eq. 8-48. 

.1 _(U.„- .4I’.nto nf ctrarr the c f/"»r th*» firct 



Uniaxial state of stress 


Fig. 8-30 Resolution of principal stresses into spherical (diiatational) and deviatoric (distortional) 
stresses. 
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the o- axis. Therefore, the stresses associated with this tensor are the same 
in every possible direction. For this reason, this tensor is called the spher¬ 
ical stress tensor. Alternatively, from Eq. 3-21, which states that dila¬ 
tation of an elastic body is proportional to a, this tensor is also called the 
diiatational stress tensor. 

The last tensor of Eq. 8-48 is called the deviatoric or distortiunal stress 
tensor. A good reason for the choice of these terms may be seen from 
Figs. 8-30(f) and (g). The state of stress consisting of tension and compres¬ 
sion on the mutually perpendicular planes is equivalent to pure shear 
stress. The latter system of stresses is known to cause no volumetric 
changes in isotropic materials, but instead, distorts or deviates the ele¬ 
ment from its initial cubic shape. 

Having established the basis for resolving or decomposing the state of 

strain energy due to distortion. For this purpose, first the strain energy 
per unit volume, i.e., strain density, for a three-dimensional state of stress 
must be found. Since this quantity does not depend on the choice of 
coordinate axes, it is convenient to express it in terms of principal stresses 
and strains. Thus, generalizing Eq. 2-21 for three-dimensions using su¬ 
perposition, one has 


where, by substituting for strains, Eqs. 3-14, expressed in terms of prin¬ 
cipal stresses, after simplifications, 


Wool = :rj (<r? + al + fff) ■ 
ns 


■ (o-i cr 2 + cr 2 a 3 + a 3 cri) (8-50) 


The strain energy per unit volume due to the diiatational stresses can be 
determined from this equation by first setting cri = cr 2 = cr 3 = p, and 
then replacing p by cf = (<j] + cr 2 + q- 3 )/3. Thus, 


^dilatation 


- (cr, + cr 2 + cr 3 )“ 


By subtracting Eq. 8-51 from Eq. 8-50, simplifying, and noting from Eq. 
3-19 that G = EI2(l + v), one finds the distortion strain energy for com- 


f/distortion = TT 7 ; [(cri - CT 2 ) 2 + (<T 2 ~ CT 3 ) 2 + (cr 3 - CTi) 2 ] (8-52) 
IZLj 


principal stresses reaches the yield point, cr yp , of the material. The dis¬ 
tortion, strain energy for this is 2o-y P /12G. Equating this to Eq. 8-52, after 
minor simplifications, one obtains the basic law for yielding of an ideally 
plastic material: 









For plane stress, ct 3 = 0, and Eq. 8-53 in dimensionless form becomes 



(-1.-1) I 
Fig. 8-31 Yield criterion 
based on maximum 
distortion energy. 


This is an equation of an ellipse, a plot of which is shown in Fig. 8-31. 
Any stress falling within the ellipse indicates that the material behaves 
elastically. Points on the ellipse indicate that the material is yielding. This 
is the same interpretation as that given earlier for rig. 8-29. On unloading, 
the material behaves elastically. 

This theory does not predict changes in the material response when 
hydrostatic tensile or compressive stresses are added. Since only differ¬ 
ences of the stresses are involved in Eq. 8-53, adding a constant stress 
to each does not alter the yield condition. For this reason in the three- 
dimensional stress space, the yield surface become^ a cylinder with an 
axis having all three direction cosines equal to 1/V3. Such a cylinder is 
shown in Fig. 8-32. The ellipse in Fig. 8-31 is simply the intersection of 
this cylinder with the crj— ct 2 n lane. It can be shown also that the yield 
surface for the maximum shear stress criterion is a hexagon that fits into 
the tube, Fig. 8-31. 

Center line of 
cylinder and 
hexagon 


According to the basic assumption of the distortion-energy theory, the 
expression of Eq. 8-52 must be equated to the maximum elastic distortion 


(b) View along the axis of the cylinder Fig. 8-32 Yield surfaces for 
triaxial state of stress. 
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The fundamental relation given by Eq. 8-53 may also be derived ' 
formulating the second invariant, Eq. 8-26, of the deviatoric stresses given 
by the last matrix in Eq. 8-48. Such an approach is generally favored in 
the mathematical theory of plasticity. The derivation given before gives 
greater emphasis to physical behavior. As can be noted from the structure 
of Eq. 8-53 and the accompanying Figs. 8-31 and 8-32, it is a continuous 
function, making it attractive in analytical and numerical applications 
This widely used constitutive equation for perfectly plastic material is 
often referred to as the Huber-Hencky-Mises or simply the von Mises 
yield condition. 

Both the maximum shear stress and the distortion energy yield con¬ 
ditions have been used in the study of viscoelastic phenomena under 
combined stress. Extension of these ideas to strain hardening materials 
is also possible. Such topics, however, are beyond the scope of this text. 



8-18. Comparison of Maximum-Shear and Distortion- 
Energy Theories for Plane Stress 

Plane stress nroblems occur esneciallv fremjent! v in n ractice 


largely emphasized in this text. Therefore, it is useful to make a com¬ 
parison between the two most widely used yield criteria for ductile ma¬ 
terials for this case. The maximum shear-stress criterion directs its at¬ 
tention to the maximum shear stress in an element. The distortion-energy 
criterion does this in a more comprehensive manner by considering in 
three dimensions the energy caused by shear deformations. Since shear 
stresses are the main parameters in both approaches, the difference be¬ 
tween the two is not large. A comparison between them for plane stress 
is shown in Fig. 8-33. Here the Tresca hexagon for the maximum shear- 
stress theory and the von Mises ellipse for the maximum distortion-energy 
theory have the meanings already described. Either one of the lines gives 
a criterion for yield for a perfectly plastic material. Yield of a material is 


ouiw uvgui miwiu/vvi i/iLiivi uinaAiai ui uiaAiai »ucj»w icacu uie uuunu- 


ing lines. If a stress point for the principal stresses cn and cr 2 falls within 
these curves, a material behaves elastically. Since no strain hardening 
behavior (see Fig. 2-13) is included in these mathematical models, no 
stress points can lie outside the curves, as yielding continued at the stress 
level given by the curves. More advanced theories are not considered in 
this text. 19 


It can be seen from Fig. 8-33 that the discrepancy between the two 
theories is not very large, the maximum shear-stress theory being in gen¬ 
eral more conservative. As to be expected, the uniaxial stresses given by 


18 In the past, this condition has been also referred to as the octahedral shearing 
stress theory. See A. Nadai, Theory of Flow and Fracture of Solids (New York: 
McGraw-Hill, 1950), 104, or A. P. Boresi and O. M. Sidebottom, Advanced Me¬ 
chanics of Materials, 4th ed. (New York: Wiley, 1985), 18. 

K. Washizu, Vanational Methods in Elasticity and Plasticity, 2nd ed. (New 
York: Pergamon, 1975). L. E. Malvern, Introduction to the Mechanics of a Con¬ 
tinuous Medium (New York: Prentice-Hall, 1969). 


Sec. B-20. Comparison of Yield and Fracture Criteria 


i. 0 jh org equal to those corresponding to simple tension or compression. 
It is assumed that these basic stresses are of equal magnitude. The yield 
criteria in the second and fourth quadrant indicate smaller strengths at 
yield than that for uniaxial stresses. The largest discrepancy occurs when 
two of the principal stresses are equal but of opposite sign. This condition 
develops, for example, in torsion of thin-walled tubes. According to the 
maximum shear-stress theory, when ±cr, - +<j 2 , these stresses at yield 
can reach only a yp /2. The maximum distortion-energy theory limits this 
stress to cr yr /V3 = 0.577cr yp . Points corresponding to these stresses are 
identified in Fig. 8-33. These values of yield in shear stress are frequently 
used in design applications. 


A 



8-19. Maximum Normal Stress Theory 


The maximum normal stress theory or simply the maximum stress 
theory 20 asserts that failure or fracture of a material occurs when the 
maximum normal stress at a point reaches a critical value regardless of 
the other stresses. Only the largest principal stress must be determined 
to apply this criterion. The critical value of stress cr u i t is usually determined 
in a tensile experiment, where the failure of a specimen is defined to be 
either excessively large elongation or fracture. Usually, the latter is im¬ 
plied. 

Experimental evidence indicates that this theory applies well to brittle 
materials in all ranges of stresses, providing a tensile principal stress 
exists. Failure is characterized by the separation, or the cleavage, frac¬ 
ture. This mechanism of failure differs drastically from the ductile frac¬ 
ture, which is accompanied by large deformations due to slip along the 
planes of maximum shear stress. 

The maximum stress theory can be interpreted on graphs as the other 
theories. This is done in Fig. 8-34. Failure occurs if points fall on the 
surface. Unlike the previous theories, this stress criterion gives a bounded 
surface of the stress space. 


o-> 



(b) 

Fig. 8-34 Fracture envelope 
based on maximum stress 
criterion. 


8-20. Comprison of Yield and Fracture Criteria 

Comparison of some classical experimental results with the yield and 
fracture criteria presented before is shown in Fig. 8-35. 21 Note the par¬ 
ticularly good agreement between the maximum distortion-energy theory 
and experimental results for ductile materials. However, the maximum 

20 This theory is generally credited to W. J. M. Rankine, an eminent British 
educator (1820-1872). An analogous theory based on the maximum strain, rather 
than stress, being the basic criterion of failure was proposed by the greaL French 
elastician, B. de Saint-Venant (1797-1886). Experimental evidence does not cor¬ 
roborate the latter approach. 

21 The experimental points shown on this figure are based on classical exper¬ 
iments by several investigators. The figure is adapted from a compilation triage 
by G. Murphy, Advanced Mechanics of Materials (New York: McGraw-Hill, 
1964), 83. 
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normal stress theory appears to be best for brittle materials and can be 
unsafe for ductile materials. 


All the theories for uniaxial stress agree since the simple tension test 
is the standard of comparison. Therefore, if one of the principal stresses 
at a pomt is large in comparison with the other, all theories give practically 
the same results. The discrepancy between the criteria is greatest in the 
second and fourth quadrants, when both principal stresses are numerically 
equal. 

In the development of the theories discussed before, it has been as¬ 


sumed that the properties of material in tension and compression are 
alike—the plots shown in several of the preceding figures have two axes 
of symmetry. On the other hand, it is known that some materials such as 


rocks, cast iron concrete and soils have drasticalb' diffe r ent 


depending on the sense of the applied stress. This is the greatest flaw in 
applying the classical idealizations to materials having large differences 
in their mechanical behavior in tension and compression. An early attempt 
to adopt the maximum shear theory to achieve better agreement with 
experiments was made by Duguet in 1885. 22 The improved model rec¬ 
ognizes the higher strengths of brittle materials in biaxial compression 
than in tension. Therefore, the region in biaxial tension in the principal 
stress space is made smaller than it is for biaxial compression; see Fig. 
8-36. In the second and fourth quadrant, a linear change between the two 
of the above regions is assumed. A. A. Griffith, 23 in a sense, refined the 


22 A. Nadai, Theory of Flow and Fracture of Solids (New York: McGraw-Hill, 
1950). 

23 A. A. Griffith, "‘The Phenomena of Rupture and Flow of Solids,” Philo- 
so n hical Transactions o f the Roval Societ" o f London Series A 1920 Vo!. 221, 
163-198. 
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Fig. 8-36 Plausible fracture Fig. 8-37 Dashed curve 

criteria for brittle shows analytical fit for 

materials. three different strength 

concretes. 

explanation for the previous observations by introducing the idea of sur¬ 
face energy at microscopic cracks and showing the greater seriousness 
of tensile stresses compared with compressive ones with respect to fail¬ 
ure. According to this theory, an existing crack will rapidly propagate if 
the available elastic strain energy release rate is greater than the increase 
in the surface energy of the crack. The original Griffith concept has been 
considerably expanded by G. R. Irwin. 24 Careful recent experimental re¬ 
search on concrete specimens of different strengths strongly corroborates 
this approach, Fig. S-37. 25 This work now has been extended to include 
strain hardening effects, and has been implemented for use with a com¬ 
puter. 26 

Another important attempt for rationalizing fracture of materials having 
different properties in tension and compression is due to Mohr. 2/ In this 
approach, several different experiments must be conducted on the same 
material. For example, if the results of experiments in tension, compres¬ 
sion and shear are available the results can be represented on the same 
plot using their respective largest principal stress circles, as shown in Fig. 
8-38(a). The points of contact of the envelopes with the stress circles 
define the state of stress at a fracture. For example, if such a point is A 

24 G. R. Iiwin, “Fracture Mechanics,” Proceedings, First Symposium on 
Naval Structural Mechanics (Long Island City, NY: Pergamon, 1958), 557. Also 
see A Symposium on Fracture Toughness Testing and Its Applications, American 
Society for Testing and Materials Special Technical Publication No. 381 (Phila¬ 
delphia, PA: American Society for Testing and Materials and Washington, DC: 
National Aeronautics and Space Administration, 1965). 

25 Adapted from H. Kupfer, and K. Gerstle, “Behavior of Concrete Under 
Biaxial Stresses,” J. Eng. Meek. Div. ASCE, 99 (1973): EM4, 863. 

26 C. Bedard, and M. D. Kofsovos, “Application of NLFEA to Concrete Struc¬ 
tures,” J. Struct. Div. ASCE, 111 (ST12) (1985). Z. P. Baiant, ed., Mechanics 
of Geomaterials: Rocks, Concrete, Soils (Chinchester: Wiley, 1985). 

27 As noted eailiei, Otto Mohr was also principally responsible for the devel¬ 
opment of the stress circle bearing his name. 
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(c) At B (or e'l 

Fig. 8-38 (a) Mohr envelopes, (b) failure planes at A and A', (c) failure planes at B and B', (d) Mohr envelope 
solution in principal stress space. 

(or A'), the stresses and the plane(s) on which they act can be found using 
the established procedure for Mohr's circle of stress (Section 8-7). The 
corresponding planes for points A or A' are shown in Fig. 8-38(b), and a 
material such as duraluminum does fracture in tension at a flat angle as 
shown. Similarly, by relating the fracture planes to either point B or B', 
the fracture occurs at a steep angle characteristic of concrete cylinders 
tested in compression, Fig. 8-38(c). Such agreements with experiments 
support the assumed approach. 

The data from Fig. 8-38(a) can be replotted in the principal stress space 
as m Fig. 8-38(u). Since in the first quadrani, the minimum principal stress 
o "3 — 0 , and in the third quadrant, a* = 0 is the maximum principal stress, 
per Figs. 8-28(a)-(c), in these quadrants, the fracture lines in the principal 
stress space are similar to those of Fig. 8-29. Moreover, if the material 
strengths in tension and compression are the same, a hexagon identical 
to that shown in Fig. 8-29 is obtained. However, whereas the hexagon in 
Fig. 8-29 gives a yield condition for ductile materials, in the present con¬ 
text, it defines a fracture criterion for brittle materials. 

Extrapolation of Mohr envelopes beyond the range of test data is not 
advisable. Tn many applications, this mav mean that n arts of the stress 
circles for tension and compression should be taken as envelope ends. 


Interpolation along the failure envelopes between these two partial end r i T i 
stress circles is justified, and a stress circle for other conditions can be j a 

placed between them. When more extensive data are lacking conserva- 
tively, straight-line envelopes can be used. ^ | \ 

The use of straight lines for asymptotes has a rational basis and has 0 t q~ c j 

Uonn fr»iiniH rwrtionlaHv ad van f atiAniTC in cnil rriAnhaninc Unr a Inncp irron. r-v. \ / 

ular media such as sand, the straight-line Mohr envelopes correspond to 

the limiting condition of dry friction, q = tan 4>» Fig. 8-39. Any circle -<— 

tangent to the envelope, as at B, gives the state of critical stress. If some 

cohesion can be developed by the media, the origin O is moved to the I!’ 9- e ‘ l 39 cnvclu P es 
... . . ..... tor cohesionless eranular 

right suett mat at zero stress, tne t intercept is equal to tne cohesion, as me( jj a 

soils basically cannot transmit tensile stresses, in specialized literature it 
is customary to direct the compression axis to the right. 

Unlike the maximum distortion-energy theory, the fracture theory 
based on Mohr envelopes, using the largest principal stress circles, neg¬ 
lects dependence on the intermediate principal stress. 

Sometimes the yield and fracture criteria discussed before are incon¬ 
venient to apply. In such cases, interaction curves such as in Fig. 7-6 can 
be used to advantage. Experimentally determined curves of this type, 
unless complicated by a local or buckling phenomenon, are equivalent to 
the strength criteria discussed here. 

In the design of members in the next chapter, departures will be made 
from strict adherence to the yield and fracture criteria established here, 
although, unquestionably, these theories provide the rational basis for 
design. 


Problems 

Section 8-2 

8-1. Infinitesimal elements A, B, C, D, and E are 
shown on the figures for two different members. Draw 
each element senarafelv and on the isolated element 


indicate the stress acting on it. For each stress, clearly 
show its direction and sense by arrows, and state the 
formula one would use in its calculation. Neglect the 
weight of the members, 




Fig. P8-1 


(b) 
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8-2 through 8-5. For the infinitesimal elements 8-6. The magnitudes and sense of the stresses at a 
shown in the figures, find the normal and shear stresses point are as shown in the figure. Determine the stresses 
acting on the indicated inclined planes. Use the acting on the vertical and horizontal planes, 
“wedge” method of analysis discussed in Example 



Fig. P8-2 



Fig. P8-3 


^10 ksi 



Fig. P8-4 



Fig. P8-5 


8-7. The infinitesimal element shown in the figure is 
in equilibrium. Determine the normal and shear 
stresses acting on the vertical plane. 



8 - 8 . At a particular point in a wooden member, the 
state of stress is as shown in the figure. The direction 
of the grain in the wood makes an angle of +30° with 
the .r axis. The allowable shear stress parallel to the 
grain is 150 psi for this wood. Is this state of stress 
permissible? Verify your answer by calculations. 



Fig. P8-8 


8-9. After the erection of a heavy structure, it is es¬ 
timated that the state of stress in the rock foundation 


Problems 


455 



Fig. P8-9 


will be essentially two-dimensional and as shown in 
the figure. If the rock is stratified, the strata making 
an angle of 30° with the vertical, is the anticipated state 
of stress permissible? Assume that the static coeffi¬ 
cient of friction of rock on rock is 0.50, and along the 
planes of stratification, cohesion is 85 kN/m 2 . 


Sections 8-3 through 8-5 

8-10. Derive Eq. 8-2. 

8-11 Using Eqs. 8-1 and 8-2, rework Prob. 8-2. 

8-12. Using Eqs. 8-1 and 8-2, rework Prob. 8-3. 

8-13. Using Eqs. 8-1 and 8-2, rework Prob. 8-4. 

8-14. Using Eqs. 8-1 and 8-2, rework Prob. 8-5. 

8-15. If at a point u x = +8 ksi, u y = + 2 ksi, and t 
= +4 ksi, what are the principal stresses? Show their 
magnitude and sense on a properly oriented element. 
8-16. Determine the maximum (principal) shear 
stresses and the associated normal stresses for the last 
problem. Show the results on a properly oriented ele¬ 
ment. 

8-17 through 8-20. For the following data, using the 
stress transformation equations, (a) find the principal 
stresses and show their sense on properly oriented ele¬ 
ments: (b) find the maximum (principal) shear stresses 
with the associated normal stresses and show the re¬ 
sults on properly oriented elements; and (c) check the 
invariance of the normal stresses for solutions in (a) 
and (b). 

8*17. <t_ = — 30 ksi, = + 10 ksi, and t — — 20ksi. 
8-18. cr* = 0, <jy = +20 ksi, and t = + 10 ksi. 

8-19. u x = -40 MPa, u y = +10 MPa, and t = +20 
MPa. 

8.20. ( 20 -“Imp. 

\-2U -10/ 


Sections 8-6 and 8-7 

8-22 through 8-25. Draw Mohr’s circles for the 
states of stress shown in the figures, (a) Determine the 
principal stresses and show their sense on properly 
oriented isolated elements, (b) Find the maximum 
(principal) shear stresses with the associated normal 
stresses and show the results on properly oriented ele¬ 
ments. For both cases, check the invariance of the 
normal stresses. 


|10 MPa 



Fig. P8-22 Fig. P8-23 


t 10 ksi 14 ksi 

4 ksi 

H,_ i htsi 

I T 

Fig. P8-24 Fig. P8-25 

8-26 through 8-32. For the following data, using 
Mohr’s circles of stress and trigonometry, (a) find the 
principal stresses and show their sense on properly 
oneme^ iso»atCu elements; \u/ unu tue maximum 
(principal) shear stresses with the associated normal 
stresses and show the results on properly oriented ele¬ 
ments. In each case, check the invariance of the nor¬ 
mal stresses. 

8-26. Uj = +50 MPa, a y = +30 MPa, and t = +20 
MPa. 

8-27. u x = +80psi,fr J ,= +20 psi, and t= +40 psi. 
8-28. u r = - 30 ksi, u y = +10 ksi, and t = - 20 ksi. 
8-29. u x = -40 MPa, ov = -30 MPa, and t — +25 
MPa. 
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8-30. fT. = — 1S MPa. rr y = +35 MPa. and t = +60 
MPa. 

8-31. cr, = +20 ksi, ay = 0, and t = -15 ksi. 

8-32. a, = 0, o-y = -20 ksi, and t = -10 ksi. 

8-33 through 8-36. For the following data, using 
Mohr's circles of stress, determine the normal and 
shear stresses acting on the planes defined by the given 
angle 0. Show the results on isolated elements. 

8-33. <t* = o"i = 0, cr v = <72 = —20 ksi, for 0 = +30°. 
*8-34. Rework Prob. 8-4 with 0 = +30°. 

*8-35. Rework Prob. 8-2 for 0 = +45°. 

8-36. u x — <iy = 0, t — -20 ksi, for 0 = 20°. 

8-37. For the data shown for Prob. 8-6, using Mohr’s 
circle of stress, find the principal stresses and show 

8-38. For the data shown for Prob. 8-7, using Mohr’s 
circle of stress, find the principal stresses and the ori¬ 
entation of the planes on which these act. 

*8-39. Using Mohr’s circle, determine the angle be¬ 
tween the right-hand face of the element shown in the 
figure and the plane or planes where the norma! stress 
is zero. Check the result using the “wedge” method. 
Show the stresses with proper sense on the rotated 
element(s). 


. p sl 

T 3ksi 



8-41. At point A on an unloaded edge of an elastic 
body, oriented as shown in the figure with respect to 
the x— v axes, the maximum shear stress is 350 n 
kN/m 2 . (a) Find the principal stresses, and (b) deter¬ 
mine the state of stress on an element oriented with 
its edges parallel to the x-y axes. Show the results on 
a drawing of the element at A. 



8-40. A device transmits a force F to a bracket, as 
shown in the figure. Stress analysis of this bracket 
gives the following stress components acting on ele¬ 
ment A: 1000 psi due to bending, 1500 psi due to axial 
force, and 600 psi due to shear. (Note that these are 
stress magnitudes only; their directions and senses 
must be determined by inspection.) (a) Indicate the 
resultant stresses on a drawing of the isolated element 
A. (b) Using Mohr’s circle for the state of stress found 
in (a), determine the principal stresses and the maxi¬ 
mum shear stresses with the associated normal 
stresses. Show the results on properly oriented ele¬ 
ments. 


Sections 8-8 and 8-9 


8-42. Determine the principal stresses and their di¬ 
rections for the following stress tensor; 


/3 0 0\ 

I 0 2 2 I ksi 
Vo 2 5/ 


Use the procedure discussed in Section 8 - 8 . The di¬ 
rection cosines should be normalized. (This problem 
can also be solved using the equations for stress trans¬ 
formation discussed in Sections 8-4 and 8-7.) 
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*8-43. For the following stress tensor, determine (a) 
the stress invariants, (b) the principal stresses, and (c) 
the direction of the largest principal stress. The direc¬ 
tion cosines for this principal stress should be nor 
malized. 

/ 10 4 — 6 \ 

4 -6 8 • MPa 

\-6 8 14/ 

8-44. For the data in Prob. 8-26, determine the prin¬ 
cipal stresses and draw the three principal circles of 
stress. 

8-45. For the data in Prob. 8-28, determine the prin¬ 
cipal stresses and draw the three principal circles of 
stress. 

Sections 8-11 and 8-12 

8-46. Rederive Ea. 8-28 by assuming that the shear 
deformation occurs first, then the deformation in the 
y direction, and finally the deformation in the x direc¬ 
tion. 

8-47. With the aid of Fig. 8-20, show that 

3 = -(g, - e v ) sin 0 cos 0 + 7 ^ cos 2 0 

8-48. If the unit strains are e, = -120 fim/m, e y = 
+ 1120 p.m/m, and 7 — —200 p-m/m, what arc the prin¬ 
cipal strains and in which directions do they occur? 
Use Eqs. 8-35 and 8-36. 

8-49. If the unit strains are e. t = -800 p.m/m, e y = 
-200 iim/m, and 7 = +800 p.m/m, what are the prin¬ 
cipal strains and in which direction do they occur? Use 
Eqs. 8-35 and 8-36. 

**8-50. For the following strain tensor, using the 
method analogous to that described in Section 8-8 for 
stress transformation, determine (a) the principal 
strains, and (b) the directions of the maximum and min¬ 
imum principal strains. 

/ 70 -10V3 0 \ 

j — 10VT 5 0 1 p.m/m 

\ 0 0 - 20 / 

Section 8-13 

8-51. Rework Prob. 8-48 using Mohr’s circle of strain. 
8-52. Rework Prob. 8-49 using Mohr’s circle of strain. 


Section 8-14 

8-53. The measured strains for a rectangular rosette, 
attached to a stressed steel member, are e Q - = -220 
p.m/m, = +120 p-m/m, and £ 90 ° = +220 pm/m. 
What are the principal stresses and in which directions 
do they act? E — 30 x 10 6 psi and v — 0.3. 

8-54. The measured strains for an equiangular rosette, 
attached to a stressed aluminum alloy member, are e 0 . 
= +400 pm/m, ego 0 = +400 pm/m, and e !20 " = —600 
pm/m. What are the principal stresses and in which 
directions do they act? E = 70 GPa and v = 0.25. 
8-55. The data for a strain rosette with four gage lines 
attached to a stressed aluminum alloy member are e 0 « 
= —120 pm/m, E 45 -= +400 pm/m, E 90 " = +1120 pm/ 
m, and £ 135 = = + 600 pm/m. Check the consistency of 
the data. Then determine the principal stresses and the 
directions in which they act. Use the values of E and 
v given in Prob. 8-54. 

8-56. At a point in a stressed elastic plate, the follow¬ 
ing information is known: maximum shear strain y max 
= 500 pm/m, and the sum of the normal stresses on 
two perpendicular planes passing through the point is 
27.5 MPa. The elastic properties of the plate are E = 
200 GPa, G - 80 GPa, and v = 0.25. Calculate the 
magnitude of the principal stresses at the point. 

Section 8-17 

8-57. Recast the stress tensor °iven in Prob. 8-43 into 
the spherical and the deviatoric stress tensors. 

Section 8-18 

8-58. In classical experiments on plasticity, a two-di¬ 
mensional stress field is often obtained by subjecting 
a thin-walled tube simultaneously to an axial force and 
a torque. The results of such experiments are reported 
on oy-Tjy plots. If only cr, and stresses are studied, 
how would the theoretical curves based on the Tresca 
and on the von Mises yield criteria look on such a plot? 
Derive the two required equations and sketch the re¬ 
sults on a diagram. 

8-59. Ordinarily the Tresca and von Mises yield 
stresses are made lo coincide in simple tension. This 
gives rise to a discrepancy for pure shear. If, instead, 
the yield condition is assumed to be the same in shear, 
what discrepancy will result for simple tension and for 

ffl = Oi? 
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8-60. A critical element develops the principal 
stresses, cti, os, and 173 , in the ratio 5:2: —1, i.e., the 
stresses are 5 p, 2p, and —p, where p is a parameter. 
Such loadings are called radial. If this element is sub¬ 
jected to this loading condition, determine the maxi¬ 
mum magnitudes the stresses may reach before yield¬ 
ing (a) according to the Tresca yield criterion, and (b) 
aecoi ding to Lhe von Mises criterion. Assume that the 
material yields in tension at 60 ksi. 


8-61 . A metal bar is being compressed along the x, axis 
between two rigid walls such that £3 = 0 and <j 2 = 0 
This process causes an axial stress 01 and no shear 
stresses. Determine the apparent yield value of a, if 
the material in a conventional compression test ex¬ 
hibits a yield strength cryp and Poisson’s ratio v. As¬ 
sume that the material is governed by the von Mises 
yield condition. Find an alternative expression if the 
Tresca condition is postulated. 




'CJULI^ l_^V3iyU 
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9-1. Introduction 

Formulas for determining the state of stress in elastic members tradi¬ 
tionally considered in an introductory text on mechanics of solids have 
been derived in previous chapters. Usually, they give either a normal or 
a shear stress caused by a single force component acting at a section of 
a member. For linearly elastic materials, the main formulas are sum¬ 
marized: 


1. Normal stresses 


(a) due to an axial force 

b 

0-13) 

(b) due to bending 

• straight members 

q 

11 

-is 

( 6 - 11 ) 

Shear stresses 

» cvmmptnYnl 

curved bars 

Mv 

a = -— 

Ae(R - 

(6-32) 

y) 

(a) due to Lurque • 

■circular shaft 

II 

ms 

(4-4) 


• rectangular shaft t 

T 

max abt 2 

(4-30) 


■ closed thin- 
walled tube 

T 

T ~ 2®t 

( 4 . 34 , 4 . 35 ) 

(b) due to shear force in a beam 

T - 

T it 

(7-6) 


The superposition of normal stresses caused by axial forces and bending 
simultaneously using these formulas was discussed in Chapter 6 . Like¬ 
wise, the superposition of shear stresses caused by torque and direct shear 
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Sec. 9-2. State of Stress for Some Basic Cases 
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Fig. 9-1 A statically 
indeterminate problem. 


Elastic Stress Analysis and Design 


acting simultaneously was considered in Chapter 7. In this chapter, the 
consequences of the simultaneous occurrence of normal and shear 
stresses are examined with the aid of the stress-transformation procedures 
developed in Chapter 8. This condition commonly occurs in beams and 
transmission shafts. 

In applying the above formulas, particularly in the analysis nr design 
of mechanical equipment, stress-concentration factors must be introduced 
(see Sections 2-10, 4-7, and 6-6). Because of the problem of fatigue com¬ 
monly occurring in such cases, reduced stresses are employed. Special 
consideration must also be given to dynamic loading (see Sections 2-13, 
4-11, and 6-7). For such loadings, if occurring in milliseconds, the allow¬ 
able stresses may be significantly increased. 

This chapter is entirely devoted to elastic problems, an approach most 
commonly used at usual working loads. In Part A, the state of stress for 
some basic cases is discussed from the point of view of stress transfor¬ 
mations. 

The elastic design of members is considered in Part B. Although the 
stress-analysis formulas listed before are applicable to both statically de- 

f inoto nn/1 i tw 4AtdfTfi£»mc ^icpnccirtn u/ill V\£> limiter! tr\ n+r,+ 


ically determinate cases. There are at least two reasons for this, First, 
the more frequently occurring statically indeterminate problems involve 
beams; these are treated beginning with the next chapter. Second, more 
significantly, the design of statically indeterminate systems in contrast to 
their stress analysis is necessarily complex. As an example, consider an 


elastic bar of variable cross section, fixed at both ends, and subjected to 
an axial force P, as shown in Fig. 9-1. If the cross-sectional areas of the 
upper and lower parts of the bar are given, reactions and R 2 can be 
found routinely using the procedures discussed in Chapter 2. After either 
reaction is known, the problem becomes statically determine, and the bar 
stresses can be found in the usual manner. However, if this statically 
indeterminate system were to be designed, even this simple problem can 
become involved. Generally, in a design problem, only the applied force 
P and the boundary conditions would be known. By varying the two cross- 
sectional areas of the bar, an infinite number of solutions is possible. 
Additional constraints in the realm of structural or machine design gen¬ 
erally enter the problem. Such problems are, therefore, not considered 
here. 

It is to be emphasized that only the problem of elastic stresses is con¬ 
sidered in this chapter. Some elastic designs may be governed either by 
the stiffness or the possible instability of a system. The first requirement 
common!'-' arises in deflection control and vibration problems; the second, 
in lateral instability of members. 

The main purpose of this chapter is to provide greater insight into the 
meaning of stress analysis by solving additional problems. There are ex¬ 
traordinarily many cases where applications of the basic formuias of en¬ 
gineering mechanics of solids iistea before lead to useful results. No new 


analytical principles are developed in this chapter. However, some simple 
design procedures for prismatic beams are given. 

It is essential to recognize that in all elastic stress-analysis and design 
problems, the material is assumed to be initially stress free. In many 
engineering materials, significant residual stresses may be present. These 
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ing, forging, temperature or hydration shrinkage, etc. (see Fig. 1-12). In 
reality, it is the combination of the residual stresses with those due to 
the applied forces that cause the initial yield and/or fracture of a member. 
In some engineering applications, estimates of residual stresses present 
a formidable problem. 


part A ELASTIC STRESS ANALYSIS 


9»2. State ot stress for Some Basic uases 

The state of stress for four basic cases in the form of examples is con¬ 
sidered in this section. By means of Mohr’s principal circles of stress, 
the states of stress at a point are exhibited graphically. From such rep¬ 
resentations, the critical siresses can be seen reaaiiy ana related to the 
yield or fracture criteria discussed in the preceding chapter. The four cases 
considered pertain to the uniaxial stress, biaxial stress such as occurs in 
cylindrical pressure vessels, torsional stresses in circular tubes, and beam 
stresses caused by bending and shear. Because of the greater complexity 
of the last problem, some aspects of the solution accuracy are discussed 
in the next section. 


EXAMPLE 9-1 

Consider a state of stress in an axially loaded bar and construct the three principal 
circles of stress. Relate the critical stresses to yield and fracture criteria. 

Solution 

The maximum principal stress oj in an axially loaded bar can be found using Eq. 
1-8. The remaining two principal stresses are each equal to zero, i.e., cr 2 = a 3 = 
0. The basic infinitesimal element for this case, together with its three planar 
views, is shown in Fig. 9-2(a). The principal circles of stress are drawn in Fig. 
9-2(b). Since d and u 2 are equal, Mohr’s circle for these stresses degenerates 
into a point. For clarity, however, it is shown in the diagram by a small circle of 
zero diameter. 

For this case, the maximum shear stress is equal to <ti/ 2, whereas the maximum 
normal stress is crj. Therefore, the manner in which a material fails depends on 
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(a) 

Fig. 9-2 Mohr’s circles for a 
uniaxial state of stress. 




o 1 >o 2 = a 3 = 0 


its relative strengths in these two nronerties. As already nointed out in Sect!''” 
2-3 and illustrated in Fig. 2-7, a brittle material (cast iron) fails by a cleavage 
fracture. This is so because it is weaker in tension than in shear. The reverse is 
true for a ductile material. The cup and cone fractures shown in Fig. 2-7 for steel 
and aluminum occur approximately along the planes lonrung a 45 angle With the 
axis of the specimen. These planes are identified by dashed lines in the elements 
on the right in Fig. 9-2(a). Greater refinements on the mechanism of fracture are 
possible by considering the behavior of single crystals within a material. 




-■■■.:- ■ - ■ Fig. 9-3 Mohr’s circles for 

stresses in a cylindrical wall 

EXAMPLE 9-3 of a pressure vessel. 

Examine the state of stress in a circular tube subjected to a torque by constructing 
the three principal circles of stress. Relate the results to yield and fracture criteria. 


EXAMPLE 9-2 

Consider a state of stress in a thin-walled cylindrical pressure vessel and construct 
the three principal circles of stress. Relate the results to a yield criterion. 

Solution 

According to Eqs. 3-24 and 3-25, the ratio of the hoop stress cri to the longitudinal 
stress <T 2 is approximately 2. These are the principal stresses as no shear stresses 
act on the corresponding planes. The third principal stress cr 3 equals the external 
or internal pressure p, which may be taken as zero since it is small in relation to 
cri and 02 - A typical infinitesimal element for the vessel and three planar views 
arc shown in Fig. 9-3(a). The principal stress circles are shown in Fig. 9-3(b). The 
maximum shear stress is found on the major stress circle passing through the 
origin O and ct,. Its magnitude is ct,/ 2. The planes on which the maximum shear 
stresses act are identified by dashed lines in the lower right element. Note that 
if only the principal stresses crj and a 2 were considered, the maximum shear stress 
would only be half as large. In design, the yield criterion based on the maximum 
distortion theory (see Section 8-18) can also be used. 

Construction of pressure vessels from brittle materials is generally avoided as 
such materials provide no accommodation nor warning of failure through yielding 
before fracture. 

It is interesting to note that for a thin-walled spherical pressure vessel, rrj = 
ctt, and the corresponding principal stress circle degenerates into a point. Never¬ 
theless, the maximum shear stress is crj/2 since the third principal stress is zero. 


Solution 

The shear stresses for this case can be found using Eq. 4-4. A typical infinitesimal 
element of the tube and three planar views arc shown in Fig. 9-4(a). Here the 
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Fig. 9-6 (a) Behavior of the 
major principal stress aj. (b) 
Behavior of the minor 
principal stress cr 2 . 



(a) (b) 

The pure shear stress transformed into the principal stressesaccording to Fig. 8- 
6 is shown on a rotated element in Fig. 9-5(f). 

It is significant to further examine qualitatively the results obtained. For this 
purpose, the computed principal stresses acting on the corresponding planes are 
shown in Figs. 9-6(a) and (b). In Fig. 9-6(a), the characteristic behavior of the 
major (tensile) principal stress at a section of a rectangular beam can be seen 
This stress progressively diminishes in magnitude from a maximum value at K' 
to zero at K. At the same time, the corresponding directions of ct, gradually turn 
through 90°. A similar observation can be made regarding the minor (compressive) 
principal stress ct 2 shown in Fig. 9-6(b). 


( h ) To find the stresses acting on a plane of 0 = +30° through point L', a direct 
application of Eqs. 8-1 and 8-2 using the stresses shown on the left element in 
Fig. 9-5(g) and 26 = 60° is made. 

+ 15.56 +15.56 , . _ .. 

cr 0 = — - 1 - —-— cos bu' + (- u.tmj sin ou' = + 11.11 ivira 

Te — — s * n + (— 0.644) cos 60° = - 7.06 MPa 

These results are shown in Fig. 9-50. The sense of the shearing stress t 0 is op¬ 
posite to that shown in Fig. 8-4(b), since the computed quantity is negative. The 
“wedge technique” explained in Example 8-1 or the Mohr’s circle method in 
Section 8-7 can be used to obtain the same results. 


9-3. Comparative Accuracy of Beam Solutions 

The solution in the previous example for a beam considering flexure and 
shear is based on stresses initially obtained using the conventional for¬ 
mulas of engineering mechanics of solids. These formulas are derived es¬ 
sentially assuming that plane sections in a beam remain plane during bend¬ 
ing. Since this basic assumption is not entirely true in all cases, these 
solutions can be referred to as elementary. Therefore, it is instructive to 
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parison is made here with a finite-element solution, shown in Fig. 9-7. 
Because of the symmetry of the problem, only one-half of the beam was 
analyzed using 450 finite elements. 1 

The contour lines for the principal stresses are shown in Fig. 9-7(a). 
Any point lying on a stress contour has a principal stress of the same 
magnitude and sign, with tensile stresses being positive. In this diagram, 
ihe major principal stresses are shown by black lines, and the minor prin¬ 
cipal stresses are shown in color. Comparisons between the elementary 
and finite-element solutions of the normal stress distribution across sec¬ 
tion K-K' are shown in Fig. 9-7(b) and that for the shear stress in Fig. 
9-7(c). The agreement is seen to be excellent. However, section K-K' is 
taken midway between the applied concentrated force P and the concen¬ 
trated reaction R a . At these points, locally large perturbations in stresses 


according to the Saint-Venant principle, local stresses rapidly diminish 
and a regular statically equivalent stress pattern sets in. In practice, large 
stresses at concentrated forces are reduced by applying them over an 
area to obtain an acceptable bearing pressure. Theoretically, in an elastic 
body, the stress at a concentrated force is infinite. In reality, some plastic 


1 This solution was obtained using the FEAP computer program developed by 
R. L. Taylor employing isoparametric four-node elements. An automatic mesh¬ 
generating technique enables the use of graduated smaller elements at concen¬ 
trated forces, where the stresses vary more rapidly than elsewhere. Conventional 
square elements in the FEAP program were used in the previous solutions cited. 
Since in a two-dimensional plate of finite thickness, the in-plane stresses vary 
somewhat across the thickness, in the FEAP formulation, the average values of 
these stresses through the plate thickness are used. Such stresses are called gen¬ 
eralized plane stresses. 


Symm.abt.q_ 15.3 MPa 



Fig. 9-7 (a) Principal stress contours for Example 9-4 beam determined by finite elements, (b) and (c) 
Comparisons between elementary and finite element solutions for normal and shear stresses at section K.-K7. 
(Stresses from elementary solutions in (b) and (c) are given in parentheses). 
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Fig. 9-8 Principal stress 
contours for left half of a 
rectangular simply supported 
beam loaded ip the middle. 


yielding reducing the stress, takes place in the proximity of the applied 
force. 

It is interesting to note from Fig. 9-7(a) that the ±5 MPa contours 
coincide for more than half of the span. This condition corresponds to 
the principal stresses for the middle element M in Fig. 9-5(f), and almost 
precisely coincides with the neutral axis in the elementary solution. The 
stress at point N at the bottom of the beam below force P is within 5 
percent of the elementary solution. 2 

The beam is relatively short, having a length to depth ratio of 3.33. It 
is instructive to compare this solution with that for the somewhat longer 
similar beam having a length to depth ratio of 8.33, which is shown in 
Fig. 9-8. For this beam of 2500-mm span, the applied concentrated force 
P = 32 kN. One-half of this beam was analyzed using 900 finite elements. 
According to elementary solutions, the maximum bending stress at point 
N is the same as in the previous case. However, here the shear stress at 
the neutral axis is 2 MPa. In the figure, the principal stresses of this 
magnitude define the neutral axis in the elementary solution. In contrast 
to the earlier case, it is seen that the neutral plane extends essentially 
across the entire length of the beam. The stress disturbances caused by 
the concentrated force as well as reactions are much more localized. 
Further, the maximum bending stress at point N is within less than 2 

from the applied force P, this solution again provides an example of Saint- 
Venant’s principle, and the elementary formula is sufficiently accurate. 

For beams carrying distributed loads, stress perturbations occur pri¬ 
marily at the supports. 

For the previous reasons, the elementary formulas of the technical solid 
mechanics are generally considered to be sufficiently accurate for the 
usual design. They arc also indispensable for the preliminary design of 
complex members, where subsequently a member is analyzed by a refined 
method such as by finite elements. 

2 The Wilson-Stokes analytical and photoelastic solutions developed in the 
1890s show that the maximum bending stress caused by a concentrated force in 
short beams is smaller than that given by the elementary flexure theory. The 
analytical solution shows that it approaches asymptotically the elementary so¬ 
lution with an increasing ratio of the beam length to depth See M M Frocht, 
Photoelasticity, Vol. II (New York: Wiley, 1948), 116. 
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**9-4, Experimental Methods of Stress Analysis 


In the past, when mathematical procedures became too cumbersome or 
impossible to apply, the photoelastic method of stress analysis was ex¬ 
tensively used to solve practical problems. Many of the stress-concen¬ 
tration factors cited in this text are either drawn or verified by such ex¬ 


perimental work. Accurate stresses in an entire specimen can be found 
using this method. 3 This traditional area of photoelasticity has been largely 
taken over by modern numerical techniques. An illustration of such an 
approach using finite elements has been shown a few times in this text, 


photoelastic techniques augmented with computers have now advanced 


and remain useful in special applications. Moreover, several additional 


experimental procedures became available. Among these, the Moire, hol¬ 


ographic, and laser speckle interferometries are playing an increasingly 


important role. These methods are discussed in specialized texts.- How¬ 
ever, some terminology developed primarily hi two-dimensional photo¬ 
elasticity is in general use and is given for reference. 

In the nrecedin® section, the principal stresses of the same algebraic 
magnitude provided a “map” of stress contours. Similarly, the points at 
which the directions of the minor principal stresses form a constant angle 
with the x axis can be connected. Moreover, since the principal stresses 


are mutually perpendicular, the direction of the major principal stresses 
through the same points also forms a constant angle with the x axis. The 
line so connected is a locus of points along which the principal stresses 
have parallel directions. This line is called an isoclinic line. The adjective 
isoclinic is derived from two Greek words, isos, meaning equal, and klino, 


meaning slope or incline. Three isoclinic lines can be found by inspection 
in a rectangular prismatic beam subjected to transverse load acting normal 
to its axis. The lines corresponding to the upper and lower boundaries of 



3 Figure 9-A shows regularly spaced and perturbed fringes at concentrated load 
points. These photoelastic fringes provide a map for the difference in principal 
stresses. They do not directly give contours for selected stresses as does the finite- 
element method. 

4 See A. S. Kobayashi (ed.), Handbook on Experimental Mechanics (Engle¬ 
wood Cliffs, NJ: Prentice-Hall, 1987). 


Fig. 9-A Fringe photograph 
of a rectangular beam. 
(Photograph by R. W. 
Clough.) 
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Fig. 9-9 Principal stress 
trajectories for a rectangular 
beam. 



a beam form two isoclinic lines as, at the boundary, the flexural stresses 
are the principal stresses and act parallel to the boundaries. The flexural 
stress is zero at the neutral axis, where only pure shear stresses exist. 
These pure shear stresses transform into principal stresses, all of which 
act at an angle of 45^ with the axis of the beam ffence another tsoclinic 


line (the 45° isoclinic) is located on the axis of the beam. The other isoclinic 
lines are curved and are more difficult to determine. 

Another set of curves can be drawn for a stressed body for which the 
magnitude and the sense of the principal stresses are known at a great 
many points. A curve whose tangent is changing in direction to conform 
with the direction of the principal stresses is called a principal stress 
trajectory or isostatic line. Like the isoclinic lines, the principal stress 
tra’ectories do not connect the joints of equal stresses, hut rather indicate 
the directions of the principal stresses. Since the principal stresses at any 
point are mutually perpendicular, the principal stress trajectories for the 
two principal stresses form a family of orthogonal (mutually perpendic¬ 
ular) curves. 3 * 5 An example of idealized stress trajectories for a rectangular 
beam loaded with a concentrated force at ihe miuspan is shown in Fig. 
9-9. The principal stress trajectories corresponding to the tensile stresses 
are shown in the figure by solid lines; those for the compressive stresses 
are shown dashed. The trajectory pattern (not shown) is severely dis¬ 
turbed at the supports and at the point of application of load P as can be 
surmised from Fig. 9-7(a). 


Part B ELASTIC DESIGN OF MEMBERS FOR 
STRENGTH 


9-5. Design of Axially Loaded Members 

Axially loaded tensile members and short compression members 6 are de¬ 
signed for strength using Eq. 1-16, i.c., A = P/craiiow- The critical section 
for an axiaih' loaded member occurs at a section of minimum cross-sec- 

3 A somewhat analogous situation is found in fluid mechanics, where in “two- 

dimensional” fluid flow problems, the streamlines and the equipotential lines form 

an orthogonal system of curves, the flow net. 

6 Slender compression members are discussed in Chapter 11. 


Sec. 9-6. Design of Torsion Members 

tional area, where the stress is a maximum. This requires the use of net. 
rather than gross, cross-sectional areas. If an abrupt discontinuity in the 
cross-sectional area is imposed by the design requirements, the use of 
Eq. 2-19, cr max = KP/A, is appropriate. The use of the latter formula is 
necessary in the design of machine parts to account for the local stress 
concentrations where fatigue failure may occur. In design of static struc¬ 
tures, such as buildings, stress concentration factors are seldom consid 
ered (see Fig. 2-35). 

Besides the normal stresses, given by the previous equations, shear 
stresses act on inclined planes. Therefore, if a material is weak in shear 
strength in comparison to its strength in tension or compression, it will 
fail along planes approximating the planes of the maximum shear stress 
as discussed in Section 8-20. However, regardless of the type of fracture 
that may actually take place, the allowable stress for design of axially 
loaded members is customarily based on the normal stress. This desi*m 
procedure is consistent. The maximum normal stress that a material can 
withstand at failure is directly related to the ultimate strength of the ma¬ 
terial. Hence, although the actual break may occur on an inclined plane, 
the maximum normal stress can be considered as the ultimate strength. 

If in the design it is necessary to consider the deflection or stiffness of 
an axially loaded member, the use of Eqs. 2-7 and 2-9 is appropriate. In 
some situations, these criteria govern the selection of members. 


9-6. Design of Torsion Members 

Explicit formulas for elastic design of circular tubular and solid shafts are 
provided in Section 4-6. Some stress concentration factors essential in 
design of such members subjected to cyclic loading arc given in Section 
4-7. Large local shear stresses can develop at changes in the cross-sec¬ 
tional area. Stress-analysis formulas for some noncircular solid and thin- 
walled tubular members are given in Sections 4-14 and 4-16. In these 
sections, the corresponding formulas for calculating the stiffnesses of 
these members are also provided. Except for stress-concentration factors, 
these formulas are suitable for the design of torsion members for many 
types of cross sections. 

\/Tos* torsion members are designed b v selecting an allowable shear 
stress. This amounts to a direct use of the maximum shear theory of 
failure. However, it is well to bear in mind that a state of pure shear 
stress, which occurs in torsion, can be transformed into the principal 
stresses, and, in brittle materials, tensile fractures may be caused by the 
tensile principal stress. 

A similar approach is used in the design of shafts for gear trains in 
mechanical equipment. However, in such cases, the shafts, in addition 
to carrying a torque, also act as beams. Therefore, this topic is postponed 
until Section 9-10. 
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9*7. Design Orlferio for Prismatic Beams 

If a beam is subjected to pure bending , its fibers are assumed to be in a 
state of uniaxial stress. If, further, abeam is prismatic, i.e., of a constant 
cross-sectional area and shape, the critical section occurs at the section 
of the greatest bending moment. By assigning an allowable stress, the 
section modulus of such a beam can be determined using Eq. 6-21, 5 = 
M! ff m ax- After the required section modulus is known, a beam of correct 
proportions can be selected. However, if a beam resists shear in addition 
to bending, its design becomes more involved. 

Consider the prismatic rectangular beam of Example 9-4 at a section 
250 mm from the left support, where the beam transmits abending moment 
and a shear; see Fig. 9-10(a). The principal stresses at points K, L, M, 
L', and K' at this section were found before and are reproduced in Fig. 
9-10(b). If this section were the critical section, it is seen that the design 
of this beam, based on the maximum normal stress theory, would be 
governed by the stresses at the extreme fibers as no other stresses exceed 
these stresses. For a prismatic beam, these stresses depend only on the 
magnitude of the bendin rr moment and are largest at a section where ~ 
maximum bending moment occurs. Therefore, in ordinary design it is not 
necessary to perform the combined stress analysis for interior points. In 
the example considered, the maximum bending moment is at the middle 
of the span. The foregoing may be generalized into a basic rule for the 
design of prismatic beams: a critical section for a prismatic beam carrying 
transverse forces acting normal to Us axis occurs where the bending mo¬ 
ment reaches its absolute maximum. 



Fig. 9-10 


-L - 1000 mm- 


Sec. 9-7. Design Criteria for Prismatic Beams 


For cross sections without two axes of symmetry, such as T beams, 
made from material that has different properties in tension than in 
compression, the largest moments of both senses (positive or negative) 
must be examined. Under some circumstances, a smaller bending moment 
of one sense may cause a more critical stress than a larger moment of 
another sense. The section at which the extreme fiber stress of either sign 
in relation to the respective allowable stress is highest is the critical sec¬ 
tion. 

The previous criterion for the design of prismatic beams is incomplete, 
as attention was specifically directed to the stresses caused by the mo¬ 
ment. In some cases, the shear stresses caused by the shear at a section 
may control the design. In the example considered, Fig. 9-10, the mag¬ 
nitude of the shear remains constant at every section through the beam. 
At a small distance a from the right support, the maximum shear is still 
40 kN, whereas the hending moment, 40 a kN-m, is small. The maximum 
shear stress at the neutral axis corresponding to V - 40 kN is the same 
at point M' as it is at point M? Therefore, since in a general problem, 
the bending stresses may be small, they may not control the selection of 
a beam, and another critical section for any prismatic beam occurs where 
the shear is a maximum. In applying this criterion, it is customary to work 
directly with the maximum shear stress that may be obtained from Eq. 
7-6, t — VQ/It, and not transform r max so found into the principal stresses. 
For rectangular and I beams, the maximum shear stress given by Eq. 7- 
6 reduces to Eqs. 7-8a and 7-10, T max = (3/2)WA and (T max )a P prox = 


VlA we b, respectively. 

Whether the section where the bending moment is a maximum or the 
section where the shear is a maximum governs the selection of a prismatic 
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able shear stress is less than the allowable bending stress. For example, 
for steel, the ratio between these allowable stresses is about 1/2, whereas 
for some woods, it may be as low as 1/15. 8 Regardless of these ratios of 
stresses, the bending stresses usually control the selection of a beam. 
Only in beams spanning a short distance does shear control the design. 
For small lengths of beams, the applied forces and reactions have small 
moment arms, and the required resisting bending moments are small. On 
thp nthpr VmnH the shear forces mav be larse if the armlied forces are 


The two criteria for the design of beams are accurate if the two critical 
sections are in different locations. However, in some instances the max¬ 
imum bending moment and the maximum shear occur at the same section 
through the beam. In such situations, sometimes higher combined stresses 
than a ma * and T ma *, as given by Eqs. 6-21 and 7-6, may exist at the interior 
points. For example, consider an I beam of negligible weight that carries 

7 At point M, the shear stresses arc shown transformed into the principal 
stresses. 

8 Wood is weak in shear strength parallel to its grain. 
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Fig. 9-11 {c) (d) 

a force P at the middle of the span. Fig, 9-ll(a), The maximum bendin° 
moment occurs at midspan. Except for sign, the shear is the same on 
either side of the applied force. At a section just to the right or just to 
the left of the applied force, the maximum moment and the maximum 
shear occur simultaneously. A section just to the left of F, with the cor¬ 
responding system of forces acting on it, is shown in Fig. 9-11(b). For 
this section, it can be shown that the stresses at the extreme fibers are 
2.50 ksi, whereas the principal stresses at the juncture of the web with 
the flanges, neglecting stress concentrations, are ±2.81 ksi and ±0.51 
ksi, acting as shown in Figs. 9-ll(c) and (d). 

It is customary not to consider directly the effect of the local disturbance 
on longitudinal stresses in the neighborhood of an applied concentrated 
force. Instead, as indicated in Section 9-4, the problem of local stresses 
is resolved by requiring a sufficiently large contact area for the applied 
force so as to obtain an acceptable bearing stress. For some materials, 
such as wood, this may require the use of steel bearing plates in order to 
spread the effect of the concentrated force. 

From this example, it is seen that the maximum normal stress does not 
always occur at the extreme fibers. Nevertheless, only the maximum 
normal stresses and the maximum shear stress at the neutral axis are 
investigated in ordinary design. In design codes, the allowable stresses 
are presumably set sufficiently low so that an adequate factor of safety 
remains, even though the higher combined stresses are disregarded. By 
increasing a span for the same applied concentrated force, the flexural 
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stresses increase linearly with the span length, whereas the shear stresses 
remain constant. Hence, in most cases, the bending stresses rapidly be¬ 
come dominant. Therefore, generally, it is necessary to perform the com¬ 
bined stress analysis only for very short beams or in unusual arrange¬ 
ments. 

From the previous discussion, it is seen that, for the design of prismatic 
beams, the critical sections must be determined in every problem, as the 
design is entirely based on the stresses developed at these sections. The 
critical sections are best located with the aid of shear and bending-moment 
diagrams. The required values of M max and V max can be determined easily 
from such diagrams. The construction of these diagrams is discussed in 
Chapter 5. 

9-8. Design of Prismatic Beams 

As noted in the preceding section, the customary approach for design of 
prismatic beams is controlled by the maximum stresses at the critical 
sections . One such critical section usually occurs where the bending mo¬ 
ment is a maximum; the other where the shear is a maximum. These 
sections are conveniently determined with the aid of shear and moment 
diagrams. 9 In most cases, 10 the absolute maximum moment, i.e., whether 
positive or negative, is used for selecting a member. Likewise, the above 
maximum shear is critical for the design. For example, consider a simple 
I'^am with a concentrated force as shown in Fi CT . 9-12. The shear diagram, 
neglecting the weight of the beam, is shown in Fig. 9-12(a) as it is ordinarily 
constructed by assuming the applied force concentrated at a point. In Fig. 
9-12(b), an allowance is made for the width of the applied force and re¬ 
actions, assuming them uniformly distributed along the beam. Note that 
in either case, the design shears are less than the applied force. 

The allowable stresses to be used in design are prescribed by various 
authorities. In most cases, the designer must follow a code, depending 
on the location of the installation. In different codes, even for the same 
material and the same use, the allowable stresses differ. 

In elastic design, after the critical values of moment and shear are 
determined and the allowable stresses are selected, the beam is usually 
first designed to resist a maximum moment using Eq. 6-13 or 6-21 (cr msLX 
= MiS or cTfnax = Mct'f). Then the beam is checked for shear stress. As 
most beams arc governed by flexural stresses, this procedure is conven¬ 
ient. However, in some cases, particularly in timber and concrete design, 
the shear stress frequently controls the dimensions of the cross section. 

5 With experience, construction of complete diagrams may be avoided. After 
reactions are computed and a section where V = 0 or a change of sign is deter¬ 
mined, the maximum moment corresponding to this section may be found directly 
by using the method of sections. For simple loadings, various handbooks give 
formulas for the maximum shear and moment. 

10 This is not always true for materials that have different properties in tension 
and compression. 
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The method used in computing the shear stress depends on the type of 
beam cross section. For rectangular sections, the maximum shear stress 
is 1.5 times the average stress, Eq. 7-8. For wide flange and I beams, the 
total allowable vertical shear is taken as the area of the web multiplied 
by an allowable shear stress, Eq. 7-10. For other cases, Eq. 7-6, t = 
t rnn* Jo ..cari 

r 1 JUt, U UOVVJ. 

Usually, there are several types or sizes of commercially available 
members that may be used for a given beam. Unless specific size limi¬ 
tations are placed on the beam, the lightest member is used for economy. 
The procedure of selecting a member is a trial-and-error process. 

It should also be noted that some beams must be selected on the basis 
of allowable deflections. This topic is treated in the next chapter. 

For beams with statically applied loads, such as occur in buildings, 
there is an increasing trend to design them on the basis of inelastic (plastic) 
behavior. This approach is considered in Chapter 13. 


EXAMPLE 9-5 

Select a Douglas fir beam of rectangular cross section to carry two concentrated 
forces, as shown in Fig. 9-13(a). The allowable stress in bending is 8 MPa; in 
shear, 0.7 MPa; and in bearing perpendicular to the grain of the wood, 1.4 MPa. 

Solution 

Shear and moment diagrams for the applied forces are prepared first and are 
shown, respectively, in Figs; 9-13(b) and (c). From Fig. 9-13(c), it is seen that 
M max = 10 kN-m. From Eq. 6-21, 



Fig. 9-13 


50-fnm minimum 
(e) 







Sec. 9-6. Design of Prismatic Beams 

t j. a f the direct stress on area, (a + k)t at the ends and (a* + 2 k)t at the interior 
points, must not exceed 0.75cr yp . In these expressions, a and a x are the respective 
lengths of bearing of the applied forces at exterior or interior portions of a beam, 
Fig- y*l5(b), t is the thickness of the web, and k is the distance ftom the outer 
face of a flange to the toe of the web fillet. The values of k and t are tabulated 
in. manufacturers’ catalogues. 

For this example, assuming cr yp = 36 ksi, the minimum widths of the supports, 
according to the rule, are as follows: 

At support A: 

27(a + k)t = 6.4 or 27(a + 7/8) x 0.245 = 6.4 
and a = 0.09 in 

At support B: 

77(a, + 2 k)t = 25.6 or 27(a, + 2 x 7/8) x 0.245 = 25.6 
and ci] = 2.12 in 

These requirements can easily be met in an actual case. 


The preceding two examples illustrate the design of beams whose cross 
sections have two axes of symmetry. Tn both cases, the bending moments 
controlled the design, and, since this is usually true, it is significant to 
note which members are efficient in flexure. A concentration of as much 
material as possible away from the neutral axis results in the best sections 
for resisting flexure, Fig. 9-16(a). Material concentrated near the outside 
fibers works at a high stress. For this leason, I-type sections, which ap¬ 
proximate this requirement, are widely used m practice. 

The previous statements apply for materials having nearly equal prop¬ 
erties in tension and compression. If this is not the case, a deliberate shift 
of the neutral axis from the midheight position is desirable. This accounts 
for the wide use of T and channel sections for such materials (see Example 

6 - 5 ). 

Finally, two other items warrant particular attention in the design of 
beams. In many cases, the loads for which a beam is designed are transient 
in character. They may be placed on the beam all at once, piecemeal, or 
indifferent locations. The loads, which are not apart of the “dead weight” ][ 

of the structure itself, are called live loads. They must be so placed as to_pJ I—, 

cause the highest possible stresses in a beam. In many cases, the place- ‘-—i i— 1 

ment may be determined by inspection. For example, in a simple beam 
with a single moving load, the placement of the load at midspan causes 
the largest bending moment, whereas placing the same load very near to 
a support causes the greatest shear. For most building work, the live load, < a > tw 

which supposedly provides for the most severe expected loading condi- p lg- 9.^ Eff lc i en t and (b) 

tion, is specified in building codes on the basis of a load per unit floor inefficient sections for 
area. Multiplying this live load by the spacing of parallel beams gives the flexure. 
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uniformly distributed live load per unit length of the beam. For desi°r 
purposes, this load is added to the dead weight of construction. Situations 
where the applied force is delivered to a beam with a shock or impacts 
are discussed in Section 10-11. 


The second item pertains to luteral instability of beams. The beam's 

flnnnar if nAt Vial/4 l t C.T* A 11 , / Vac, r a nnn*AU; i ia ralntlAn frv tV a a. ka._ 11 

uungvo, ll uui uvw miviau;, iuu. 3 u/w jv/ ixux. vj ,r iwauuu w uih. spall mat 

a beam may buckle sideways and collapse. Special consideration of this 
problem is given in Section 11-14. 


9-9= Design of Nonprismatic Beams 

It should be apparent from the preceding discussion that the selection of 
a prismatic beam is based only on the stresses at the critical sections. At 
all other sections through the beam, the stresses will be below the allow¬ 
able level. Therefore, the potential capacity of a given material is not fully 
utilized. This situation may be improved by designing a beam of variable 
cross section, i.e., by making the beam nonprismatic. Since flexural 
stresses control the design of most beams, as has been shown, the cross 
sections may everywhere be made just strong enough to resist the cor¬ 
responding moment. Such beams arc called beams of constant strength. 
Shear governs the design at sections through these beams where the bend¬ 
ing moment is small. 


EXAMPLE 9-7 

Design a cantilever of constant strength for resisting a concentrated force applied 
at the end. Neglect the beam’s own weighl. 

Solution 

A cantilever with a concentrated force applied at the end is shown in Fig. 9-17(a); 
the corresponding moment diagram is plotted in Fig. 9-17(b). Basing the design 



Fig. 9-17 (d) Side view 
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on the bending moment, the required section modulus at an arbitrary section is 
given by Eq. 6-21: 

S - M - Px 
(Tallow fallow 

A great many cross-sectional areas satisfy this requirement; so, first, it will be 
assumed that the beam will be of rectangular cross section and of constant height 
h. The section modulus for this beam is given by Eq. 6-22 as bh 2 / 6 - 5; hence, 


"fallow/ 


where the expression in parentheses is a constant and is set equal to b 0 IL, so that 
when x = L, the width is b c . A beam of constant strength with a constant depth 
in a plan view looks like the wedge 11 shown in Fig. 9-17(c). Near the free end, 
this wedge must be modified to be of adequate strength to resist the shear force 
V - P. 

If the width or breadth b of the beam is constant, 



(9-2) 


This expression indicates that a cantilever of constant width loaded at the end is 
also of constant strength if its height varies parabolically from the free end. Fig. 
9-17(d). 

Beams of approximately constant strength are used in leaf springs and in many 
machine parts that are cast or forged. In structural work, an approximation to a 
beam of constant strength is frequently made. For example, the moment diagram 
for the beam loaded as shown in Fig. 9-l8(a) is given by lines AB and BC in Fig. 
9-18(b). By selecting a beam of flexural capacity equal only to M\, the middle 
portion of the beam is overstressed. However, cover plates can he provided near 

11 Since this beam is not of constant cross-sectional area, the use of the ele¬ 
mentary flexure formula is not entirely correct. When the angle included by the 
sides of the wedge is small, little error is involved. As this angle becomes large, 
the error may be considerable. An exact solution shows that when the total in¬ 
cluded angle is 40°, the solution is in error by nearly 10 percent. 
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fc) 

Fig. 9-19 Leaf spring. 

the middle of the beam to boost the flexural capacity of the composite beam to 
the required value of the maximum moment. For the case shown, the cover plates 
must extend at least over the length DE of the beam, and in practice they are 
marie somewhat longer. A leaf spring, approximating a beam of constant strength 
as in Fig. 9-17(c), is shown in Fig. 9-19. 


9-10. Design of uompiex Members 

In many instances, the design of complex members cannot be carried out 
in a routine manner as was done in the preceding simple examples. Some¬ 
times the size of a member must be assumed and a complete stress anal¬ 
ysis performed at sections where the stresses appear critical. Designs of 
this type may require several revisions. Finite-element analyses with in¬ 
creasing frequency are used in such cases for final design. Alternatively, 
experimental methods are also resorted to since elementary formulas may 
not be sufficiently accurate. 

As a last example in this chapter, a transmission shaft problem is ana¬ 
lyzed. A direct analytical procedure is possible in this problem, which is 
of great importance in the design of power equipment. 


EXAMPLE 9-8 

Select the size of a solid steel shaft to drive the two sprockets shown in Fig. 9- 
20(a). These sprockets drive lf-in pitch roller chains, 12 as shown ip. Figs. 9-2Q(b) 
and (c). Pitch diameters of the sprockets shown in the figures are from a man¬ 
ufacturer’s catalogue. A 20-hp speed-reducer unit is coupled directly to the shaft 
and drives it at 63 rpm. At each sprocket, 10 hp is taken off. Assume the maximum 
shear theory of failure, and let Taji ow = 6 ksi. 

12 Similar sprockets and roller chains are commonly used on bicycles. 



Sec. 9-10. Design of Complex Member: 



Solution 

According to Eq. 4-11, the torque delivered to shaft segment CD is T = 63,000(hp/ 
N) = (63,000)20/63 = 20,000 !b-in - 20 k-in. Hence, torques 7) and T 2 delivered 
to the sprockets are 7V2 = 10 k-in each. Since the chains are arranged as shown 
in Figs. 9-20(b) and (c), the pull in the chain at sprocket B is P* = T\!(DJ2) — 
10/(10.632/2) = 1.88 k-in. Similarly, P 2 = 10/(7.313/2) = 2.73 k. The pull P , on 
the chain is equivalent to a torque 7) and a vertical force at B, as shown in Fig. 
9-20(d). At C, force P 2 acts horizontally and exerts a torque T 2 - A complete free- 
body diagram for shaft AD is shown in Fig. 9-20(d). 

It is seen from the free-body diagram, that this shaft is simultaneously subjected 
to bending and torque. These effects on the member are best studied with the aid 
of appropriate diagrams, which are shown in Figs. 9-20(e)-(g). Next, note that 
although bending takes place in two planes, a vectorial resultant of the moments 
may be used in the flexure formula, since the beam has a circular cross section. 
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By keeping the last statement in mind, the general F.q. 8-9. giving the max¬ 
imum shear stress, reduces in this problem of bending and torsion to 



However, since for a circular cross section, J — 21, Eq. 6-20, J = 7rd 4 /32, Ea. 
4-2, and c = d/2, the last expression reduces to 



By assigning the allowable shear stress to T max , a design formula, based on the 
maximum shear theory 13 of failure, for a shaft subjected to bending and torsion 
is obtained as 



The effect of shock load on the shaft has been neglected in the foregoing 
analysis. For some equipment, where its operation is jerky, this condition 
requires special consiueration. ihe initially assumeu auowabie stress pre¬ 
sumably allows for keyways and fatigue of the material. 

Although Eq. 9-3 and similar ones based on other failure criteria are 

13 See Prob. 9-50 for the formula based on the maximum stress theory of failure. 
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widely used in practice, the reader is cautioned in applying them. 14 In 
many machines, shaft diameters change abruptly, giving rise to stress 
concentrations. In stress analysis, this requires the use of stress-concen¬ 
tration factors in bending, which are usually different from those in tor¬ 
sion. Therefore, the problem should be analyzed by considering the actual 
stresses at the critical section. (See Fig. 9-21.) Then an appropriate pro¬ 
cedure, such as Mohr's circle of stress, should be used to determine the 
significant stress, depending on the selected fracture criteria. 


Problems 


Section 9-2. Miscellaneous Stress 
Analysis Problems 

9-1. A concrete cylinder tested in a vertical position 
failed at a compressive stress of 30 MPa. The failure 
occurred on a plane of 30° with the vertical. On a clear 
sketch show the normal and shear stresses that acted 
on the plane of failure. 

9-2. In a research investigation on the creep of lead, 
it was necessary to control the state of stress for the 
element of a tube. In one such case, a long cylindrical 
tube with closed ends was pressurized and simultane¬ 
ously subjected to a torque. The tube was 100 mm in 
outside diameter with 4-min walls. What were the prin¬ 
cipal stresses at the outside surface of the wall of the 
cylinder if the chamber was pressurized to 1.5 MPa 
and the externally applied torque was 200 N-m?. 


9-3. A cylindrical thin-walled tank weighing 100 lb/ft 
is supported as shown in the figure. If. in addition, it 
is subjected to an internal pressure of 200 psi, what 
state of stress would develop at points A and B? Show 
the results on isolated- elements. The mean radius of 
the tank is 10 in and its thickness is 0.20 in. Comment 
on the importance of the dead weight of the tank on 
the total stresses. 


to" 



Fig. P9-3 


14 For further details on mechanical design, see A. H. Burr, Mechanical Anal¬ 
ysis and Design (New York: Elsevier, 1982). A. D. Deutschman, W. J. Michaels, 
and C. E. Wilson, Machine Design, Theory and Practice (New York: Macmillan, 
1975). J. E. Snigiey, Mechunicul Engineering Design, 3rd eu. (New York: 
McGraw-Hill, 1977). M. F. Spotts, Design of Machine Elements, 6th ed. (En¬ 
glewood Cliffs, NJ: Prentice Hall, 1985). 

For design on steel, aluminum alloys, and wood structures, see the references 
in the relevant sections of Chapter 11. 

References for design in reinforced concrete are given after Example 6-14. 
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9-4. A cylindrical n rsssurs vessel and its contents are 
lifted by cables, as shown in the figure. The mean di¬ 
ameter of the cylinder is 600 mm and its wall thickness 
is 6 mm. Determine the state of stress at.points A and 
B and show the calculated results on isolated elements 
when the ve-sse! is pressuri7ed to 0.50 MPa and the 
vessel’s mass is 102 kg/m. 



Fig. P9-4 


9-5. A cylindrical pressure vessel of 2500-mm diam¬ 
eter with walls 12 mm thick operates at 1.5 MPa in¬ 
ternal pressure. If the plates are butt-welded on a 30° 
helical spiral (see figure), determine the stresses acting 
normal and tangential to the weld. 



/ 

Fig. P9-5 


9-6. A cylindrical thin-walled pressure vessel with 
mean radius r = 300 mm and thickness t = 6 mm is 
hoisted by two cables into the position shown in the 
figure. If the vessel is pressurized to 0.50 MPa gage 
pressure and the vessel weighs 102 kg/m, determine 
the state of stress at point A. Show the results on a 
properly oriented isolated element. 

9-7. A fractionating column, 45 ft long, is made of a 
12-in-inside-diameter standard steel pipe weighing 
49.56 lb/ft. (See Table 8 of the Appendix.) This pipe 
is operating in a vertical position, as indicated on the 
sketch, Tf this pipe is internally pressurized to 600 psi 
and is subjected to a wind load of 40 lb/ft of height. 


i 



Fig. P9-6 


7 II 4o ’ 1 

40 lb/ft 1 H I \ I 4 ? 



Fig. P9-7 


what is the state of stress at point A? Clearly show 
your calculated stresses on an isolated element; prin¬ 
cipal stresses need not be found. 

9-8. A cylindrical thin-walled pressure vessel with a 
mean diameter of 20 in and thickness of 0.25 in is rig¬ 
idly attached toa wall, forming a cantilever, as shown 
in the figure, (a) if an internal pressure of 250 psi is 
applied and, in addition, an external eccentric force P 
= 31,4 k acts on the assemblv what stresses are 
caused at point A? Show the results on a properly ori- 
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View 3-a 

Fig. P9-8 


ented element, (b) What maximum shear stress de¬ 
velops in the element? {Caution: All three principal 
Mohr’s circles of stress should be examined.) 

9-9. A cylindrical thin-wailed pressure vessel rigidly 
attached to a wall, as shown in the figure, is subjected 
to an internal pressure of p and an externally applied 
torque T. Due to these combined causes, the stresses 
on plane a-a are oy = 0, and i x y = 10 MPa. Deter¬ 
mine the internal pressure p and the magnitude of the 
torque T. The mean diameter of the vessel is 400 mm 
and the wall thickness is 6 mm. 


100 50 150 

mm |mm[ mm 



Fig. P9-10 


9-11. A simple beam 50 x 120 mm spans 1500 mm and 
supports a uniformly distributed load of 80 kN/m, in¬ 
cluding its own weight. Determine the principal 
stresses and their directions at points A, B, C, D, and 
E at the section shown in the figure. 



(a) 

Fig. P9-9 


9-10. An assembly of seamless stainless steel tubing 
forming a part of a piping system is arranged as shown 
in the figure. A flexible expansion joint is inserted at 
C, which is capable of resisting hoop stresses but trans¬ 
mits no longitudinal force. The tubing is 60 mm in out¬ 
side diameter and is 2 mm thick. If the pipe is pres¬ 
surized to 2 MPa, determine the state of stress at points 
A and B. Show the results on infinitesimal elements 
viewed from the outside. No distinction between the 
inside and outside dimensions of the tube need be 
made in the calculations. All dimensions shown on the 
figure are in mm. No stress transformations are re 
quired. is 


3 Data in the problem are fictitious; however, a 
major failure occurred at a petrochemical plant due to 
an oversight of basic behavior of this system of piping. 
(Courtesy of I. Finnie.) 


80 kN/m 



Fig. P9-11 


9-12. A 100 x 400 mm rectangular wooden beam sup¬ 
ports a 40-kN load, as shown in the figure. The grain 
of the wood makes an angle of 20° with the axis of the 
beam. Find the shear stresses at puinLs A and B along 
the grain of the wood due to the applied concentrated 
force. 



Fig. P9-12 
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9-13. A short I beam cantilever is loaded as shown in 
the figure. Find the principal stresses and their direc¬ 
tions at points A, B, and C. Point B is in the web at 
the juncture with the flange. Neglect the weight of the 
beam and ignore the effect of stress concentrations. 
Use the accurate formula to determine the shear 
stresses. 



Fig. P9-13 


9-14. The cantilever shown in the figure is loaded by 
an inclined force P acting in the plane of symmetry of 
the cross section, (a) What is Lhe magnitude of applied 
force P if it causes an axial strain of 200 p-m/m at point 
A? E = 30 x 10 6 psi. (b) What is the maximum prin¬ 
cipal strain at A? 





9-15. The principal shear stress at point A caused b" 
application of force P is 120 psi; see the figure. What 
is the magnitude of P? 



Fig. P9-15 


9-16. At point A on the upstream face of a dam, the 
water pressure is —40 kPa, and a measured tensile 
stiess in the dam parallel to this SUifaCe is 20 kPa. 
Calculate stresses cr., , and r xy at that point and show 

them on an isolated element. 



Fig. P9-16 


9-17. A special hoist supports a 15-k load by means 
of a cable, as shown in the figure. Determine the prin¬ 
cipal stresses at point A due to this load. 



Section 
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Fig. P9-18 


9-18. By applying a vertical force P, the toggle clamp, 
as shown in the figure, exerts a force of 1000 lb on a 
cylindrical object. The movable jaw slides in a guide 
that prevents its upward movement, (a) Determine the 
magnitude of the applied vertical force P and the 
downward force component developed at. hinge A; (b) 
determine the stresses due to axial thrust, transverse 
shear, and bending moment acting on an element at 
point C of section a~a\ (c) draw an element at point 
C with sides parallel and perpendicular to the axis of 
member BA and show the stresses acting on the ele¬ 
ment; and (d) using Mohr’s circle, determine the larg¬ 
est principal stress and the maximum shear stress at 
C. 

9-19. A 2-in-diameter shaft is simultaneously sub¬ 
jected to a torque and pure bending. At every section 
of this shaft, the largest principal stress caused by the 
applied loading is +24 ksi and, simultaneously, the 
largest longitudinal tensile stress is +18 ksi. Deter¬ 
mine the applied bending moment and torque. 

*9-20. Compare the moment-carr i, in‘ T ca^acit'’ £ 
x 6 x jin steel angle in the two different positions 
shown in the figure. In both cases, the applied vertical 
load acts through the shear center. (Hint: Table 6 gives 
the least radius of gyration, r, for the cross section. 
Hence, per F.n. 11-193, = A_rU r ,. Alternatively, 

Imin can be calculated directly by considering the angle 
to consist of two plates.) 


n 



Fig. P9-20 


9-21. A i-in-diameter drill bit is inserted into a chuck 
as shown in the figure. During the drilling operation, 
an axial force P = 3.92 k and a torque T = 10W128 
k-in act on the bit. If a horizontal force of 35.7 lb is 
accidentally applied to the plate being drilled, what is 
the magnitude of the largest principal stress that de¬ 
velops at the top of the drill bit? Determine the criti¬ 
cally stressed point on the drill by inspection. 





Fig. P9-21 


9-22. A solid circular shaft is loaded as shown in the 
figure. At section ACBD the stiesses due to the 10-kN 
force and the weight of the shaft and round drum are 
found to be as follows: maximum bending stress is 40 
MN/m 2 , maximum torsional stress is 30 MN/m 2 , and 
maximum shear stress due to V is 6 MN/m 2 . (a) Set 
up elements at points A, B, C, and D and indicate the 
magnitudes and directions of the stresses acting on 
them. In each case, state from which direction the ele- 
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Fig. P9-22 


ment is observed, (b) Using Mohr’s circle, find direc¬ 
tions and magnitudes of the •'rincfral stresses and of 
the maximum shear stress at point A. 

9-23. A circular bar of 2-in diameter with a rectan¬ 
gular block attached at its free end is suspended as 
shown in the figure. Also a horizontal force is applied 
eccentrically to the block as shown. Analysis Oi the 
stresses at section ABCD gives the following results: 
maximum bending stress is 1000 psi, maximum tor¬ 
sional stress is 300 psi, maximum shear stress due to 
V' is 400 psi, and direct axial stress is 200 psi. (a) Set 
up an element at point A and indicate the magnitudes 
and directions of the stresses acting on it (the top edge 
of the element to coincide with section ABCD). (b) 
Using Mohr’s circle, find the direction and the mag¬ 
nitude of the maximum (principal) shear stresses ana 
the associated normal stresses at point A. 


Fixed end 



9-24. A bent rectangular bar is subjected to an in¬ 
clined force of 3000 N, as shown in the figure. The 
cross section of the bar is 12 x 12 mm. (a) Determine 
the state of stress at point A caused by the applied 
force and show the results on an element, (b) Find the 
maximum principal stress. 

9-25. A 50-mm-diameter rod is subjected at its free 
end to an inclined force F = 225ir N as in the figure. 



(The force F in plan view acts in the direction of the 
x axis.) DeLeruiine the magnitudes and directions of 
the stresses due to F on the elements A and B at secti rm 
a-a. Show the results on elements clearly related to 
the points on the rod. Principal stresses are not re¬ 
quired. 



9-26. A horizontal 12 x 12 mm rectangular bar 100 
mm long is attached at one end to a rigid support. Two 
of the bar’s sides form an angle of 30" with the vertical, 
as shown in the figure. By means of an attachment (not 
shown), a vertical force F = 4.45 N is applied acting 
through a comer of the bar. (See the figure.) Calculate 



the stress at points A and B caused by the applied force 
F. Neglect stress concentrations. Show the results on 
the elements viewed from the top. Stress transfor¬ 
mations to obtain principal stresses are optional. 
o.27. A 2 x 2 in square bar is attached to a rigid sup¬ 
port, as shown in the figure. Determine the principal 
stresses at point A caused by force P = 50 lb applied 
to the crank. 



Fig. P9-27 


9-28. A 400-lb sign is supported by a 2|-in standard- 
weight steel pipe, as shown in the figure. The maxi¬ 
mum horizontal wind force acting on this sign is es¬ 
timated to be 90 lb. Determine the state of stress 
caused by this loading at points A and B at the built- 
in end. Principal stresses are not required. Indicate 
results on sketches of elements cut out from the pipe 



at these points. These elements are to be viewed from 
outside the pipe. 

*9-29. For the circular three-hinged arch rib shown 
in the figure, determine the principal stresses 75 mm 
above the centroid of the cross section at section c- 
a due to the applied vertical load on the left half of the 
structure. Because of the large curvature, the rib at 
the section investigated can be treated as a straight bar. 


20 kN/m 

t t t t t t- t 
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Section a-a 


I iy. i 


9-30. Find the largest bending stress for the beam 
shown in the figure due to the applied loads. Neglect 
stress concentrations. All dimensions in the figure are 
in mm. 
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2kN 



Fig. P9-30 


'*9-31. In a mechanical device, a horizontal rectan¬ 
gular bar of length L is fixed at the rotating end and 
is loaded by a slrap Lhruugh a bolt with a vertical force 
P at the free end, as shown in the figures. Find the 
angle a for which the normal stress at A is maximum 
and locate the neutral axis for the beam in this position. 
Neglect stress concentration, which would have to be 
considered in an actual problem. 



I—-'' 


Fig. P9-31 

Sections 9-5 and 9-6. 


Section 9-8 

9-34. A Douglas fir wood beam of rectangular cross 
section is loaded as shown in the figure. What is the 
required standard dressed size for the member and 
what are the minimum sizes of the bearing plates under 
the concentrated forces and the minimum beam 
lengths at the supports? In the calculations, consider 
the weight of the beam. The allowable stress in bending 
is 1250 psi; in shear, 95 psi; and in compression per¬ 
pendicular to the grain, 625 psi. Use Table 10 for actual 
lumber sectional properties. 



n 

i_i 


rig.py-34 


9-35. A standard-size wood beam is to be used in the 
device shown in the figure to transmit a force P *= 250 
lbs. What size member should be used if the allowable 
stresses are as given in the preceding problem? Neglect 
the weight of the beam. Select a beam of 3-in nominal 
width; use Table 10. 



Fig. P9-35 


*9-32. Select the diameter for a solid circular steel 
shaft to transmit a torque of 6 kN-m and a bending 
moment of 4 kN-m if the maximum allowable shear 
stress is 80 MPa. 

*9-33. For the loading condition and the allowable 
shear stress given in the preceding problem, determine 
the diameter of a hollow circular steel shaft such that 
the ratio of the inside diameter to the outside diameter 
is 0.80. 


9-36. A standard-size wood beam 16 ft long is to carry 
a uniformly distributed load of 2 k/ft, including its-own 
weight, as shown in the figure, (a) Determine the length 
a such that the maximum bending moment between 
the supports is numerically equal to that over the right 
support, (b) Select the beam size required and calcu¬ 
late the minimum length of the supports. Use the al¬ 
lowable stresses given in Prob. 9-34. 


Problems 
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9-39. A plastic beam is to be made from two 20 x 60 
mm pieces to span 600 mm and to carry an intermit¬ 
tently applied, uniformly distributed load w. The 
pieces can be arranged in two alternative ways, as 
shown in the figure. The allowable stresses are 4 MPa 
in flexure, 600 kPa shear in plastic, and 400 kPa shear 
in glue. Which arrangement of pieces should be used, 
and what load w can be applied? 


9-37. A 4 x 6 in (actual size) wooden beam is to be 
symmetrically loaded with two equal loads P, as 
shown in the figure. Determine the position of these 
loads and their magnitudes when a bending stress of 
1600 psi and a shearing stress of 100 psi are just 
reached. Neglect the weight of the beam. 



iv kN/m 



Fiy. P9-36 



Fig. P9-37 


9-38. A 12-in deep box beam is fabricated by gluing 
two pieces of f-in plywood to two 3 x 8 in nominal- 
size wood pieces to form the cross section shown in 
the figure. If the beam is to be used to carry a con¬ 
centrated force in the middle of a span (see the figure), 
(a) based on the shear capacity of the section, what 
may be the magnitude of the applied force P, (b) how 
long may the span be, and (c) what bearing areas 
should be provided under the concentrated forces? 
Neglect the weight of the beam. Use Table 10 in the 
Appendix for dressed sizes of wooden pieces. The al¬ 
lowable stresses are 1200 psi in bending, 120 psi in 
shear for plywood, 60 psi in shear for glued joints, and 
625 psi in compression perpendicular to the grain. 



-U2 —— U2 —-j Seetion a 

Fig. P9-38 


ning 24 ft to support a uniformly distributed load of 
1 k/ft. Both beams are simply supported. One of the 
beams is to be of steel, the other of wood. The allow¬ 
able stresses for steel are 24 ksi in bending and 14.4 
ksi in shear; and those for wood, respectively, are 1250 
psi and 95 psi. (a) Find the size required for each beam 
based on the given strength criteria. (In a comprehen¬ 
sive design, beam deflections are also generally de¬ 
termined.) Consider the beam weighis in Ihe calcula¬ 
tions; see Tables 4 and 10 in the Appendix, (b) What 
percentage of the total load is due to the weight of the 
beam in each case? 

9-41. Select either an S or a W lightest section for a 
beam with overhangs for carrying an applied uniformly 
distributed load of 2 k/ft, as shown in the figure. The 
specified load includes the beam weight. The allowable 
stresses are 24 ksi in bending and 14.4 ksi in shear. 


2 k/ft 



Fig. P9-41 


9-42. A portion of the floor-framing plan for an office 
building is shown in the figure. Wooden joists spanning 
12 ft are spaced 16 in apart and support a wooden floor 
above and a plastered ceiling below. Assume that the 
floor may he loaded by the occupants everywhere by 
as much as 75 lb per square foot of floor area (live 
load). Assume further that floor, joists, and ceiling 
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Direction ot 
placement for 
wooden joists 



being selected, etc., also amounts to approximately 75 
lb/ft 2 of floor area (dead load). Use the allowable 
stresses given in part (b) of Prob. 9-42. 

9-44. A four-wheel car running on rails is to be used 
in light industrial service. When loaded, a force of lo 
kN is applied to each bearing. If the bearings are lo¬ 
cated with respect to the rails as in the figure, what 
size round axle should be used? Assume the allowable 
bending stress to be 80 MPa and the allowable shear 
stress to be 40 MPa. 



weigh 25 lb per square foot of the floor area (dead 
load), (a) Determine the depth required for standard 
commercial joists nominally 2 in wide. For wood, the 
allowable bending stress is 1200 psi and the shear 
stress is 100 psi. (b) Select the size required for steel 
beam A. Since the joists delivering the load to this 
beam are spaced closely, assume that the beam is 
loaded by a uniformly distributed load. The allowable 
stresses for steel are 24 ksi and 14.4 ksi for bending 
.and shear, respectively. Use a W or an S beam, which¬ 
ever is lighter. Neglect the depth of the column. 

9-43. A bay of an apartment house floor is framed as 
shown in the figure. Determine the required size of 
minimum weight for steel beam A. Assume that the 
floor may be loaded eveiywheie as much as 75 Ib/ft 7 
of floor area (live load). Assume further that the weight 
of the hardwood flooring, structural concrete slab, 
plastered ceiling below, the weight of the steel beam 



(-•-—400—»-j 
-<—600 mm—»- 


9-45. A standard steel beam (S shape) serves as a rail 
for an overhead traveling crane of 4-lon capacity; see 
the figure. Determine the required size for the beam 
and the maximum force on the hanger. Locate the 
crane so as to cause maximum stresses for each con¬ 
dition. Assume a pinned connection at the wall, and 
neglect the weight of the beam in calculations. The 
allowable stress in bending is 16 ksi and that in shear 
is 9.6 ksi. 



Fig. P9-43 


**9-46. A glued-laminated wooden beam supports a 
rail and is loaded by one side of a four-wheel cart, as 
shown in the figure. The beam is made up from 40 x 




100 mm board laminates, (a) Locate the cart so as to 
cause the maximum bending moment in the beam, (b) 
Locate the cart to cause the maximum shear in the 
beam, (c) Determine the number of board laminates 
required. The allowable stresses are 14 MPa in bending 
and 1 MPa in shear. In calculations, neglect the weight 
of the beam. (Hint: Locate the left wheel of the cart 
a distance x from the left support and write an expres¬ 
sion for the bending moment. Setting the derivative of 
this expression equal to zero determines the position 
of the cart for the maximum beam moment.) 


Section 9-9 

9-47. Determine the elevation and plan of a cantilever 
of uniform flexural stress and circular cross section for 
resisting a concentrated force P applied at the end. 
Neglect the weight of the member. 

9-48. In many engineering design problems, it is very 


9-49. A W 14 x 38 beam is coverplated with two 5 
x Hn plates, as shown in Fig. 9-18(a). If the span is 
20 ft, (a) what concentrated force P can be applied to 
the beam, and where can the coverplates be cut off? 
Neglect the weight of the beam and assume that the 
beam section and the coverplates are properly inter¬ 
connected. Note that coverplates are usually extended 
a few inches beyond the theoretical cut-off points, (b) 
Obtain a revised solution if, instead of P, a uniformly 
distributed load were applied. Assume that the allow 
able bending stress is 24 ksi in both cases. 


will act on a structure or a machine part. Satisfactory 
performance in an existing installation may provide the 
basis for extrapolation. With this in mind, suppose that 
a certain sign, such as shown in the figure, has per- 

its centroid was 10 ft above the ground. What should 
the size of pipe be if the sign were raised to 30 ft above 
the ground? Assume that the wind pressure on the sign 
at the greater height will be 50 percent greater than it 


Section 9-10 

9-50. (a) Show that the larger principal stress for a 
circular shaft simultaneously subjected to a torque and 
a bending moment is 


pipe along the length as required; however, for ease 
in fabrication, the successive pipe segments must fit 
into each other. In arranging the pipe segments, also 
give some thought to aesthetic considerations. Fui 
simplicity in calculations, neglect the weight of the 
pipes and the wind pressure on the pipes themselves. 


(b) Show that the design formula for shafts, on the 
basis of the maximum-stress theory, is 
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0-51. At a critical section a solid circular shaft trans¬ 
mits a torque of 40 kN-m and a bending moment of 10 
kN-m. Determine the size of the shaft required so that 
the maximum shear stress would not exceed 50 MPa. 
9-52. Rework the preceding problem assuming that 
o — 100 MPa and the saferi' factor is 2 on the von 
Mises yield criterion given by Eq. 8-54. 

9-53. The head shaft of an inclined bucket elevator is 
arranged as shown in the figure. It is driven at A at 11 
rpm and requires 60 hp for steady operation. Assuming 

each sprocket, determine the size of shaft required-so 
that the maximum shear stress would not exceed 6000 
psi. The assigned stress allows for keyways. 


Sprockets 



9-54. A shaft is fitted with pulleys as shown in the 
figure. The end bearings are self-aligning, i.e., they do 
not introduce moment into the shaft at the supports. 
Pulley B is the driving pulley. Pulleys A and C are the 
driven pulleys and take off 9000 in-lb and 3000 in-lb of 
torque, respectively. The resultant of the pulls at each 
pulley is 400 lb acting downward. Determine the size 
of the shaft required so that the principal shear stress 
would not exceed 6000 psi. 


. f H. 
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9-55, Two pulleys of 4-rr in radius are attached tn a 2 
in-diameter solid shaft, which is supported by the bear¬ 
ings, as shown in the figure. If the maximum principal 
shear stress is limited to 6 ksi, what is the largest mag¬ 
nitude that the forces F can assume? The direct shear 
stress caused by V need not be considered. 



9-56. A low-speed shaft is acted upon by an eccen¬ 
trically applied load P caused by a force developed 
between the gears. Determine the allowable magnitude 
of force P on the basis of the maximum shear-stress 
theory if T a u 0 w = 6500 psi. The small diameter of the 
overhung shaft is 3 in. Consider the critical section to 
be where the shaft changes diameter, and that M = 
3P in-lb and T = 6P in-lb. Note that since the diameter 
size changes abruptly, the following stress concentra¬ 
tion factors must be considered! K\ — 1.6 in bendin* 7 
and K 2 = 1.2 in torsion. 



9-57. A drive shaft for two pulleys is arranged as 
shown in the figure. The belt tensions are known. De¬ 
termine the required size of the shaft. Assume that 


Taiiow - 6000 psi for shafts with keyways. Since the 
shaft will operate under conditions of suddenly applied 
load, multiply the given loads by a shock factor of lb 









10=1, introduction 

The axis of a beam deflects from its initial position under action of applied 
forces. Accurate values for these beam deflections are sought in many 
practical cases: elements of machines must be sufficiently rigid to prevent 
misalignment and to maintain dimensional accuracy under load: in build¬ 
ings, floor beams cannot deflect excessively to avoid the undesirable psy¬ 
chological effect of flexible floors on occupants and to minimize or prevent 
distress in brittle-finish materials; likewise, information on deformation 
characteristics of members is essential in the study of vibrations of ma¬ 
chines as well as Oi stationary and flight structures. Deflections are also 
used in analyses of statically indeterminate problems. 

This chapter has two parts. The governing differential equation for the 
deflection of beams is derived in Part A, and the different types of bound¬ 
ary conditions are identified. Several illustrative examples follow for dif¬ 
ferent kinds of loading and boundary conditions. This includes statically 
indeterminate beams, presenting no special difficulties using this mathe¬ 
matical approach. A section on the application of singularity functions is 
provided for s v mbo!ic solutions for d'^e r enfi c> i hs'in 0 h icr-on- 

tinuous loading functions along a span. Methods for solving problems by 
superposition as well as calculation of deflections for unsymmetrical bend¬ 
ing are also presented. 

An energy method for calculating beam deflections and the effect of 
impact ioads are briefly introduced. Part A concludes with a discussion 
of the inelastic deflection of beams. These results are essential for treating 
the plastic collapse limit states considered in Chapter 13. 

Part B is devoted to the discussion of statically determinate and in¬ 
determinate beams using the moment-area method, also called the area- 
moment method. This specialized procedure is particularly convenient if 
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Sec. 10-2. Moment-Curvature Relation 


For this reason, it can be used to advantage in the solution of statically 
indeterminate problems and for deflection check. An excellent insight into 
the kinematics of deformations is obtained by using this method. 

A deflection analysis of slender beams in the presence of axial com¬ 
pressive forces in some instances may cause a profound increase in de¬ 
flections, causing member instability. This topic is considered in the next 
chapter. 


Part A DEFLECTIONS BY INTEGRATION 


10-2. Moment-Curvature Relation 

Beam deflections due to bending are determined from deformations taking 
place along a span. These are based on the kinematic hypothesis that 
during bending, plane sections through a beam remain plane. This hy¬ 
pothesis was first introduced in Section 6-2 in deriving the flexure formula 
for beams having symmetric cross sections, and extended in Section 6- 
14 to beams of arbitrary cross section for bending about either or both 
principal axes For the present, it will be assumed that bending takes 
place only about one of the principal axes of the cross section. Such a 
case is illustrated in Fig. 10-1, where it is further assumed that the radius 
of curvature p of the elastic curve can change along the span. Except for 
a slightly greater generality, the derivation that follows leads to the same 


o 



(c) 

Fig. 10-1 Deformation of a beam in bending. 
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results as found earlier in Section 6-2. Deflections fine to shear are 
considered in this development; some consideration of this problem is 
given in Section 10-11, Example 10-12. 

The center of curvature 0 for the elastic curve for any element can be 
found by extending to intersection any two adjoining sections such as 
A'B' and D'C. In the enlarged view of element A'B'CD' m Fig. iQ- 
1(d), it can be seen that in a bent beam, the included angle between two 
adjoining sections is A0. If distance y from the neutral surface to the 
strained fibers is measured in the usual manner as being positive upwards, 
the deformation An of any fiber can be expressed as 


For negative y’s, this yields elongation, which is consistent with the de¬ 
formation shown in the figure. 

The fibers lying in the curved neutral surface of the deformed beam, 
characterized in Fig. 10-l(d) by fiber ab, are not strained at all. Therefore, 
arc length A s corresponds to the initial length of all fibers between sections 
A' B' and D'C. Gearing this in mind, upon dividing A-<q. lu-i. As, one 
can form the following relations; 

Aw .. A0 du dQ 

lim — = -y lim — or — - -y -j- (10-2) 

As —>o A s As—*o A s as as 

One can recognize that dulds is the normal strain in a beam fiber at a 
distance y from the neutral axis. Hence, 


The term dft/ds in Eq. 10-2 has a clear geometrical meaning. With the 
aid of Fig. 10- 1(c), it is seen that, since A5 — p AO, 

.. A0 dQ 1 , in .. 

dj-»o A s ds p 

which is the definition of curvature 1 k (kappa) introduced before in Eq. 
6 - 1 . 

On this basis, upon substituting Eqs. 10-3 and 10-4 into Eq. 10-2, one 
may express the fundamental relation between curvature of the elastic 
curve and the normal strain as 



1 Note that both 0 and s must increase in the same direction. 


Sec. 10.3. Governing Differential Equation 


It is important to note that as no material properties were used in derivin' 7 
Eq. 10-5, this relation can be used for inelastic as well as for elastic 
problems. For the elastic case, since e = e* ® c rJE and u x = -My/I, 



( 10 - 6 ) 



This equation relates bending moment M at a given section of an elastic 
beam having a moment of inertia I around the neutral axis to the curvature 
1/p of the elastic curve. 


tVA fi/!DI C 4l*t A 
E/VTMVII kk IW-I 

For cutting metal, a band saw 15 mm wide and 0.60 mm thick runs over two 
pulleys of 400-mm diauietei, as shown in Fig. 10-2. What maximum bending 
erress is developed in the saw as it o oes over a mills’ 1 '? Let E — 2Q0 GFa. 


Solution 

In this application, the material must behave elastically. As the thin saw blade 
goes over the pulley, it conforms to the radius of the pulley; hence, p = 200 mm. 

By using Eq. 6-11, cr = -My/I, together with Eq. 10-6, after some minor sim¬ 
plifications, a generally useful relation follows: 

Ey 

cr =-- (10-7) 

P 

With y = ±e, the maximum bending stress in the saw is determined: 

Ec 200 x 10 3 x 0.30 
u m ax — — — -7TT- — 300 Mr a 

p 200 

The high stress developed in the band saw necessitates superior materials for this 
application. 


10-3. Governing Differential Equation 

In texts on analytic geometry, it is shown that in Cartesian coordinates, 
the curvature of a line is defined as 

Pv 

1 dx~ v" 

- = -- 7 —( 10 - 8 ) 

p j + "■ Li + wrr* 
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y r 'kgj-g v onH y or-g tVjg coordinates of 3. point on 3- curve. For the problem 
at hand, distance * locates a point on the elastic curve of a deflected 
beam, and v gives the deflection of the same point from its initial position. 

IfEq. 10-8 were substituted intoEq. 10-6 the exact differential equation 
for the elastic curve would result. In general, the solution of such an 
equation is very difficult to achieve. However, since the deflections tol¬ 
erated in the vast majority of engineering structures are very small, slope 
dvldx of the elastic curve is also very small. Therefore, the square of slope 
v' is a negligible quantity in comparison with unity, and Eq. 10-8 simplifies 
to 


1 

p dx 2 


(10-9) 


This simplification eliminates the geometric nonlinearity from the prob¬ 
lem, and the governing differential equation for small deflections of elastic 
beams 2 using Eq. 10-6 is 



( 10 - 10 ) 


where it is understood that M = M t , and I ~ I z . 

Note that in Eq. 10-10, the xyz coordinate system is employed to locate 
the material points in a beam for calculating the moment of inertia I. On 
the other hand, in the planar problem, it is the xv system of axes that is 
used to locate n oints on the elastic curve. 

The positive direction of the v axis is taken to have the same sense as 


2 In some texts, the positive direction for deflection v is taken downward with 
the x axis directed to the light. For such a choice of coordinates, the positive 
curvature is concave downwards, Fig. 6-51(b). Whereas, if the usual sense for 
positive moments is retained, Fig. 6-51(a), the corresponding curvature of the 
bent beam is concave upwards. Therefore, since the curvature induced by positive 
moments M is opposite to that associated with the positive curvature of the elastic 
curve, one has 


cfv = _ M 
dx 2 “ El 


(I0-10a) 


Some texts analyze basic beam deflection problems in the xz plane, as shown 
in Fig. 6-51(b), and define downward deflection w as positive. In this setting, the 
governing equation also has a negative sign: 


d z w _ M_ 

dx 2 ” El 


(10-10b) 


This notation is particularly favored in the treatment of plates and shells. 


Sec. 10.3. Governing Differential Equation 



Fig. 10-3 Moment and its relation to curvature. 


that of the positive y axis and the positive direction of the applied load 
i7, Fig. 10-3. Note, especially, that if the positive slope dvldx of the elastic 
curve becomes larger as x increases, curvature 1/p ** d 2 v/dx 2 is positive. 
This sense of curvature agrees with the induced curvature caused by the 
applied positive moments M. For this reason, the signs are positive on 
both sides of Eq. I0-10. 3 

Generally, only Eq. 10-10 is used in this text, and if biaxial bending 
occurs, the deflection directions are determined by inspection. 

It is important to note that for the elastic curve, at the level of accuracy 
of Eq. 10-10, one has ds ~ dx. This follows from the fact that, as before, 
the square of the slope dvldx is negligibly small compared with unity, and 


/l + (v') 2 dx = 


Thus, in the small-deflection theory, no difference in length is said to exist 
between the initial length of the beam axis and the arc of the elastic 
curve. Stated alternatively, there is no horizontal displacement of the 
points lying on the neutral surface, i.e., at y - 0. 

The beam theory discussed here is limited to deflections that are small 
in relation to span length. However, it is remarkably accurate when com¬ 
pared to exact solutions based on Eq. 10-8. An idea of the accuracy in¬ 
volved may be gained by noting, for example, that there is approximately 
a 1-percent error from the exact solution if deflections of a simple span 
are on the order of one-twentieth of its length. By increasing the deflection 
to one-tenth of the span length, which ordinarily would be considered an 
intolerably large deflection, the error is raised to approximately 4 percent. 

As Stiff flpYiirnl rrn^mViprc aria in mnet onmneanm, 

^ w Hi ““'■'I vuguivwmg cipjju'-a.Liuuj, 

this limitation of the theory is not serious. For clarity, however, the de¬ 
flections of beams will be shown greatly exaggerated on all diagrams. 

3 The equation of the elastic curve was formulated by James Bernoulli, a Swiss 
mathematician, in 1694. Leonhard Euler (1707—1783) greatly extended its appli¬ 
cation. 
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Equation 


In the classical theories of plates and shells that deal with small deflec¬ 
tions, equations analogous to Eq. 10-10 arc established. The characteristic 
approach can be illustrated on the beam n roblem. 

In a deformed condition, point A' on the axis of an unloaded beam 
Fig. 10-4, according to Eq. 10-11 is directly above its initial position A. 
The tangent to the elastic curve at the same point rotates through an angle 
dv/dx. A plane section with the centroid at A' also rotates through the 
same angie dv/dx since during bending sections remain normal to the bent 
axis of a beam. Therefore, the displacement u of a material point at a 
distance 5 y from the elastic curve is 


where the negative sign shows that for positive y and v' , the displacement 
u is toward the origin. For v = 0 there is no dis n !acement u as re r, uir°' 4 
by Eq. 10-11. 

Next, recall Eq. 2-6, which states that t x - du!dx. Therefore, from Eq. 
10-12, c x — ~y d 2 v!dx 2 since v is a function of x only. 

The same normal strain also can be found from Eqs. 3-14 and 6-11, 
yielding e x = - MyiEi . On equating the two alternative expressions for 
e x and eliminating y from both sides of the equation, 

d 2 v M 
dx 2 ~ El 


which is the previously derived Eq. 10-10. 


4 Optional section. 

5 Since angle dvldx is small, its cosine can be taken as unity. 
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10-5= Alternative Forms of the Governing Equation 

The differential relations among the applied loads, shear, and moment, 
Eqs. 5-3 and 5-4, can be combined with Eq. 10-10 to yield the following 
useful sequence of equations: 


v - deflections of the elastic curve 
dv 

0 = — = v' = slope of the elastic curve 
dx 

d 2 v 

M = El — = EIv" 
dx* 

T7 dM d ( d 2 v\ 

-*( = iEIv) 
dv d2 (v r d2 A 

9 = — = —2 ( El I = (EIv ) 


In applying these relations, the sign convention shown in Fig. 10-3 must 
be adhered to strictly. For beams with constant flexural rigidity El, Eq. 
10-13 simplifies into three alternative governing equations for determining 
the deflection of a loaded beam: 



The choice of one of these equations for determining v depends on the 
ease with which an expression for load, shear, or moment can be for¬ 
mulated. Fewer constants of integration are needed in the lower-order 
equations. Equation 10-14b is seldom used, since it is more convenient 
to begin a solution either with the load function q(x) or the moment func¬ 
tion M(x). 


10-6. Boundary Conditions 

For the solution of beam-deflection problems, in addition to the differ¬ 
ential equations, boundary conditions must be prescribed. Several types 
of homogeneous boundary conditions are as follows: 
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1. Clamped or fixed support: In this case, the displacement v and the 
slope dvldx must vanish. Hence, at the end considered, where x = 
a, 

v(a) - 0 v'(a) = 0 (10-15a) 

2. Roller or pinned support: At the end considered, no deflection v nor 
moment M can exist. Hence, 

v (a) - 0 M(a) ~ EIv"{a) - 0 (!0-I5b) 

Here the physically evident condition for M is related to the deriv¬ 
ative of v with respect to x from Eq. 10-14. 

3. Free end: Such an end is free of moment and shear. Hence. 


f I'fal-O 
1 M (a) = EIv"(a)“ 0 

(b) Simple support 


M(a) = EIv"(a) = 0 V{a) = {Elv")' x = a = 0 (10-15c) 

4. Guided support: In this case, free vertical movement is permitted, 
but the rotation of the end is prevented. The support is not capable 
of resisting any shear. Therefore, 



(d) Guided support 
Fig. 10-5 Homogeneous 
boundary conditions for 
beams with constant FI In 
(a) both conditions are 
kinematic; in (c) both are 
static; in (b) and (d), 
conditions are mixed. 


v‘{a) = 0 V{a) = (Elv‘% =a = 0 (l(M5d) 

The same boundary conditions for beams with constant El are sum¬ 
marized in Fig. 10-5. Note the two basically different types of boundary 
conditions. Some pertain to the force quantities and are said to be static 
boundary conditions. Others describe geometrical or deformational be¬ 
havior of an end; these are kinematic boundaiy conditions. 

Nonhomogeneous boundary conditions, where a given shear, moment, 
rotation, or displacement is prescribed at the boundary, also occur in 
applications. In such cases, the zeros in the appropriate Eqs. 10-I5a 
through 10-15d are replaced by the specified quantity. 

These boundary conditions apply both to statically determinate and 
indeterminate beams. As examples of statically indeterminate single-span 
beams, consider the three cases shown in Fig. 10-6. The beam in Fig. 10- 
6(a) is indeterminate to the first degree, as any one of the reactions can 
be removed and the beam will remain stable. In this example, there are 
no horizontal forces. The boundary conditions shown in Fig. I0-5(a) apply 
for end A, and those m Fig. 10-5(u), for end B. 

The vertical reactions for the beam in Fig. 10-6(b) can be found directly 
from statics. Since the pinned supports cannot move horizontally, there 
is a tendency for developing horizontal reactions at the supports due to 
the beam deflection. However, for small beam deflections, according to 
Eq. 10-11, ds = dx and no significant axial strain can develop in trans- 


Sec. 10-7. Diroct Integration Solutions 
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Fig. 10-6 The beam in (a) is indeterminate to the first degree. If it is assumed that the horizontal 
reaction component is negligible, the beam in (b) is determinate and in (c) indeterminate to the 
second degree. 


versely loaded beams. 6 Therefore, the horizontal components of the re¬ 
actions in beams with immovable supports are negligible. On the same 
basis, no horizontal reactions need be considered for the beam shown in 
Fig. 10-6(c). Therefore, the beam shown is indeterminate to the second 
degree. In inis case, any two reactive forces can be removed and the 
beam would remain in equilibrium. 

In some problems, discontinuities in the mathematical functions for 
either load or member stiffness arise along a given span length. Such 
discontinuities, for example, occur at concentrated forces or moments 
and at abrupt changes in cross-sectional areas affecting El. In such cases, v 
the boundary conditions must be supplemented by the physical require¬ 
ments of continuity of the elastic curve. This means that at any juncture 


and the tangent to the elastic curve must be the same regardless of the o 
direction from which the common point is approached. Unacceptable ge¬ 


ometry of elastic curves is illustrated in Fig. 10-7. 



By using the singularity functions discussed in Section 10-8, the con¬ 


tinuity conditions of the elastic curve are identically satisfied. 

10=7. Direct integration Solutions 

As a general example of calculating beam deflection, consider Eq. 10- 
14c, EIv lv ~ q{x). By successively integrating this expression four times, 
the formal solution for v is obtained. Thus, 



6 The horizontal force becomes important in thin plates. Sec S. Timoshenko Fig. 10-7 Unacceptable 
and S. Woinowsky-Krieger, Theory of Plates and Shells, 2nd ed. (New York: geometric conditions in a 
McGraw-Hill, 1959), 6 . continuous elastic curve. 
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d A v d , 

EIv'" = ( q dx + C\ 

Jo 

EIv" = f dx f q dx + C x x + C 2 (10-16) 

j a j a 

£7u' = In q d* + ^ ix2 ^ + ^ 2 * + c 3 

E/v „ £ dx £ dx f 0 dx Jo q dx + Cijc 3 /3! + C 2 x 2 /2! + C$x + Q 

In these equations the constants C'i, C' 2 , C' 3 , and C’ 4 have a special physical 
meaning. Since, per Eq. 10-14b, EIv'" = V, by substituting this relation 
into the second of Eqs. 10 16, and simplifying, Eq. 5-6 is reproduced, 
i.e.. 

V = q dx + Ci (5-6) 

By substituting this relation into Eq. 5-7, and integrating, a different form 
of Eq. 5-7 is obtained. 

M — f Hr f n Hr 4- C.r 4- C- flfl-ITl 

■" Jo J o' 1 "' ' Wl " ' ViW l " 

The right side of this equation is identical to the third of Eqs. 10-16. 

These results unequivocally show that the constants Ci and C 2 are a 
part of the equilibrium equations and are the static boundary conditions. 
At this point, no kinematics nor material properties enter the problem. 
However, next, by dividing M by El for substitution into Eq. 10-10, these 
properties are brought in, limiting the solutions to the elastic behavior of 
prismaiic beams. Thus, rewriting Eq. 10-10, for clarity, in several different 
forms, 


d 2 v _ d (dv\ _ dv' M 
dx' 1 "' dx \5r/ ~ ~dx ~ ~EI 


(10-18) 


Then, using Eq. 10-17, and integrating twice, the last two relations in Eqs. 
10-16 are reproduced. These two equations, and the associated new con¬ 
stants of integration C 3 and C 4 , define slope and deflection of the elastic 
curve, i.e., they describe the kinematics of a laterally loaded beam. These 
constants are the kinematic boundaiy conditions. 

If, instead of Eq. 10-14c, one starts with Eq. 10-14a, EIv" = M(x), after 
two integrations the solution is 


EIv - f dx f M dx + C 3 X + C A 
Jo Jo 


(10-19) 


Soc. 10-7. Direct Integration Solutions 


Tn both equations, constants Ci, C->. C\, and C 4 must be determined 
from the conditions at the boundaries. In Eq. 10-19, constants C x and C 2 
are incorporated into the expression of M. Constants C x , C 2 , C 3 /EI , and 
CitEI, respectively, are usually 7 the initial values of V, M, 0, and v at 
the origin. 


corresponding one in Eq, 10-19 are the particular solutions of the re¬ 
spective differential equations. The one in Eq. 10-16 is especially inter¬ 
esting as it depends only on the loading condition of the beam. This term 
remains the same regardless of the prescribed boundary conditions, 
whereas the constants are determined from the boundary conditions. 

If the loading, shear, and moment functions are continuous and the 
flexural rigidity El is constant, the evaluation of the particular integrals 
is very direct. When discontinuities occur, solutions can be found for 
each segment of a beam in which the functions are continuous; the com¬ 
plete solution is then achieved by enforcing continuity conditions at the 
common boundaries of the beam segments. Alternatively, graphical or 
numerical procedures, 8 of successive integrations can be used very ef¬ 
fectively in ihe solution of practical problems. 

Anyone of Eqs. 10-14 or 10-16 can be used for finding beam deflection. 
The choice depends entirely on the initial data and the amount of work 
necessary for solving a problem. If one begins with the applied load, all 
four integrations must be performed. On the other hand, if the bending- 
moment function is written, the number of required integrations is reduced 
to two. 


Procedure Summary 

The same three basic concepts of engineering mechanics of solids re¬ 
peatedly applied before are used in developing the elastic deflection the¬ 
ory of beams. These may be summarized as follows: 


1. Equilibrium conditions (statics) are used for a beam element to es¬ 
tablish the relationships between the applied load and shear, Eq. 5- 
3, as well as between the shear and bending moment, Eq. 5-4. 

2. Geometry of deformation (kinematics) is used by assuming that plane 
sections through a beam element remain plane after deformation. 
Such planes intersect and define beam strains and the radius of cur¬ 
vature for an element. Although in the above sense the expression 
for curvature, Eq. 10-4, is exact, the theory is limited to small de¬ 
flections, since sin 0 is approximated by 0, Eq. 10-9. No warpage 
due to shear of sections is accounted for in the formulation. 


7 In certain cases where transcendental functions are used, these constants do 
not have this meaning. Basically, the whole function, which includes the constants 
of integration, must satisfy the conditions at the boundary. 

8 Such procedures are useful in complicated problems. For example, see N. 
M. Newmark, “Numerical Procedure for Com n utin° Deflections, Moments and 
Buckling Loads,” Trans. ASCE 108 (1943): 1161. Finite element solutions of such 
problems are now widely used in practice. 
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3. Properties of materials (constitutive relations) in the form 0 f 
Hooke’s law, Eq. 2-3, are assumed to apply only to longitudinal 
normal stresses and strains. Poisson’s effect is neglected. 


A solution of any one of Eqs. 10-14a, 10-14b, or 10-14c, 9 subject to the 


tuuauiuiw a. auiuuuu ui a. given LiailS- 


versely loaded elastic beam problem. These equations are equally appli¬ 
cable to statically determinate and statically indeterminate beam prob¬ 
lems. 10 However, the solutions are simpler if the functions q(x) and I(x) 
are continuous across a span. When discontinuities in either q{x) or I( x ) 


occur, continuity of the elastic curve at such points must be maintained. 


If / is constanL, singularity functions for describing the loads can be ef¬ 


fectively used. 


It is to be noted that although at load and cross-section discontinuities 
large local perturbations in strain and stresses develop, beam deflections 
are less sensitive to these effects. Deflections are determined using in¬ 
tegration, a process tending to smooth out the function. 


Several illustrative examples of statically determinate and statically 
indeterminate beam problems foiiow. The applications of singularity func¬ 
tions for elastic beam deflections is given in the next section. 


EXAMPLE IQ-2 

A bending moment M\ is applied at the free end of a cantilever of length L and 
of constant flexural rigidity El, Fig. 10-8(a). Find the equation of the elastic curve. 

Solution 

The boundary conditions are recorded near the figure from inspection of the con¬ 
ditions-at the ends. At x = L, M(L) = +M Jt a nonhomogeneous condition. 

From a frcc-body diagram of Fig. 10-8(b), it can be observed that the bending 
moment is +M, throughout the beam. By applying Eq. 10-14a, integrating suc¬ 
cessively, and making use of the boundary conditions, one obtains the solution 


EI ~~ ~ M = Mi 
ax 

E1~t = M\x + C 3 


But 6(0) = 0; hence, at x = 0, one has Elv'(0) = C 3 = 0 and 

9 The adopted sign convention for applied loads and shear results in all Eqs. 
10-13 and 10 14 having positive signs, an advantage in hand calculations. 

10 This is analogous to the axially loaded bar problems discussed in Section 2- 
19. 
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Sec. 10-7. Direct Integration Solutions 


EXAMPLE 10-3 

A simple beam supports a uniformly distributed downward load w 0 . The flexural 
rigidity El is constant. Find the elastic curve by the following three methods: ( a ) 
Use the second-order differential equation to obtain the deflection of the beam 
( b ) Use the fourth-order equation instead of the one in part (a), (c) Illustrate a 
graphical solution of the problem. 

Solution 

(a) A diagram of the beam together with the given boundary conditions is shown 
in Fig. 10-9(a). The expression for M for use in the second-order differential 
equation has been found in Example 5-8. From Fig. 5-24, 



_ w 

Ib/in 

(a) 

; » mill . 

L 



r 

r i/(o) = o 

\ M{ 0} = 0 

J v(ZJ = 0 
|M|/.) = 0 

v \ 

+ w 0 L 


{b| | 




-- Li 2-- 





Substituting this relation into Eq. 10-14a, integrating it twice, and using the bound¬ 
ary conditions, one finds the equation of the elastic curve: 


5 

II . 

M ~~ 

dx 1 


w 0 Lx 2 

ax 

4 

EIv = 

w a Lx 3 

12 


w a x 2 

~ 2 ~ 

+ C, 

+ C 3 x + Ct, 


But v(0) = 0; hence. £M0) = 0 = C.: and. since v(L) = 0, 

EIv(L) -0 = ^1 C 3 i and C 3 = - ^ 


v = - + * 3 ) ( 10 - 21 ) 


Because of symmetry, the largest deflection occurs at x - Li 2. On substituting 
this value of x into Eq. 10-21, one obtains 

i „, = . 

i - lou mEI uu-az, 



(ri) 


1/Pj 


w a L 2 
8 El 






The condition of syuuuetry could also have been used to determine constant C 3 . 
Since it is known that v' f L!2' 1 — 0 one has 


EIv'(LI2) 


w 0 L(L/2) 2 

4 


w 0 (L/2) 3 

6 


+ C 3 = 0 


and, as before, C 3 = -w 0 L 3 / 24. 

(b) Application of Eq. 10-14c to the solution of this problem is direct. The con¬ 
stants are found from the boundary conditions. 


EI = 


r^ = 

dx 3 


-w a x + C] 


.. d 2 v w n x 

d? = ~ ~T + ClX + 


c 2 


Fig. 10-9 
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Hnt \4((\\ = fl- — A — \4fT 1 


EIv‘(L) = 0 = - ^y~ + C,t or C, 



hence, 


__ J" 1 !/ >V 0 ,Lt H’oJT" 

E, d? = ~2 -r 


The remainder of the problem is the same as in part (a). In this approach, no 
preliminary calculation of reactions is required. As will be shown later, this is 
advantageous in some statically indeterminate problems. 

(c) The steps needed for a graphical solution of the complete problem are in Figs. 
10-9(b) through (f). In Figs. 10-9(b) and (c), the conventional shear and moment 
diagrams are shown. The curvature diagram is obtained by plotting MIEI, as in 
Fig. 10-9(d). 

Since, by virtue of symmetry, the slope to the elastic curve at x = L/2 is 
horizontal, 0(L/2) = 0. Therefore, the construction of the 0 diagram can be begun 
from the center. In this procedure, the right ordinate in Fig. 10-9(e) must equal 
the shaded area of Fig. 10-4(d), and vice versa. By summing the 0 diagram, one 
finds the elastic deflection v. The shaded area of Fig. 10-9(c) is equal numerically 
to the maximum deflection. In the above, the condition of symmetry was em¬ 
ployed. A generally applicable procedure follows. 

After the curvature diagram is established as in Fig. 10-9(d), the 0 diagram can 
be constructed with an assumed initial value of 0 at the origin. For example, let 
0(0) = 0 and sum the curvature diagram to obtain the 0 diagram, Fig. 10-9(g). 
Note that the shape of the. curve so found is identical to that of Fig. 10-9(e), 
Summing the area of the 0 diagram gives the elastic curve. In Fig. 10-9(h), this 
curve extends from 0 to A. This violates the boundary condition at A, where the 
deflection must be zero. Correct deflections are given, however, by measuring 
them vertically from a straight line passing through 0 and A. This inclined line 
corrects the deflection ordinates caused by the incorrectly assumed 0(0). In fact, 
after constructing Fig. 10-9(h), one knows that 0(0) = -dlL = -w 0 L i /24EI. 
When this value of 0(0) is used, the problem reverts to the preceding solution, 
Figs. 10-9(e) and (I). In Fig. 10-9(h), inclined measurements have no meaning. 
The procedure described is applicable for beams with overhangs. In such cases, 
the base line for measuring deflections must pass through the support points. 


-< 


£ 


J k(0) = 0 
1 i/(m = n 
L ' ' 


j v{L) = 0 
l i/m = n 

C " 


(c) 



(d) 


'+ 


Fig. 10-10 

The solution is obtained by four successive integrations of Eq. 10-14c in a manner 
shown in Eqs. 10-16. Then the constants of integration are found from the bound¬ 
ary conditions. 


d 4 v 


El 

El 

El 


dx 3 

dx 2 

dv 

dx 


q{x) ~ -w 0 
-w 0 x + Ci 

- ~ + Ci* + C 2 

w 0 x 3 
6 ~~ 

w a x 4 

~ ~24~ 


EXAMPLE 10-4 

A beam fixed at both ends supports a uniformly distributed downward load w 0 , 
Fig. 10-10(a). The El for the beam is constant, (a) Find the expression for the 
elastic curve using the fourth-order governing differential equation. (6) Verify 
the results found using the second-order differential equation. 

Solution 

(a) As discussed in connection with Fig. !Q-6(c), this beam is statical]" indeter¬ 
minate to the second degree since horizontal reactions are assumed to be zero. 


Four kinematic boundary conditions are available for determining the constants 
of integration: 

EMQ) = EIv a = 0 
EIv‘{ 0) = E1v' a = 0 

EIv(L) = EIv B = 0 
EIv (Z,) ~ EIvb ~ A 


C 4 
= Ct, 


w 0 L 4 

24 

w 0 L 2 

6 


+ Ci — + C 2 - 
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solving the last two equations simultaneously, 

w a L , „ w a L 2 

C, = — and C 2 =- — 

By substituting these constants into the equation for the elastic curve, after al¬ 
gebraic simplifications, 

v = - ^r.(L - x) 2 ( 10 - 2 TJ 

24 El " 

According to Eqs. 10-14a and 10-14b, El times the second and third derivatives 
of the deflection v(x ) gives, respectively, M(x) and V(x). At x ~ 0, these relations 
define the reactions at A. Hence, C\ is the vertical reaction and C 2 is the moment 
at this support. In this case, because of symmetry, the vertical reactions can be 
found directly from statics. However, this is not necessary in this typical solution 
of a boundary-value problem. The moment and shear at B can be found from the 
same expressions at x = L. 

Shear, moment, and deflection diagrams for this beam are shown in Fig. 10- 
10. The absolute maximum deflection occurring in the middle of the span is 


( b ) This solution is found using Eq. 10-14a, and, although the vertical reaction 
at A can be determined directly from statics, it will be treated as an unknown. 
On this basis, 

EI = Mix) = M a + R a x - 

Integrating twice, 

dv x 2 WnX 3 

EI— = M a x + R a - - + C 3 

dx 2 6 

X 2 X 2 Wr>X A 

EIv — Ma — + Ra ~ — """■■■■ + C3X + C4 
z 0 z* 

Constants C 3 and C 4 as well as R A and M A are found from the four kinematic 
boundary conditions: 


EIv'( 0) = EIv'a = 0 = C 3 

L 2 L 3 w 0 L a 

Elv{L) = EIvb = 0 = Ma — + Ra ~r ~ 

2 n 24 


121V \,E) = 121VB = U = Ma-L + Ka - 


Sec. 10-7. Direct Integration Solutions 


> 0 l? 

12 


Substituting these expressions imu the equation for deflection with C 3 = C 4 = 
0, Eq. 10-23 is again obtained. 


EXAMPLE 10-5 

Determine the equation of the elastic curve for the uniformly loaded continuous 
beam shown in Fig. 10-ll(a). Use the second-order differential equation. EI is 
constant. 


Because of symmetry, the solution can be confined to determining the deflection 
for either span. Also, because of symmetry, it can be concluded that at the middle 
cnnnort, not onlv is the deflection zero but since the elastic curve cannot 
in either direction, its slope is also zero. In this manner, the problem can be 
reduced to the one-degree statically indeterminate problem shown in Fig. 10-11(b) 
with known boundary conditions. 

By using Eq. 10-14a, the solution proceeds in the usual manner. First, an expres¬ 
sion for M(r) is formulated and two successive inte°rations of the differentia! 
equation are performed. Boundary conditions provide the necessary information 
for determining the constants of integration and an unknown reaction R A . 

Second-order differential-equation solution: 
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EIv{ 0) = EIv a = 0 = C 4 

L 2 w 0 L 3 

EIv'{L) - EIo'b - 0 - R a ~ -— + c 3 

2 6 

V w 0 £ 4 

£fo(£) - eiv b - o = r a — - -rr + c 3 l 
6 24 

By solving the last two equations simultaneously, 


w 0 L 3 

48 


which, upon substitution into the equation for the elastic curve, leads to 


v = - (L 3 - 3L* 2 + 2x 3 ) (10-25) 

HOiii 

From symmetry, the reactions at A and C are equal, and, by using statics, the 
reaction at B is 

Rb = (10-26) 

This reaction is also numerically equal to 2V S . 

EXAMPLE 10-6 

A simple beam supports a concentrated downward force P at a distance a from 
the left support, Fig. 10-12(a). The flexural rigidity El is constant. Find the equa¬ 
tion of the elastic curve uy successive integration. 


Solution 

The solution will be obtained using the second-order differential equation. The 
reactions and boundary conditions are noted in Fig. 10- 12(a). The moment diagram 
plotted in Fig. 10-12(b) clearly shows a discontinuity in M{x) at x = a, requiring 
two different functions. At first, the solution proceeds independently for each 
segment of the beam. 


d 2 v 

dx 2 

dv 

dx 


For segment AD 
M Pb 
~ El ~ E1L X 


Pb x 1 , 

’ E1L 2 + ' 



For segment DB 

d 2 v M _ Pa Pa 
dj? ~ El ~ El ~ EIL X 
dv _ Pa Pa X ,2 _ 

H ~ I i x ~ eET + 1 


Pa x 2 Pa x 1 

v = T 7 T " TTF T + a ' x + ° 2 
El 2 EIL 6 
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A similar problem was solved in the preceding example. Another useful technique 
will be illustrated here that is convenient in some complicated problems where 
different MIEI expressions are applicable to several segments of the beam. This 
method consists of selecting an origin at one end of the beam and carrying out 
successive integrations until expressions for 6 and v are obtained for the first 
segment. The values of 0 and v are then determined at the end of the first segment. 
Due to continuity conditions, these become the initial constants in the integrations 
carried out for the next segment. This process is repeated until the far end of the 
beam is reached; then the boundary conditions are imposed to determine the 
remaining unknown constants. A new origin is used at every juncture of the seg¬ 
ments, and all x’s are taken to be positive in the same direction. 

For segment AB, 0 < x < 4: 


2EU 

• + A\x + Ai 


w. x — A. y/Q\ _ v — A anc J 0(0) • 

At the end of segment AB: 


. Hence, A\ = 6 a and A, ■ 


For segment BC, 0 < *i < 1: 

M = 4(4 + r,) - 20 *. = lfi - 16*1 

d 2 v __ 16 16 xi 

d? } = W x ~ ~Eh 


dx i Eh 

8*1 8xi 


Eh 

+ A^Xi + A 4 


Eh 3 Eh 

At *i = 0: u(0) = v B and 0(0) = 0 S . Hence from the solution before, A 4 = v B 
= 32/3-E/i + 46 a, ana A 3 = 6 S — 8 /E /1 r 6 a- The expressions for 0 and v in 
segment BC are then obtained as 


16xi 

8xf 

8 

~Eh 

Eh 

+ Eh 

8x? 


8x, 

Eh 

' 2>EI\ 

+ EI, 


+ + w, + 49 - 4 
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Sec. 10-9. Deflections by Superposition 
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El^- = -P(x - a) 0 i- Cj 


El — = -P(x - a) 1 + C,x + C, 
ax~ ... - 

But M(L) = 0; hence, EIv"( 0) = 0 = C 2 ; and also since M(L) = 0, 
EIv"(L) = ~Pb I C,L = 0 or C, - PblL 

P Ph 

EI ^ = + + 

P Pb 

Elv = - - (x - a) 3 + — x 3 + C 3 x + C 4 
n bl. 

But w(U) = 0; hence, Elv( 0) - 0 = CV Similarly, from v(L) = 0, 

EIv{L) = Q = -?E + l ^E+CiL or C 3 = - ~(L 2 - b 2 ) 
oo 6L 


This equation applies to the entire span. For 0 < x < a, the last term must he 
omitted. This reduced expression agrees with Eq. 10-27 found earlier. 


^'atic and kinematic conditions at A, B, and C n rovide information for determinin'* 
the constants of integration. 

EIv"{ 0) = 0: C 2 = 0 

Elv{ 0) = 0: C 4 = 0 

j EIv{L) — Oi — — + Ci ~r + C 3 L 0 

24 6 

EIv(2L) =0: - k±L + k + c, ik + 2C 3 L = 0 

3 6 3 

Elv" (77.) = 0: -7wJ 2 + /? s r + 2C./. = 0 

Solving the last three equations simultaneously, 

Ci = x w 0 L C3 =» — -7^- and i? fl = - w 0 L 
5 „ 45 4 

Substituting these constants into the equation for beam deflection, 

V = - (2x 4 - 3£a 3 + L 3 a - 10 L (x - L) 2 ) 

4o El 

The first three terms in the parentheses agree with those found in Example 10- 
- ". . VM “”‘ UFFUVa U “ l " 


** EXAMPLE 10-9 

Rework Example 10-5 using a singularity function. 

Solution 

In applying Eq. 10-I4c using a singularity function, the whole continuous span 
for this beam is considered. The unknown reaction R B is treated as a concentrated 
upward force. Here, besides the four boundary conditions, it should be noted 
that the deflection at B is zero. This is a general approach as symmetry in the 
problem is not utilized. 

= q( x) = -w„ + R b ( x- £>;' 


= - ~y~ + Rb( x - L)' + C,a + C 2 

+ + cX + C 2 a + C 3 

dx 0 2 2 

Eb=-^ + + cX + C 2 k + c 3 a + Q 

24 6 6 2 


iG-9. Deflections by Superposition 

The integration procedures discussed before for obtaining the elastic de¬ 
flections of loaded beams are generally applicable. The reader must re¬ 
alize, however, that numerous problems with different loadings have been 
solved and are readily available. 13 Nearly all the tabulated solutions are 
made for simple loading conditions. Therefore, in practice, the deflections 
of beams subjected to several or complicated loading conditions arc usu¬ 
ally synthesized from the simpler loadings, usin' 3 the principle of super¬ 
position. For example, the problem in Fig. 10-15 can be separated into 
three different cases as shown. The algebraic sum of the three separate 
solutions gives the total deflection. 

13 See anv civil or mechanical engineering handbook. 




Fig. 10-15 Resolution of a complex problem into several simpler problems. 




M, = Pa 

(b) {c} 

Fig. 10*16 A method of analyzing deflections of frames. 


The superposition procedure for determining elastic deflection of beams 
can be extended to structural systems consisting of several flexural mem¬ 
bers. For example, consider the simple frame shown in Fig. 10-16(a), for 
which the deflection of point C due to applied force P is sought. The 
deflection of vertical leg BC alone can be found by treating it as a can¬ 
tilever fixed at B. However, due to the applied load, joint B deflects and 
rotates. This is determined by studying the behavior of member AB. 

A free-body diagram for member AB is shown in Fig. 10-16(b). This 
member is seen to resist axial force P and a moment Mi = Pa. Usually, 
the effect of axial force P on deflections due to bending can be neglected. 11 
The axial elongation of a member usually is also very small in comparison 
with the bending deflections. Therefore, the problem here can be reduced 
to that of determining the deflection and rotation of B caused by an end 
moment M\. This solution was obtained in Example 10-2, giving the angle 
0 b shown in Fig. 10-16(c). By multiplying angle 0 S by length a of the 
vertical member, the deflection of point C due to rotation of joint B is 
determined. Then the cantilever deflection of member BC treated alone 
is increased by 9 s a. The vertical deflection of C is equal to the vertical 
deflection of point ft. 

In interpreting the shape of deformed structures, such as shown in Fig. 
10-16(c), it must be kept clearly in mind that the deformations are greatly 
exaggerated. In the small deformation theory discussed here, the cosines 
of all small angles such as are taken to equal unity. Both the deflections 
and the rotations of the elastic curve are small. 

Beams with overhangs can also be analyzed conveniently using the 
concept of superposition in the manner just described. For example, the 
portion of a beam between the supports, as AB in Fig. 10-17(a), is 
isolated 15 and rotation of the tangent at B is found. The remainder of the 
problem is analogous to the case discussed before. 

Approximations similar to those just discussed are also made in com¬ 
posite structures. In Fig. 1048(a), for example, a simple beam rests on 


k at the other end. If R B is the reaction at B, support B settles A = fta//c, 
Fig. 1048(b). A rigid beam would assume the alignment of line AB' 
making an angle 0i = tan -1 (A !L) ~ AIL radians with the horizontal line. 


15 The effect of the overhang on beam segment AB must be .included by intro¬ 
ducing bending moment -Pa at support B. 
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Fig. 10-18 Deflections in a 
composite structure. 

For an elastic beam, the elastic curve between A and ft' may be found 
in the usual manner. However, since the ordinates, such as ab, Fig. 10- 
18(b), make a very small angle 0 with the vertical, ab = cb. Hence, the 
deflection of a point such as b is very nearly 0 t x + cb. Deflections of 
beams in situations where hinges are introduced, Fig. 1048(c), are treated 
similarly. For these, the tangent to the adjoining elastic curves is not 
continuous across a hinge. 

The method of superposition can be effectively used for determining 
deflections or reactions for statically indeterminate beams. As an illus¬ 
tration, consider the continuous beam analyzed in Example 10-5. By re¬ 
moving support R b , the beam would deflect at the middle, as shown in 
Fig. 1049(a). By applying force R B in an upward direction, the required 
condition of no displacement at B can be restored. The respective expres¬ 
sions for thpcp Hpflpptinnc otp mwn Cnc 10 ”)”> 10 70 D,. - 

----- V..- . W.. — j i.*. uuu u y I^ijuaiuig 

them, i? B is found to be 5w 0 L/4, agreeing with the previous result (see 
Example 10-5). 
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EXAMPLE 10-10 

Two cantilever beams AD and BF of equal flexural rigidity El — 24 x 10 12 N-mm 2 , 
shown in Fig. 10 20(a), are interconnected by a taut steel rod DC {E = 200 GP a ). 
Rod DC is 5000 mm long and has a cross section of 300 mm 2 . Find the deflection 
of cantilever AD at D due to a force P = 50 kN applied at F. 

Solution 

By separating the structure at D, the two free-body diagrams in Figs. 10-20(b) 
and (c) are obtained. In both diagrams, the same unknown force X is shown acting 
(a condition of statics). The deflection of point D is the same, Wuctuer L-cam AD 
at D or the top of rod DC is considered. Deflection A t of point D in Fig. 10-20(b) 
is caused by X. Deflection A 2 of point D on the rod is equal to the deflection v e 
of beam BF caused by forces P and X less the elastic stretch of rod DC. 

From statics: 

Zpuli on AD "" -Xpull on DC X 

From geometry: 

A i = A 2 or | v D t - | v c | - A r0 d 

Beam deflections can be found using the methods discussed earlier in this chap¬ 
ter. Alternatively, from Table 11 of the Appendix, in terms of the notation of this 
problem, one has 



Fia. 10-20 
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^ = ~Wl = _ 3~x 24 x 10- = - 1 ' 11 X 
y<?ductoA-= +1.11 x IQ~ 4 X mm 

p 

vc due t 0 p - -“[2(2a) 3 - 3(2 a) 2 a + tz 3 ] = -13.9 mm 
6EI 

and using Eq. 2-9, 

A ro d = '°° , n l = 0.833 x 10- 4 Zmm 

AcdE 50U X 200 X 10 

Then, equating deflections and treating the downward deflections as negative, 
-1.11 x 10“ 4 ;r - -13.9 + 1.11 x 10~ 4 X + 0.833 x KT 4 Z 
Hence, X = 45.5 x 10 3 N 

and t'r. = -1.11 x 10~ 4 x 45.5 x 10 3 = -5.05 mm 


Note particularly that in these calculations, the deflection of point C is deter¬ 
mined by superposing the effects of applied force P at the end of the cantilever 
and the unknown force X at C. 


*10.10. Deflections in Unsymmetrical Bending 


In the preceding discussion, it was assumed that deflections were caused 
by a beam bending around one of the principal axes. However if unsym¬ 
metrical bending takes place, deflections are calculated in each of the 
principal planes and the deflections so found are added vectorially. An 
example is shown in Fig. 10-21 for a Z section. Here the y and z axes are 
the principal axes passing through the centroid as well as the shear center 
of the cross section. A positive deflection Vi is shown for the beam de¬ 
flection taking place in the xy plane, and, similarly, wi corresponds to the 
deflection in the x 7 n !ane. Their vectorial sum AA' is the total beam 
deflection. 

In order to prevent torsion, the applied forces must act through the 
shear center for the cross section. If not, torsional stresses and defor¬ 
mations, treated in Chapter 4, must also be considered. 

Beams having significantly different magnitudes of moments of inertia 
about the two principal axes of a cross section are very sensitive to load 
alignment. As is shown in the next example, even a small inclination of 
the applied force from the vertical causes large lateral displacements (and 
high stresses). 



Fig. 10-21 Deflection of a 
beam subjected to 
unsymmetrical bending. 
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‘EXAMPLE 10-11 

A C 15 x 33.9 steel channel cantilever 100 in long is subjected to an.inclined 
force P of 2 kips through the shear center, as shown in Figs. 10-22(a) and (b). 
Determine the tip deflection at the applied force. Let E « 29 x 10 6 psi. 


Solution 

The properties for this channel are given in Table 5 in the Appendix: I z - 315 
in' 1 and I y = 8.13 in 4 . Maximum deflection of a cantilever bent around either 
principal axis is given in Table 11 of the Appendix: iw = PL 3 I3EI. Hence, 
identifying by subscripts H the horizontal, and by V the vertical components of 
tip deflection A and applied force P, one has 


P H L 3 (20Q0 sin 5°) x 100 3 
3 EI y “ 3 x 29 x 10 6 x 8.13 
PvL 3 _ (2000 cos 5°) x 100 3 
3 Eh ~ 3 x 29 x 10 6 x 315 


• 0.246 in 
0.0727 in 



(a) 



Fig. 10-22 
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the horizontal, are shown in Fig. 10-22(d). 

It is instructive to note that, as to be expected, the maximum deflection occurs 
in the direction normal to the neutral axis. This axis may be located by performing 
a stress analysis and finding the points of zero stress. One such point is 10.16 in 
above A and the other is 3.00 in to the right of A, as shown in Fig. 10-22(c) 
Alternatively, the neutral axis can be located using Eq. 6-43. Using this approach, 

/, 315 

tan (3 = — tan a = —— tan 5° = 3.39 and 8 = 73.6° 

ly 0.13 

Hence, 90° - |3 = 16.4° compares well with the angle shown in Fig. 10-22(d). 
(The small discrepancy can be attributed to roundoff error.) 


*10-11. Energy Method for Deflections and Impact 


n wumf/iwiiviuiru XIVUX111V111 \j± xiii, xuvifij 1 mvillim 1U1 milling UCdlll UC" 

flect.ions is given in Chapter 12. Without establishing the necessary theo¬ 
rem, it is possible to solve only a very limited class of problems. Unless 


special conditions such as symmetry are at hand, direct solutions based 


on the principle of conservation of energy must be limited to the action 


of a single force or moment. This limited approach has been found useful 
in the axial force, torsion, and pure bending problems in Chapters 2, 4, 
and 6. In beams, one can go a step further and include, if needed, both 
the bending and the shear strain energies. The procedure based on equat¬ 
ing the internal strain energy U to the external work W s remains the same. 


This method permits an assessment of deflections caused by bending 
in relation to that caused by shear. The following example is concerned 
with such a problem, where in the solution, it is assumed that the force 
is gradually applied. By contrast, in the second example, an impact on 
a beam caused by a falling mass is considered; in this example, the effect 
of shear deformation is neglected. 


‘EXAMPLE 10-12 

Find the maximum deflection due to force P applied at the end of a cantilever 
having a rectangular cross section, Fig. 10-23. Consider the effect of the flexural 
and shear deformations. 

Solution 

If force P is gradually applied to the beam, the external work W e - iPA, where 
A is the total deflection of the end of the beam. The internal strain energy consists 
of two parts. One part is due to the bending stresses* the other is caused by the 
shear stresses. These strain energies may be directly superposed. 
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/ M 2 dx/2EI, by noting that M = -Px. The strain energy in shear is found from 
Eq. 3-5, t/shear = / (t 2 /2G) dV. In this particular case, the shear at every section 
is equal to applied force P, and the shear stress t, according to Eq. 7-7, is dis¬ 
tributed parabolically as 


At any one level y, this shear stress does not vary across breadth b and length 
L of the beam. Therefore, the infinitesimal volume dV in the shear energy expres¬ 
sion is taken as Lb dy. By equating the sum of these two internal strain energies 
to the external work, the total deflection is obtained: 

r L M 2 dx __ r L {-Px) 2 dx ^ P 2 L 3 . 

l/bcding - J 0 2 El ~ Jo 2 El 6 El 

- L^ dv = h J.r{£[(£) - y2 ]) Lhdy 

„ £ = / H \ 2 = 3 PL 

SGI 2 30 240G \bh 3 ) 5AG 

where A — bh is the cross section of the beam. Then 


W e — U — C/bendtng Gshear 


PA = 3 J*L 

2 6 El + SAG 


PL 3 6 PL 

' SF.I + 5/t<7 


The first term in this answer, PL’BEI, is the deflection ot the beam due to tiexure. 
The second term is the deflection due to shear, assuming no warping restraint at 
the built-in end. The factor a = 6/5 varies for different shapes of the cross section, 
since it depends on the nature of the shear-stress distribution. 

It is instructive to recast the expression for the total deflection A as 


are typical for ordinary slender beams. This fact can be noted further from the 
original equation for A. There, the deflection due to bending increases as the cube 
of the span length, whereas the deflection due to shear increases directly. Hence, 
as beam length increases, the bending deflection quickly becomes dominant. For 
this reason, if is usually nnssible to neelect the deflection due to shear. 


‘EXAMPLE 10-13 

Find the instantaneous maximum deflections and bending stresses for the 50 x 
50 mm steel beam shown in Fig. 10-24 when struck by a 15.3-kg mass falling from 
a height 75 mm above the top of the beam, if (a) the beam is on rigid supports, 
and (b) the beam is supported at each end on springs. Constant k for each spring 
ic 300 N/mm Let E = 200 OPa. 


The deflection of the system due to a statically applied force of 15.3 g = 15.3 x 
9.81 = 150 N is computed first. In the first case, this deflection is that of the 
beam only; see Table 11 of the Appendix. In the second case, the static deflection 
of the beam is augmented by the deflection of the springs subjected to a 75-N 
force each. The impact factors arc then computed from Eq. 2-27 or 2-28. Static 
deflections and stresses are multiplied by the impact factors to obtain the answers. 

, . . _ PL* _ 150 X 1000 3 _ 

( “ A,t 48 El 48 x 200 x 10 3 x 50 4 /12 ' mm 


impact factor = 1 + yj 1 + ™ 


= 1+ a/i + = 71.7 

V U.UJU 


PLV 3 E h 2 \ 
'■ -ITT l A + 10/7 J-2 J 


, + A SDr = 0.030 + ; 


impact factor = 1 + yj 1 + : 


where, as before, the last term gives the deflection due to shear. 

To gain further insight into this problem, in the last expression, replace the 
r* 2 fin F//7 hv ? S a tvnirai value for Steels, Then 


A = (1 + 0.75/i 2 /L 2 )A bending (10-35a) 

From this equation, it can be seen that for a short beam (for example, one with 
r_ = u\ the total deflection is 1.75 times that due to bending alone. Hence, shear 
deflection is very important in comparable cases. On the other hand, if L = 10/i, 


1 Fig. 10-24 
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For either case, the maximum bending stress in the beam due to a static 
plication of P is 

, s M PL 150 x 1000 4 

(O -r«=T7«= L800Mh 

Multiplying the static deflections and stress by the respective impact factors 
gives the required results. 


_ Static _ _ Dynamic 

_ With Springs No Springs With Springs No Spring s 

A max , mm 0.280 0.030 6.78 2.15 

ffmax. MPa 1.80 1.80 43.6. 129 


It is apparent from this table that large deflections and stresses are caused by 
a dynamically applied load. The stress for the condition with no springs is par¬ 
ticularly large; however, owing to the flexibility of the beam, it is not excessive. 


* 1S 10-12. Inelastic Deflection of Beams 

ajj tK e preceding solutions for beam deflections apply only if the material 
behaves elastically. This limitation is the result of introducing Hooke’s 
law into the strain-curvature relation, Eq. 10-5, to yield the moment- 
curvature equation, Eq. 10-6. The subsequent procedures for approxi¬ 
mating the curvature as cPv/dx 2 and the integration schemes do not depend 
on the material properties. 

Superposition does not apply to inelastic problems, since deflections 
are not linearly related to the applied forces. As a consequence, in some 
cases piecewise Linear solutions for small load or disnlacement increments 
are made until the desired level of load or displacement is reached. Such 
stepwise linear calculations are made with the aid of a computer. Alter¬ 
natively, time-consuming trial-and-error solutions are used to calculate 
deflections in indeterminate beams. However, it is possible to develop 
simple solutions for uiiimaie strengths of statically determinate and in¬ 
determinate beams and frames assuming ideal plastic behavior of ma¬ 
terial. For such a method, a relationship between the bending moment 
and curvature at a section of a beam must be developed. An illustration 
defining such a relationship is given in the next example. Essentially, it 
is this approach that is relied upon in Chapter 13 for plastic limit state 
analyses of statically determinate and indeterminate beams and simple 
frames. 

The second example that follows discusses the deflection analysis of a 


This section is optional. 
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that as long as at least a part of a beam’s cross section remains elastic, 
the deflections remain bounded, i.e., finite, and can be calculated. 


EXAMPLE 10-14 

Determine and plot the moment-curvature relationship for an elastic-ideally plas¬ 
tic rectangular beam. 

Solution 

In a rectangular elastic-plastic beam at y 0 , where the juncture of the elastic and 
plastic zones occurs, the linear strain e* - ±e yp ; see Fig. 6-30. Therefore, ac¬ 
cording to Eq. 10-5, with the curvature 1/p = k, 

1 £.._ 

— — k = and Kyp — — 

P y<> hi 2 

where the last expression gives the curvature of the member at impending yielding 
when y a = nil. From these relations, 

yo _ K yp 

h/2 k 

By substituting this expression into Eq. 6-40, one obtains the required moment-, 
curvature relationship; 

" --1 = I "™ [' -1 ( tP )’] (10 - 36) 

This function is plotted in Fig. 10-25. Note how rapidly it approaches the asymp¬ 
tote. At curvature just double that of the impending yielding, eieven-twelfths, or 
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91.6 percent, of the ultimate plastic moment M„ is already reached. At this point 
the middle half of the beam remains elastic. 

On releasing an applied moment, the beam rebounds elastically, as shown in 
the figure. On this basis, residual curvature can be determined. 

The reader should recall that the ratio of M p to M yV varies for different cross 
sections. For example, for a typical steel wide-flange beam, M p /M yp is about l.ld. 
Establishing the asymptotes for plastic moments gives a practical basis for finding 
the ultimate plastic limit state for beams and frames discussed in Chapter 13. 


EXAMPLE 10-15 

A 3-in wide mild-steel cantilever beam has the dimensions shown in Fig. 10-26(a). 
Determine the tip deflection caused by applying two loads of 5 kips each. Assume 
E = 30 x 10 3 ksi and <7 yp = ±40 ksi. 

Solution 

The moment diagram is shown in Fig. 10-26(b). From cr max - Mc/I, it is found 
that the largest stress in beam segment ab is 24.4 ksi, which indicates elastic 
behavior. An analogous calculation for the shallow section of the beam gives a 
stress of 55 ksi, which is not possible as the material yields at 40 ksi. 
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A check of the ultimate ca n acit v for the 2-in dee^i section based on Eo. 6-38 
gives 

bh 2 40 x 3 x 2 2 , . 

M p = Muit = cr yp — =--- = 120 k-in 

Tiiis calculation shows that although the beam yields partially, it can carry the 
applied moment. The applied moment is | \M P . According to the results found in 
the preceding example, this means that the curvature in the 2-in deep section of 
the beam is twice that at the beginning of yielding. Therefore, the curvature in 
the ii-in segment of the beam adjoining the support is 


_ o — pri p _ w vp 

i /Kyp l hi 2 Eh/2 


2 x 40 
30 x 10 3 x 1 


The maximum curvature for segment ab is 


24.4 

, -- ?2£—rz = 0.542 x 10" 

5 x 1U J x 1.5 


These data on curvatures are plotted in Fig. 10-26(c). On integrating this twice 
with 6(0) = 0 and y(0) = 0, the deflected curve, Fig. 10-26(e), is obtained. The 
tip deflection is 0.89 in upward. 

If the applied loads were released, the beam would rebound elastically. As can 
be verified by elastic analysis, this would cause a tip deflection of 0.64 in. Hence 
a residual tip deflection of 0.25 in would remain. The residual curvature would 
be confined to the 2-in deep segment of beam. 

If the end load were applied alone, the 165 k-in moment at the left end would 
exceed the plastic moment capacity of 120 k-in and the beam would collapse. 
Superposition cannot be used to solve this problem. 



** 10 - 13 . Introduction to the Moment-Area Method 

In numerous engineering annjications where deflections of beams must 
be determined, the loading is complex, and the cross-sectional areas of 
the beam vary. This is the usual situation in machine shafts, where gradual 
or stepwise variations in the shaft diameter are made to accommodate 
rotors, bearings, collars, retainers, etc. Likewise, haunched or tapered 

17 Part B is optional. 
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beams aie frequently employed in mi craft as well as in bridge constiuc- 
tion. By interpreting semigraphically the mathematical operations of solv¬ 
ing the governing differential equation, an effective procedure for ob¬ 
taining deflections in complicated situations has been developed. Using 
this alternative procedure, one finds that problems with load discontin¬ 
uities and arbitrary variations of inertia of the cross-sectional area of a 
beam cause no complications and require only a little more arithmetical 
work for this solution. The solution of such problems is the objective h 
the following sections on the moment-area method. 18 

The method to he developed is generally used to obtain only the dis¬ 
placement and rotation at a single point on a beam. It may be used to 
determine the equation of the elastic curve, but no advantage is gained 
in comparison with the direct solution of the differential equation. Often, 
however, it is the deflection and/or the angular rotation of the elastic 
curve, or both, at a particular point of a beam that arc of greatest interest 
in the solution of practical problems. 

The method of moment areas is just an alternative method for solving 
the deflection problem. It possesses the same approximations and limi¬ 
tations discussed earlier in connection with the solution of the differential 
equation of the elastic curve. By applying it, one determines only the 
deflection due to the flexure of the beam; deflection due to shear is ne¬ 
glected. Application of the method will be developed for statically de¬ 
terminate and indeterminate beams. 


**10-14. Moment-Area Theorems 

The necessary theorems are based on the geometry of the elastic curve 
and the associated MIEI diagram. Boundary conditions do not enter into 
the derivation of the theorems since the theorems are based only on the 
interpretation of definite integrals. As will be shown later, further geo¬ 
metrical considerations are necessary to solve a complete problem. 

For deriving the theorems, Eq. 10-10, eEv/dx 2 ~ MIEI, can be rewritten 
in the following alternative forms: 


= or d Q = ^dx 

dx 2 dx \dxj dx El El 


(10-37) 


From Fig. 10-27(a), quantity {MIEI) dx corresponds to an infinitesimal 
area of the MIEI diagram. According to Eq. 10-37, this area is equal to 
the change in angle between two adjoining tangents. The contribution of 
an angle change in one element to the deformation of the elastic curve is 
shown in Fig. 10-27(b). 


18 The development of the moment-area method for finding deflections of beams 
is due to Charles E. Greene, of the University of Michigan, who taught it to his 
classes in 1873. Somewhat earlier, in 1868, Otto Mohr, of Dresden, uermaiiy, 
developed a similar method that appears to have been unknown to Professor 
Greene. 




Fig. 10-28 Relationship 
between the MIEI diagram 
and the elastic curve. 
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elastic curve is equal to the MIEI area bounded by the ordinates through 
A and B. Further, if slope 0 a of the elastic curve at A is known, slope 9 fl 
at B is given as 



The first theorem shows that a numerical evaluation of the MIEI area 
bounded between the ordinates through any two points on the elastic 
curve gives the angular rotation between the corresponding tangents. In 
performing this summation, areas corresponding to the positive bending 
moments are taken positive and those corresponding to the negative mo¬ 
ments are taken negative. If the sum of the areas between any two points 
such as A and B is positive, the tangent on the ri°ht rotates in the coun¬ 
terclockwise direction; if negative, the tangent on the right rotates in a 
clockwise direction; see Fig. 10-28(b). If the net area is zero, the two 
tangents are parallel. 

The quantity dt in Fig. 10-28(b) is due to the effect of curvature of an 
element. By summing this effect for all elements from A to B , vertical 
distance AF is obtained. Geometrically, this distance represents the dis¬ 
placement or deviation of a point A from a tangent to the elastic curve 
at B. Henceforth, it will be termed the tangential deviation of a point A 
from a tangent at B and will be designated t A / B . The foregoing, in mathe¬ 
matical form, gives the second moment-area theorem: 



This states that the tangential deviation of a point A on the elastic curve 
from a tangent through another point B also on the elastic curve is equal 
to the statical (or first) moment of the bounded section of the MIEI diagram 
around a vertical line through A. In most cases, the tangential deviation 
is not in itself the desired deflection of a beam. 

Using the definition of the center of gravity of an area, one may for 
convenience restate Eq. 10-41 for numerical applications in a simpler form 


(10-42) 


where $ is the total area of the MIEI diagram between the two points 
considered and x is the horizontal distance to the centroid of this area 
from A. 
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where the same MIEI area is used, but x, is measured from the vertical 
line through point B; see Fig. 10-29. Note carefully the order of the sub¬ 
script letters for t in these two equations. The point whose deviation is 
being determined is written first. 

In the previous equations, distances x and x, are always taken positive, 
and as E and I intrinsically are also positive quantities, therefore the sign 
of the tangential deviation depends on the sign of the bending moments. 
A positive value for the tangential deviation indicates that a given point 
lies above a tangent to the elastic curve drawn through the other point, 
and vice versa; see Fig. 10-29. 

The previous two theorems arc applicable between any two points on 
a continuous elastic curve of any beam for any loading. They apply be¬ 
tween and beyond the reactions for overhanging and continuous beams. 
However, it must be emphasized that only relative rotation of the tangents 
and only tangential deviations are obtained directly. A further consid¬ 
eration of the geometry of the elastic curve at the supports to include the 
boundary conditions is necessary in every case to determine deflections. 
This will be illustrated in the examples that follow. 

In applying the moment-area method, a carefully prepared sketch of 
the elastic curve is essential. Since no deflection is possible at a pinned 
or a roller support, the elastic curve is drawn passing through such sup¬ 
ports. At a fixed support, neither displacement nor rotation of the tangent 
to the elastic curve is permitted, so the elastic curve must be drawn tan¬ 
gent to the direction of the unloaded axis of the beam. In preparing a 
sketch of the elastic curve in the above manner, it is customary to ex¬ 
aggerate the anticipated deflections. On such a sketch the deflection of 
a point on a beam is usually referred to as being above or below its initial 
position, without emphasis on the signs. To aid in the application of the 
method, useful properties of areas enclosed by curves and centroids are 
assembled in Table 2 of the Appendix. 
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The negative sign of A0 indicates clockwise rotation of the tangent at B in relation 
to the tangent at A. The negative sign of t B iA means that point B is below a tangent 
through A. 


EXAMPLE 10-17 

Find the deflection due to the concentrated force P applied as shown in Fig. 10- 
31 (a) at the center of a simply supported beam. The flexural rigidity £/is constant. 



Fig. 10-31 
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Solution 

The bending-moment diagram is in Fig. 10-31(b). Since El is constant, the M/El 
diagram need not be made, as the areas of the bending-moment diagram divided 
by El give the necessary quantities for use in the moment-area theorems. The 
elastic curve is in Fig. 10-31(c). It is concave upward throughout its length as 
the bending moments are positive. This curve must pass through the points of 
the support at A and B. 

It is apparent from the diagram of the elastic curve that the desired quantity 
is represented by distance CC'. Moreover, from purely geometrical or kinematic 
considerations, CC' = C'C" - C"C, where distance C"C is measured from a 
tangent to the elastic curve passing through the point of support B. However, 
since the deviation of a support point from a tangent to the elastic curve at the 
other support may always be computed by the second moment-area theorem, a 
distance such as C'C" may be found by proportion from the geometry of the 
figure. In this case, t A/B follows by taking the whole Ml El area between A and B 
and multiplying it ’* 9 by its x measured from a vertical through A; hence, C'C" — 
5 t AIB . By another application of the second theorem, i C /b, which is equal to C'C, 
is determined. For this case, the MIEI area is hatched in Fig. 10-31 (b), and, for 
it, x is measured from C. Since the right reaction is P/A and the distance CB = 
2a, the maximum ordinate for the shaded triangle is -I -Pa/2. 


v c 

‘A/B 


C'C' 


C'C — tAm! 2 — tc/B 
1 (4a a + 4a _ l 5Pa 3 

Ei\2~4~j 3 ~ 'lEF 


t C /B ~ $ 2*2 = ■ 


1 (2a Pa\ la 


Pa 3 
3 El 


. cn.3 n_3 i i n_3 

tA/B jru ru lu u 

= ~T ~ taB = ~4H - 3 EI = 12 El 


The positive signs of t A m and indicate that points A and C lie above the tangent 
through B. As may be seen from Fig. 10-31(c), the deflection at the center of the 
beam is in a downward direction. 

The slope uf the elastic curve at C can be found from the slope of one of the 
ends and from Eq. 10-40. For point B on the right, 


: 0c + A Qb/c or 


5 Pa 2 Pa 2 Pa 2 
8 El 2El ~ 8E7 


(counterclockwise) 


The previous procedure for finding the detlection of a point on the elastic curve 

19 See Table 2 of the Appendix for the centroid of the whole triangular area. 
Alternatively, by treating the whole MIEI area as two triangles, 

I ta iPa\2a 1 tla 3 Pa\ ( 3 a\ 5Pn 3 

= Fi{l~)T + + j) ~ + lm 
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generally applicable. For example, if the deflection of point F. Fig. IO-t 1 (d), 
at a distance e from B is wanted, the solution may be formulated as 

v E = EC - E’E — ( e!L)tA/B ~ ts/B 

By locating point E at a variable distance x from one of the supports, the equation 
of the elastic curve can be obtained. 

To simplify the arithmetical work, some care in selecting the tangent at a sup¬ 
port must be exercised. Thus, although v c = t BIA l 2 - t aA (not shown in the 
diagram), this solution would involve the use of the unshaded portion of the 
bending-moment diagram to obtain ti_/ A , which is more tedious. 

Alternative Solution 

The solution of the foregoing problem may be based on a different geometrical 
concept. This is illustrated in Fig. 10-31(e), where a tangent to the elastic curve 
is drawn at C. Then, since distances AC and CB are equal, 

Vc = CC — ( t A tc + tB/cV 2 

i.e., distance CC' is an average of t AIC and t B/c . The tangential deviation t A/c is 
obtained by taking the first moment of the unshaded MIEI area in Fig. 10-31(b) 
about A, and t B /c is given by the first moment of the shaded MIEI area about B. 
The numerical details of this solution are left for completion by the reader. This 
procedure is usually lunger than the first. 

Note particularly that if the elastic curve is not symmetrical, the tangent at the 
center of the beam is not horizontal. 


EXAMPLE 10-18 

For a prismatic beam loaded as in the preceding example, find the maximum 
deflection caused by applied force P\ see Fig. 10-32(a). 

Soluiion 

The bending-moment diagram and the elastic curve are shown in Figs. 10-32(b) 
and (c), respectively. The elastic curve is concave up throughout its length, and 
the maximum deflection occurs where the tangent to the elastic curve is hori¬ 
zontal. This point of tangency is designated in the figure by D and is located by 
the unknown horizontal distance d measured from the right support B. Then, by 
drawing a tangent to the elastic curve through point B at the support, one sees 
that A0 fl/D = B b since the line passing through the supports is horizontal. How- 
gyg,- tkg 3 > 0 p e Qf t-kg elastic curve at B may be determined by obtaining t A > B 
and dividing it by the length of the span. On the other hand, by using the first 
moment-area theorem, A Q B/D may be expressed in terms of the shaded area in 
Fig. 10-32(b). Equating A Q B /d to 0 fl and solving for d locates the horizontal tangent 
at D. Then, again from geometrical considerations, it is seen that the maximum 
deflection represented b v DD’ is equal to the tangential deviation of B from a 
horizontal tangent through D, i.e., t B io- 
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opposed to v~ 2 ~ — I f .2Pa*/\2Ef. For this reason, in many practical problems of 
simply supported beams, where all the applied forces act in the same direction, 
it is often sufficiently accurate to calcuate the deflection at the center instead of 
attempting to obtain the true maximum. 


EXAMPLE 10-19 

In a simply supported beam, find the maximum deflection and rotation of the 
elastic curve at the ends caused by the application of a uniformly distributed load 
of w 0 lb/ft; see Fig. 10-33(a). Flexural rigidity El is constant. 



The bending-moment diagram is in Fig. 10-33(b). As established in Example 5-8, 
it is a second-degree parabola with a maximum value at the vertex of w 0 L 2 IS. 
The elastic curve passing through the points of supports A and B is shown in Fig. 
1033(c). 

In this case, the M1EI diagram is symmetrical about a vertical line passing 
through the center. Therefore, the elastic curve must be symmetrical, and the 
tangent to this curve at the center of the beam is horizontal. From the figure, it 
is seen tliat A0 B / C is equal Lo 0#, and Lhe rulaLion of B is equal to one-half the 
area 20 of the whole M/EI diagram. Distance CC‘ is the desired deflection, and 
from the geometry of the figure, it is seen to be equal to t B /c (or t AIC , not shown). 


tAIB — $1*1 — + ~ 


(see Example 10-17) 


1 (2 Lw 0 L 2 ' 


tA/8 _ t A /s _ 5Pa 
L ~ 4a ~ 8EI 

1 (d Pd\ Pd 2 


(area between D and B) 


Since 0 fl = 0£> + A0 fl/O and it is required that 0 O = 0, 


__ w 0 i,- Ji, jw 0 l.~ 

VC - - t B ,c - x - —Yi - 384E/ 

20 See Table 2 of the Appendix for a formula giving an area enclosed by a 
parabola as well as for x. 


, = 0b 777 C 7 = hence, d = V5a 

aci a c.i 

: - Vjj - DD' - ttslu - 

1 /d Pd\ 2d 5V5 Pa 3 11.2 Pa 3 


-U2 -*4-*- U2- 


After distance d is found, the maximum deflection may also be obtained as iw 
= r A/D , or Umax = ( d/L)t A , B - t DIB (not shown). Also note that using the condition 
t A m = t B /D, Fig. 10-32(d), an equation may be set up for d. 

It shuuld be apparent from this solution that it is easier to calculate the de¬ 
flection at the center of the beam, which was illustrated in Exa.mnle 10-17, than 
to determine the maximum deflections. Yet, by examining the end results, one 
sees that, numerically, the two deflections differ little: u eeme r = 1 \Pa i H2El as 
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The value of the deflection aerees with F.o. 10 -?.?.. which exnresses the 

* .- «uue 

quantity derived by the integration method. Since point B is above the tangent 
through C, the sign of v c is positive. 


EXAMPLE 10-20 

Find the deflection of the free end A of the beam shown in Fig. 10-34(a) caused 
by the applied forces. El is constant. 

Solution 

The bending-moment diagram for the applied forces is shown in Fig. 10-34(b). 
The bending moment changes sign at ail from the left support. At this point, an 
inflection in the elastic curve occurs. Corresponding to the positive moment, the 
curve is concave up, and vice versa. The clastic curve is so urawn and passes 
over the supports at Sand C, Fig. 10-34(c). To begin, the inclination of the tangent 
to the elastic curve at support B is determined by finding t C iB as the statical 
moment of the areas with the proper signs of the M/EI diagram between the 
verticals through C and B about C. 


tc/B — $1*1 + $2*2 + $3*3 

1 fa, _ 2*7 1 a , _ . 

“ K?l2 (+Pi!) T + 22 ( + Pfl) 


1 a 


2 2 


(-Pa) 


Pa 3 
6 El 


'3 a 

2 


2 a 

3 2 


)] 


1 a\ 


The positive sign of t C /B indicates that point C is above the tangent at B. Hence, 
a corrected diagram of the elastic curve is made, Fig. 10-34(d), where it is seen 
that the deflection sought is given by distance AA' and is equal to AA" - A'A", 
Further, since triangles A'A"B and CC'B are similar, distance A'A" = Ic/b/2. On 
the other hand, distance AA" is the deviation of point A from the tangent to the 
elastic curve at support B. Hence, 


v A = AA' = AA" - A'A" ~ tas!2 
1 1 fa 2al 

= eP A) “ " 


Pa 3 
3 El 


where the negative sign means that point A is below the tangent through B. This 
sign is not used henceforth, as the geometry of the elastic curve indicates the 
direction of the actual displacements. Thus, the deflection of point A below the 
line passing through the supports is 


Pa 3 1 Pa i _ iV 
3 El 2 6 El “ 4EI 



(a) 





This example illustrates the necessity of watching the signs of the quantities 
computed in the applications of the moment-area method, although usually less 
difficulty is encountered than in this example. For instance, if the deflection of 
end A is established by first finding the rotation of the elastic curve at C, no 
ambiguity in the direction of tangents occurs. This scheme of analysis is shown 
in Fig. I0-34(e), where v A = $t B /c ~ Iajc- 


Fig. 10-34 
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Fig. 10-35 

EXAMPLE 10-21 


A simple beam supports two equal and opposite forces P at the quarter points; 
see Fig. l0-35(a). Find the deflection of the beam at the middle of the span. El 
is constant. 

Solution 

The bending-moment diagram and elastic curve with a tangent at C are shown in 
Figs. 10-35(b) and (c), respectively. Then, since the statical moments of the pos¬ 
itive and negative areas of the bending-moment diagram around A and B, re¬ 
spectively, are numerically equal, i.e., | t A / C | = | late |> the deflection of the beam 
at the center of the span is zero. The elastic curve in this case is anrisymmetrical. 
Noting this, much work may be avoided in obtaining the deflections at the center 
of the span. The deflection of any other point on the elastic curve can be found 
in the usual manner. 


The foregoing examples illustrate the manner in which the moment- 
area method can be used to obtain the deflection of any statically deter¬ 
minate beam. No matter how complex the MIEI diagrams may become, 
the previous procedures are applicable. In practice, any MIF.l diagram 
whatsoever may be approximated by a number of rectangles and triangles. 
It is also possible to introduce concentrated angle changes at hinges to 
account for discontinuities in the directions of the tangents at such points. 
The magnitudes of the concentrations can be found from kinematic re¬ 


quirements.' 

For complicated loading conditions, deflections of elastic beams de¬ 
termined by the moment-area method are often best found by superpo¬ 
sition. In this manner, the areas of the separate MIEI diagrams may be- 


21 For a systematic treatment of more complex problems see, for example, A. 
C. Scordelis and C. M. Smith, “An Analytical Procedure for Calculating Truss 
Displacements,” Proc. ASCE112 (July 1955): 732-1 to 732-17. 
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come simple geometrical shapes. In the next section, superposition is used 
in solving statically indeterminate problems. 

The method described here can be used very effectively in determining 
the inelastic deflection of beams, provided the MIEI diagrams are replaced 
by the curvature diagrams such as in Fig. 10-26(c). 


**10-15. Statically Indeterminate Beams 


Statically indeterminate beams can readily be solved for unknown re¬ 
actions using the moment-area method by employing superposition. After 
the redundant reactions are determined, the beam deflections and rota¬ 
tions can be found in the usual manner, again, often employing super¬ 
position. Two different procedures for finding the redundant reactions are 
considered in this section. In the more widely used procedure, it is rec¬ 
ognized that restrained 22 and continuous beams differ from simply sup¬ 
ported beams mainly by the presence of redundant moments at the sup¬ 
ports. Therefore, bending-moment diagrams for these beams may be 
considered to consist of two independent parts—one part for the moment 

oil r\-F tko 1 1 r. n. r. r. r... ri t n T_ .. - * 1 __ 


wuUJW cjr uix VJ 1 LUV uppitvu luauuifi uu a uwaiu aasuuicu 1>J UC Mllipiy 


supported, the other part for the redundant end moments. Thus, the effect 


of redundant end moments is superposed on a beam assumed to be simply 


supported. Physically, this notion can be clarified by imagining an in¬ 


determinate beam cut through at the supports while the vertical reactions 


are maintained. The continuity of the elastic curve of the beam is pre¬ 
served by the redundant moments. 


Although the critical ordinates of the bending-moment diagrams caused 
by the redundant moments are not known, their shape is known. Appli¬ 
cation of a redundant moment at an end of a simple beam results in a 
triangular-shaped moment diagram, with a maximum at the applied mo¬ 
ment, and a zero ordinate at the other end. Likewise, when end moments 


are present at both ends of a simple beam, two triangular moment dia¬ 
grams superpose into a trapezoidal-shaped diagram. 

The known and the unknown parts of the bending-moment diagram 
together give a complete bending-moment diagram. This whole diagram 
can then be used in applying the moment-area theorems to the continuous 
elastic curve of a beam. The geometrical conditions of a problem, such 
as the continuity of the elastic curve at the support or the tangents at 
built-in ends that cannot rotate, permit a rapid formulation of equations 
for the unknown values of the redundant moments at the supports. 

An alternative method for determining the redundant reactions employs 
a procedure of plotting the bending-moment diagrams by parts In apply 
ing this method, only one of the existing fixed supports is left, in place, 
creating a cantilever. Then separate bending-moment diagrams for each 
one of the applied forces as well as for the unknown reactions at the 


22 Indeterminate beams with one or more fixed ends are called restrained 
beams. 
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unsupported heam end are drawn. The sum of all of these moment dia¬ 
grams for the cantilever make up the complete bending-moment diagram 
then used in the usual manner. 

In either method, for beams of variable flexural rigidity, the moment 
diagrams must be divided by the corresponding EV s. 

Both methods of solving for the redundant reactions arc illustrated in 
the following examples. 


EXAMPLE 10-22 

Find the maximum downward defllection of the small aluminum beam shown in 
Fig. 10-36(a) due to an applied force P = 100 N. The beam's constant flexural 
rigidity El — 60 N-m 2 . 


Solution 

The solution of this problem consists of two parts. First, a redundant reaction 
must be determined to establish the numerical values for the bending-moment 
diagram; then the usual moment-area procedure is applied to find the deflection. 

By assuming the beam is released from the redundant end moment, a simple 
beam-moment diagiam is constructed above the base line in Fig. 10-36(b). The 
moment diagram of known shape due to the unknown redundant moment M A is 
shown on the same diagram below the base line. One assumes M A to be positive, 
since in this manner, its correct sign is obtained automatically according to the 
beam sign convention. The composite diagram represents a complete bending- 
moment diagram. 




Fig. 10-36 
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The tangent at the built-in end remains horizontal after the application of force 
P . Hence, the geometrical condition is t BIA = 0. An equation formulated on this 
basis yields a solution for M A . 1S The equations of static equilibrium are used to 
compute the reactions. The final bending-moment diagram, Fig. 10-36(d), is ob¬ 
tained in the usual manner after the reactions are known. Thus, since t B/A «= 0, 

“ (0.25X6) | (0.25 + 0.10) + | (0.25)M A ~ (0.25)j = 0 

Hence, M A = -4.2 N-m. Since, initially, M A was assumed to be positive, and 
is so shown m Figs. 10-36(a) and (b), tills result indicates that actually M A has 
an opposite sense. The correct sense for M A must be used in the equations of 
statics that follow and is reflected in the shear and moment diagrams constructed 
in Figs. 10-36(c) and (d), respectively. 

2 M a = 0 C + 100(0.15) - R b { 0.25) - 4.2 = 0 R B = 43.2 N 

2 Mb = 0 o + 100(0.10) + 4.2 - R a ( 0.25) = 0 R A = 56.8 N 

Check: 2 F, = 0 f + 43.2 + 56.8 - 100 = 0 

The maximum deflection occurs where the tangent to the elastic curve is hor¬ 
izontal, point C in Fig. 10-36(a). Hence, by noting that the tangent at A is also 
horizontal and using the first moment-area theorem, point C is located. This oc¬ 
curs when the hatched areas in Fig. 10-36(d) having opposite signs are equal, i.e., 
at a distance 2 a = 2(4.2/36.8) - 0.148 m from A. The tangential deviation t A /c 
(or c C /a) gives the deflection of point C. 


'• Vc — t A ic 

i n 


: — X U.U/4I. + 4.2) ^U.U/4 + - X U.074J 

+ i x 0.074(-4.2)| x 0.074j 
‘ (15.36)10- 3 /£7 = 0.256 mm (down) 


Alternative Solution 

A rapid solution can also be obtained by plotting the moment diagram by can¬ 
tilever parts. This is shown in Fig. 30-36(e). Note that one of the ordinates is in 
terms of the redundant reaction R B . Again, using the geometrical condition t B/A 
~ 0, one obtains an equation yielding R B . Other reactions follow by statics. From 

tBIA ~ 0 , 


~ i(0.25)( + 0.25fi,)|(0.25) + i(0.15)(-15)^0.1 + | x 0.15 


Hence, R B — 43.2 N, acting up as assumed. 


See Table 2 of the Appendix for the centroidal distance of a whole triangle. 
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V m a „ oO + M a + 43.2(0.25) - 100(0.15) = 0 M A - 4.2 N-m 

Here M A , within the equation of statics for the summation of moments, is 
considered positive since it is assumed to act in a counterclockwise direction. 
However, in the beam sign convention, such an end moment at A is negative. 

After the combined moment diagram is constructed. Fig. 10-36(d), the remain¬ 
der of the work is the same as in the preceding solution. 


EXAMPLE 10-23 

Find the moments at the supports for a fixed-end beam loaded with a uniformly 
distributed load of w„ N/m; see Fig. 10-37(a). 

Solution 

The moments at the supports are called fixed-end moments, and their determi¬ 
nation is of great importance in structural theory. Due to symmetry in this prob¬ 
lem, the fixed end moments are equal, as are the vertical reactions, which are 
w a L!2 each. The moment diagram for this beam, considered to be simply sup¬ 
ported, is a parabola, as shown in Fig. 10-37(b), while the assumed positive fixed- 
end moments give the rectangular diagram shown in the same figure. 

Although this beam is statically indeterminate to the second degree, because 
of symmetry, a single equation based on a geometrical condition is sufficient to 
yield the redundant moments. From the geometry of the elastic curve, any one 
of the following conditions may be used: ABa/b - 0, 24 t B /A = 0, or t A/B = 0. From 
the first condition, A0a/b - 0, 



^~) + L( + M a ) = 0 


24 Also since the tangent at the center of the span is horizontal, A 0 a/c = 0 and 
A0c/s = 0. 



Fig. 10-37 
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xv.L 2 

then M A = M b = - (10-44) 

The negative sign for these moments indicates that their sense is opposite from 
that assumed in Figs. 10-37(a) and (b). 

The composite moment diagram is shown in Fig. 10-37(c). In comparison with 
the maximum bending moment of a simple beam, a considerable reduction in the 
magnitude of the critical moments occurs. 

Alternative Solution 

The moment diagram by cantilever parts is shown in Fig. 10-37(d). Noting that 
Ra = &b = w a LI2, and using the same geometrical condition as above, A0 a/b = 

0, one can verify the former solution as follows: 



EXAMPLE 10-24 

A beam fixed at both ends carries a concentrated force P, as shown in Fig. 10- 
38. Find the fixed-end moments. El is constant. 

Solution 

By treating beam Afl as a simple beam, the moment diagram due to P is shown 
above the base line in Fig. 10-38(b). The assumed positive fixed-end moments 
are not equal and result in the trapezoidal diagram. Three geometrical conditions 
for the elastic curve are available to solve this problem, which is indeterminate 
to the second degree: 

(a) A0 a/s = 0, since the change in angle between the tangents at A and B is 
zero. 

(b) Ib/a = 0, since support B does not deviate from a fixed tangent at A. 

(c) Similarly, t A /B - 0. 



Fig. 10-38 
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Any two of rhesp conditions may he used; arithmetical simplicity of the resulting 
equations governs the choice. Thus, by using condition (a), which is always the 
simplest, and condition (b), the two equations are 25 

ABa/b = py (y ^ 2 + 2 = ® 


ir M a + M b = -- 

1 Tl Pab 1 , r 1 r ,. 2 r 1 1 r l . 

r D ,A = — I - I. - (L 4- h) + - LMa - L + -LMn - L I = 0 

El 12/' L 3' ‘ 2 ** 3 2 3 J 

»r 2 Ma + Mb = —jy & + 

Soivinc th/=* two reduced eouations simultaneously eives 


These negative moments have an opposite sense from that initially assumed 
and shown in Figs. 10-38(a) and (b). 


EXAMPLE 10-25 

Plot moment and shear.diagrams for a continuous beam loaded as shown in Fig. 
10-39(a). El is constant for the whole beam. 


Solution 

This beam is statically indeterminate to the second degree. By treating each span 
as a simple beam with the redundant moments assumed positive, the moment 
diagram of Fig. l0-39(c) is obtained. For each span, these diagrams are similar 
to the ones shown earlier in Figs. 10-36(b) and 10-38(b). No end moments exist 
at A as this end is on a roller. The clue to the solution is contained in two geo¬ 
metrical conditions for the elastic curve for the whole beam, Fig. 10-39(d): 

(a) ~ 6fl. Since the beam is physically continuous, there is a line at support 

(b) t B ic = 0, since support B does not deviate from a fixed tangent at C. 

To apply condition (a), t A/B and i ' C ib are determined, and, by dividing these 
quantities by the respective span lengths, the two angles Q& and 0a are obtained. 
These angles are equal. However, although tern is algebraically expressed as a 
positive quantity, the tangent through point B is above point C. Therefore, this 
deviation must be considered negative. Hence, by using condition (a), one equa¬ 
tion with the redundant moments is obtained. 


See Table 2 of the Appendix for the centroidal distance of a whole triangle. 
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_j_ / 1QQQ + lQQMg/3 
El \ 10 


tA/B _ _ tc/B 
La/b Las 

J_ / 2880 + 108M g + SAMg 
El V 18 


28M s /3 + 3 M c = -26U 


Generalizing the procedure used in the preceding example, a recurrence for¬ 
mula, i.e., an equation which may be repeatedly applied for every two adjoining 
spans, may be derived for continuous beams. For any n number of spans, 
it — 1 such equations may be written. This gives enough simultaneous equations 
for the solution of redundant moments over the supports. This recurrence formula 
is called the three-moment equation because three unknown moments appear in 


Using condition (b) for span BC provides another equation, t B /c = 0, or 


-18( -I- 40) — (18 + 12) + -i8(+Ms)“iS + -isC + McjrlS = 0 


3 M b + 6 M c = -200 


1 CULU.CU cquauuus &iiiuiiiaiicLJU3i;, 


Mb = -20.4 ft-lb and M c = - 23.3 ft-lb 

where the signs agree with the convention of signs used for beams. These moments 
with their proper sense are shown in Fig. 10-39(b). 

After the redundant moments M A and M B are found, no new techniques are 
necessary to construct the moment and shear diagrams. However, particular care 
must be exercised to include the moments at the supports while computing shears 
and reactions. Usually, isolated beams, as shown in Fig. 10-39(b), are the most 
convenient ffee-bodies for determining shears. Reactions follow by adding the 
shears on the adjoining beams. 

For free body AB: 

2 Mb = 0 o + 2.4(10)5 - 20.4 - lOfo = 0 ft, = 9.96 k f 
2 M a = 0 O + 2.4(10)5 + 20.4 - 10Vi = 0 V’„ = 14.04 k | 

For free body BC: 

2 M c = 0 Q + 10(6) + 20.4 - 23.3 - lBVk - 0 

2 Mb = 0 G + 10(12) - 20.4 4 23.3 \iV c “ 0 

Vc “ Rc = 6.83 k t 

Check: R A + Vi = 24 k t and V", + R c = 10 k t 
From above, R B = V' B + V B = 17.21 kips |. 

The complete shear and moment diagrams are shown in Figs. 10-39(e) and (f), 
respectively. 


Problems 

Section 10-2 

10-1. A 2 x 6 mm steel strip 3142 mm long is damped 
at one end as shown in the figure. What is the required 
end moment to force the strip to touch the wall? What 
would be the maximum stress when the strip is in the 
bent condition? £ - 200 GPa. 



10-2. A round aluminum bar of 6 mm diameter is bent ample 10-2 is x~ + (v — \ 

into a circular ring having a mean diameter of 3 m. {Hint: Let dvldx - tan 

What is the maximum stress in the bar? E - 70 GPa. 10-9 through 10-29. (a 

10-3. What will be the radius of curvature of a W 8 x the elastic curves for th 

17 beam bent around the X-X axis if the stress in the due to the applied loadir 

extreme fibers is 36 ksi? £ = 29 x 10 6 psi. ditions. Unless directed 

*10-4. Assume that a straight rectangular bar after se- whichever * s sn 

vere cold working has a residual stress distribution £{, 1S conslan ri excc P L L 
such as was found in Example 6-12; see Fig. 6-29. (a) Wherever applicable, ta 
tp „„„ „p .u.. -np tuir :r ™n„v, j,, antisymmetry, (b) For 

off on the top and on the bottom, reducing the bar to on ^’ P^ ot s * iear anc * mo 

two-thirds of its original thickness, what will be the ^ ca * on ^ nates - 

curvature p of the machined bar? Assign the necessary 
parameters to solve this problem in general terms, (b) 

For the previous conditions if the bar is 1 in” and 40 

in long, what will be the deflection of the bar at the 27 This follows by ret; 
center from the chord through the end? Let oy p = 54 pansion of i?(l - cos G 

ksi and E - 21 y. 10 6 psi. Note that for small deflec- eluded angle. 

26 For discussion of this procedure, for example, see E. P. Popov, Mechanics 
of Materials , 2nd ed. (Englewood Cliffs, NJ: 1976) 435-440. 


tions, the maximum deflection from a chord L long of 
a curve bent into a circle of radius R is approximately 27 
E 2 /(81?). (Hint: The machining operation removes the 
internal microresidual stresses.) 

Section 10-7 

10-5. If the equation of the elastic curve for a simply 
supported beam of length L having a constant El is 
v = {k/360El)(-3x 5 + 10.t 3 L 2 - lxL A ), how is the 
beam loaded? 

10-6. An elastic beam of constant El and of length L 
has the deflected shape EIv(x) = M p (.r 3 — x 7 L)I4L. 
(a) Determine the loading and support conditions, (b) 
Plot the shear and moment diagrams for the beam and 
sketch the deflected shape. 

10-7. Rework Example 10-2 by taking the origin of the 
coordinate system at the free end. 

*10-8. Using the exact differential equation, Eq. 10- 
8, show that the equation of the elastic curve in Ex¬ 
ample 10-2 is x 2 + {v - p) 2 = p 2 , where p is a constant. 
(Hint: Let dvldx - tan 0 and integrate.) 

10-9 through 10-29. (a) Determine the equations of 
the elastic curves for the beams shown in the figures 
due to the applied loading for the given boundary con¬ 
ditions. Unless directed otherwise, use Eq. 10-14a or 
10-14c, whichever is simpler to apply. For all cases, 
El is constant, except that in Piob. 10-20, El varies. 
Wherever applicable, take advantage of symmetry or 
antisymmetry, (b) For statically indeterminate cases 
only, plot shear and moment diagrams, giving all crit¬ 
ical ordinates. 


27 This follows by retaining the first term of the ex¬ 
pansion of i?(l - cos 0), where 0 is one-half the in¬ 
cluded angle. 
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10-30 through 10-32. (a) Determine equations for the 
elastic curves due to an imposed small vertical dis¬ 
placement A of the end for the beams of length L and 
of constant El shown in the figures, (b) Plot shear and 
moment diagrams. 



Fig. PI0-32 


10-33. IfinProb. 10-17, the cross-sectional area ofthe 
beam is constant, and the left half of the span is made 
of steel (E = 30 x 10 6 psi) and the right half is made 
of aluminum (E = 10 x 10 6 psi), determine the equa¬ 
tion of the elastic curve. 

10-34. What is the equation of the elastic curve for 
the cantilever of constant width and flexural strength 
loaded at the end by a concentrated force P? See Figs. 

9- 17(a) and (d). Neglect the effect of the required in¬ 
crease in beam depth at the end for shear. 

10- 35. An overhanging beam of constant flexural ri 
gidity El is loaded as shown in the figure. For portion 
AB of the beam, (a) find the equation of the elastic 
curve due to the applied load of 2vv 0 N/m, and (b) de¬ 
termine the maximum deflection between the supports 
and the deflection midway between the supports. 


2 w 0 N/m 



Fig. P10-35 


10-36. A beam with an overhang of constant flexural 
rigidity El is loaded as shown in the figure, (a) Deter¬ 
mine length a of the overhang such that the elastic 
curve would be horizontal over support B. (B) Deter¬ 
mine the maximum deflection between the supports. 



Fig. PI0-36 


10-37. Using a scmigraphical procedure, such as 
shown in Figs. 10-9 and 10-13, find the deflection of 
the beam at the point ofthe applied load; see the figure. 
Let /1 - 400 in 4 , U — 300 in 4 , and E = 30 x 10 6 psi. 




Fig. PI0-37 


10-38. Using a semigraphical procedure, such as 
shown in Figs. 10-9 and 10-13, find the deflection at 
the center of the span for the beam loaded as shown 
in the figure. Neglect the effect of the axial force on 
deflection. El for the beam is constant. 


251b 25 lb 



Fig. PI0-38 


10-39. A steel beam is to span 30 ft and support a 1.2 
k/ft uniformly distributed load, including its own 
weight. Select the required W section of minimum 
weight, using the abridged Table 4 in the Appendix, 
for bending around its strong axis. The allowable benu- 
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ing stress is 24 ksi and that for shear is 14.4 ksi. It is 
also required that the maximum deflection does not 
exceed 1 in. This requirement corresponds to 1/360-th 
of the span length and is often used to limit deflection 
due to the applied load in building design. E - 29 x 
10 3 ksi. 

10-40. A wooden beam is to span 24 ft and to support 
a 1 k/ft uniformly distributed' load, including its own 
weight. Select the size required from Table 10 in the 
Appendix. The allowable bending stress is 2000 psi and 
that in shear is 100 psi. The deflection is limited to 
1/360-th of the span length. 

10-41. The maximum deflection for a simple beam 
spanning 24 ft and carrying a uniformly distributed 
load of 40 k total, including its own weight, is limited 
to 0.5 in. (a) Specify the required steel I beam. Let E 
= 30 x 10 6 psi. (b) What size aluminum-alloy beam 
would be needed for the same requirements? Let E = 
IU x 10 s psi, and use Table 3 in the Appendix for 
section properties, (c) j^ctcrnunc the maximum 
stresses in both cases. 

10*42. A uniformly loaded 6 x 12 in (nominal size) 
wooden beam spans 10 ft and is considered to have 
satisfactory deflection characteristics. Select an alu¬ 
minum-alloy I beam, a steel I beam, and a pulyesier- 
plastic I beam having the same deflection character¬ 


istics. In making the beam selections, neglect the dif¬ 
ferences in their own weights. Let E = 1.5 x 10 6 psi 
for wood and polyester plastic, E = 10 x l(J e psi for 


properties of all I beams, use Table 4 in the Appendix. 



Fig. P10-48 



77M77 I 77^/777 


Section 10-8 Fig- mo-49 

10-43. Using singularity functions, rework Frob. 10- 
19. 

10-44. Using singularity functions, rework Prob. 10- 
29. 

10-45 throughlO-50. Using singularity functions, ob¬ 
tain equations for the elastic curves for the beams 
loaded as shown in the figures. El is constant for all 
beams. Fl 9- MO-50 

w B N/m 

Section 10-9. Use the deflection equa¬ 
tions in Examples 10-2 through 10-6 and 
Tdblell in the Appendix. 

10-51. (a) From the solution given in Table 11 in the 
Fig. FdO-45 Appendix for a cantilever loaded by a concentrated 
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force P at the end, show that the free-end deflection 
at A for the cantilever shown in the figure is 

(b) Show that the deflection at A due to force P at B 
is equal to the deflection at B due to force P at A. (See 
Section 13-4 on Maxwell’s theorem of reciprocal de¬ 
flections.) . 



Fig. PI0-51 


10-52. The data for a beam loaded as shown in Fig. 
10-17 are w 0 ^ 30 kN/m, P — 25 kN, L - 3m, and 
a - 1.2 m. If the beam is made from a W 8 x 24 section 
(/ = 29 x 10 6 mm 4 ), what is the deflection of the free 
end C caused by the applied loads? E = 200 GPa. 
10-53. A W 8 x 40 steel beam is loaded as shown in 
the figure. Calculate the deflection at the center of the 
span. E = 29 x 10 3 ksi. 



Fig. P10-53 


10-54. Using the results found in Example 10-6 for 
deflection of a beam due to a concentrated force P, 



determine the deflection at the center of the heam 
caused by a uniformly distributed downward load w 
( l'reat w 0 dx as an infinitesimal concentrated force, and 
integrate.) This method of influence coefficients (so 
named by Maxwell) can be effectively used for many 
distributed-load problems. 

10-55. Using the method outlined in the preceding 
problem, determine the deflection at the center of the 
beam for the loading given in Prob. 10-49. 

10-56. An elastic prismatic beam with an overhang is 
loaded with a concentrated end moment M u . Deter¬ 
mine the deflection of the free end. The spring constant 
k = 48 EIIL?. 



Fig. P10-56 

10-57. An L-shaped member, such as shown in Fig. 
10-16(a), is made up from a bar of constant cross sec¬ 
tion. Determine the horizontal and vertical deflections 
of point C caused by applied force P. Let a = L/4. 
Neglect the effect on deflection of the axial force in 
the horizontal member and of the shear in the vertical 
member. Express the results in terms of P, L, E, 
and /. 

10-58. A vertical rod with a concentrated mass at its 
free end is attached to a rotating plane, as shown in 
the figure, (a) At what angular velocity to will the max¬ 
imum bendin® stress in the rod >ust reach yield? (h) 
For the condition in (a), determine the deflection of 
the mass. The rod is 5 mm in diameter and its mass is 
150 x 10 -c kg/mm. The mass at the top of the rod is 
60 x 10 -3 kg and can be considered to be concentrated 
at a point. cr yp = 1 GPa and E = 200 GPa. 



Fig. P10-54 


Fig. P10-58 
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10-65. A flexible steel bar is suspended by three steel 
rods, as shown in the figure, with the dimensions given 
in mm. If, initially, the rods are taut, what additional 
forces will develop in the rods due to the application 
of the force F — 1500 N and a drop in temperature of 
50°C in the right rod? The cross-sectional area of each 
rod is 10 mm 2 , and a = 12 x 10 -6 per °C. For the 
bar, 7 = 2 x 10 4 mm 4 , and for steel, E = 200 x 10 3 
N/mm 2 . 


's///// ///////. ■//////, . 



Fig. PI0-65 


10-66. An L-shaped steel rod of 2.125 in diameter is 
built-in at one end to a rigid wall and is simply sup 
ported at the other end, as shown in the figure. In plan 
the bend is 90°. What bending moment will be devel¬ 
oped at the built-in end due to the application of a 2000- 
lb force at the corner of the rod? Assume E = 30 x 
10 6 psi, G = 12 x 10 6 psi, and, for simplicity, let / = 
1.00 in 4 and J = 2.00 in 4 . 





Fig. P10-66 

10-67. Two parallel circular steel shafts of the same 
length are fixed at one end and are interconnected at 
the other end by means of a taut vertical wire, as 
shown in the figure. The shafts are 40 mm in diameter; 
the radius of the rigid pulley keyed to the upper shaft 
is 100 mm. The cross-scctional area of the intercon¬ 
necting wire is 5 mm 2 . If a vertical pull P of 100 N is 
applied to the lower shaft, how much of the applied 



Fig. P10-67 


force will be carried by the upper shaft? E - 200 GPa 
and G - 80 GPa. 

10-68. A horizontal L-shaped rod is connected by a 
taut wire to a cantilever, as shown in the figure. If a 
drop in temperature of 100°C takes place and a down¬ 
ward force P = 250 N is applied at the end of the 
cantilever, what maximum bending stress will this 
cause at the cantilever support? Assume elastic be¬ 
havior and neglect stress concentrations. All dimen¬ 
sions shown in the figure are in mm. The diameter of 



Fig. P10-68 
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mm. The cross-sectional area of the wire is 0.40 mm . 
The assembly is made from steel having E ~ 200 GPa, 
v = 0.25, G = 80 GPa, and a = 11.7 x UT e per °C. 
10-69. The temperature in a furnace is measured by 

. -r . _ ir. it TVi» iinra 

means ux a bmmicas-sicu wu^ (jmo-vu .n cl. xhw hoc 
is fastened to the end of a cantilever beam outside the 
furnace. The strain measured by the strain gage glued 
to the outside of the beam is a measure of the tem¬ 
perature. Assuming that the full length of the wire is 
heated to the furnace temperature, what is the change 
in furnace temperature if the gage records a change in 
strain of -100 x 10 -6 in/in? Assume that the wire has 
sufficient initial tension to perform as intended. The 
mechanical properties of the materials are as follows: 
— os v in~ 6 nor°F rv.. = 1? x 1f) _6 ner°F. 

ujjjj - ^ — .. .V t--* -5 —m — -- c- - 

Ess = 30 x 10 6 psi, E m = 10 x 10 6 psi, A wire = 5 x 
lO -4 in 2 , Zbm, = 6.5 x lO -4 in 4 . The depth of the 
small beam is 0.25 in. 



Fig. PI0-69 


in.7Q_ wjth [tig aM Qf tfi.e first two solutions given in 
Table 11 of the Appendix, (a) find the reaction at A, 
and (b) plot the shear and moment diagrams and show 
the deflected shape of the beam. 



Fig. PI0-70 
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10-71. A 5-ft-long cantilever is loaded at ihe end with 
a force P ~ 1000 lb forming an angle a with the ver¬ 
tical. The member is an S 8 x 18.4 steel beam. De¬ 
termine the total tip deflection for a = 0°, 10°, 45°, 
and 90° caused by the applied force. E = 29 x 10° psi. 
(b) Verify that deflections are normal to the neutral 
axes. 



Fig. P10-71 


10-72. Determine the maximum deflection for the 
wooden beam in Example 6-15, Fig. 6-36. E = 12 GPa 
for the wood. Verify that the maximum deflection is 
normal to the neutral axis. 

10-73. Consider an aluminum-alloy Z section having 
the dimensions given in Prob. 7-41. If a 100-in hori¬ 
zontal cantilever employing this section is fixed at one 
end and is subjected to a vertical downward 7.0-lb force 
at the centroid of the other end, what is the maximum 
deflection? How does the direction of this force relate 
to the neutral axis? E - 10 x 10 3 ksi. 

Secfion 10-ii 

10-74. Consider a W 18 x 35 short steel cantilever 
fixed at one end and loaded at the free end, as shown 
in Fig. 10-23. Determine the length of this cantilever 
such that the deflection due to flexure is the same as 
that due to shear. The steel yields at 36 ksi in tension 
or compression and at 21 ksi in shear. Note that unlike 
a rectangular beam, it can be assumed that only the 
web yields uniformly in shear. (Although this solution 
is not exact, the results are representative of actual 
conditions.) 

10-75. A heavy object weighing 4000 lb is dropped in 
the middle of a 20-ft simple span through a distance of 
1 in. If the supporting beam is a W 10 x 33 steel beam, 
what is the impact factor? Assume elastic behavior. E 
= 29 x 10 6 psi. 


L 
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Section 10-12 

10-76. A 1 -in square bar of a linearly elastic-plastic 
material is to be wrapped around a round mandrel, as 
shown in the figure, (a) What mandrel diameter D is 
required so that the outer thirds of the cross sections 
become plastic, i.e., the elastic core is 3 in deep by 1 
in wide? Assume the material to be initially stress-free 
with ffyp - 40 ksi. Let E - 30 x 10 6 psi. The pitch 
of the heli* angle is so small that only the bending of 
the bar in a plane need be considered, (b) What will 
be the diameter of the coil after the release of the forces 
used in forming it? Stated alternatively, determine the 
coil diameter after the elastic springback. 



Fig. P10-76 


10-77. A rectangular, weightless, simple beam of lin¬ 
early elastic-plastic material is loaded in the middle by 
force P, as shown in the figure, (a) Determine the mag¬ 
nitude of force P that would cause the plastic zone to 
penetrate one-fourth of the beam depth from each side, 
(b) For the previous loading condition, sketch the mo¬ 
ment-curvature diagram, clearly showing it for the 
plastic zone. 





Fig. MO-77 


Section 10-14. Beam deflections for 
specified points In many of the prob- 
Isms for sections 10-7 one! 10-6 con be 
assigned for solution by the moment- 
area method. 

10-78 through 10-89. Using the moment-area 
method, determine the deflection and the slope of the 
elastic curves at points A due to the applied loads for 


tion of deflection and of rotation for the 


’ thu. uirec- 

calculated 


quantities. If neither the size of a beam nor its moment 
of inertia are given, El is constant. Wherever needed 
let E = 29 x 10 3 ksi or 200 GPa. In all cases, a well! 


nn=*nan=-H cW-fr-h nf th^ Hsictir* nirv^ chnurinn 


flection points, should be made. 



Fig. P10-78 



Fig. P10-79 


w 0 N/m 



Fig. P10-80 
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10-90. Determine the deflection at the midspan of a 
simple beam, loaded as shown in the figure, by solving 
the two separate problems indicated and superimpos¬ 
ing the results. Use the moment-area method. El is 


constant. {Note: Solutions of complex problems by 
subdividing them into a symmetrica] part and an un- 
symmetrical part is often very advantageous because 
it reduces the numerical work.) 






570 


Deflection of 8eams 


10*91. Determine the elastic deflection at the center 
of the span for the beam loaded as shown in the figure 
if /1 = 10 x 10 6 mm 4 , / 2 = 20 x 10 6 mm 4 , and E — 
70 GPa. All given dimensions are in meters. 


[ I 


■in.inn nnrl IfMfM TTcinff __ . 

--— ~ -“*ts »*— •““ uiuiuua, 

determine the deflection and slope of the overhang at 
point A for the beams loaded as shown in the figures 
El in the second problem is constant. 



Fig. P10-100 


10*92. Using the moment-area method, establish the 
equation of the elastic curve for the beam in Prob. 
10-9. 


equation of the elastic curve for the beam in Prob. 
10-83. 

10-94. Using the moment-area method, determine the 
maximum deflection for the beam in Prob. 10-85. 


10-95. Using the moment-area method, determine the 
maximum deflection for the beam in Prob. 10-86. 
10-96. Using the moment-area method, determine the 
maximum deflection for the beam in Prob. 10-82. 
10-97. Using the moment-area method, determine the 
maximum deflection for the beam in Prob. 10-87. 
10-98. Using the moment-area method, rework Prob. 
10-38, and, in addition, determine the maximum de¬ 
flection. 

10-99. For the beam loaded as shown in the figure, 
determine (a) the deflection at the center of the span, 
(b) the deflection at the point of inflection of the elastic 
curve, and (c) the maximum deflection. El — 1,8001b- 



6 kN/m 



Fig. PiO-IOi 


10-102. Determine the maximum upward deflection 
for the overhang of a beam loaded as shown in the 
figure. E and I are constant. 



Fig. P10-102 


10-103. For the elastic beam of constant flexural ri¬ 
gidity El, loaded as shown in the figure, find the de¬ 
flection and the slope at points A and C. 



10-104. A structure is formed by joining a simple beam 
to a cantilever with a hin CT e as shown in the figure. If 
a 10-kN force is applied at the center of the simple 


Fig. PiO-99 
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Fig. PI0-104 

span, determine the deflection at A caused by this 
force. El is constant over the entire structure. 

10-105. A hinged beam system is loaded as shown in 
the figure. Determine the deflection and slope of the 
elastic curve at point A. 



10-106. Beam AB is subjected to an end moment at A 
and an unknown concentrated moment M c , as shown 
in the figure. Using the moment-area method, deter¬ 
mine the magnitude of the bending moment M c so that 
the deflection at point B will be equal to zero. El is 
constant. 


10-108. A ii«ht pointer is attached onb’ at A to a 6 x 
6 in (actual) wooden beam, as shown in the figure. 
Determine the position of the end of the pointer after 
a concentrated force of 1200 lb is applied. E = 1.2 x 
10 6 psi. 

IZUOlb 



Fig. PI0-108 


10-109. Beam ABCD is initially horizontal. Load P is 
then applied at C, as shown in the figure. It is desired 
to place a vertical force at B to bring the position of 
the beam at B back to the original level ABCD. What 
force is required at 5? 


p 



^—^1 


Fig. P10-109 

Section 10-15 



Fig. PI 0-106 


10-107. The beam shown in the figure has a constant 
El = 3600 x 10® lb-in 2 . Determine the distance a such 
that the deflection at A would be 0.25 in if the end 
were subjected to a concentrated moment M A = 15 
k-ft. 


10-110 and 10-111. For the beams loaded as shown in 
the figures, using the moment-area method, determine 
the redundant reactions and plot shear and moment 



Fig. P10-110 


100 kN/m 
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IQ-112, For the beam loaded as shown in the figure, 
(a) determine the ratio of the moment at the fixed end 
to the applied moment M A \ (b) determine the rotation 
of the end A. El is constant. 




Fig. MO-112 

10-113. (a) Using the moment-area method, determine 
the redundant moment at the fixed end for the beam 
shown in the figure, and plot the shear and moment 
diagrams. Neglect the weight of the beam, (b) Select 
a W beam using an allowable bending stress of 18,000 
psi and a shearing stress of 12,000 psi. (c) Determine 
the maximum deflection of the beam between the sup¬ 
ports and the maximum deflection of the overhang. 
£ - 29 x 10 6 psi. 



Fig. MO-113 


10-114. (a) Using the moment-area method, determine 
the redundant moment at the fixed end for the beam 
shown in the figure and plot the shear and moment 
diagrams. Neglect the weight of the beam, (b) Select 
the depth for a 200-mm-wide wooden beam using an 
allowable bending stress of 8000 kN/m 2 and a shear 
stress of 1000 kN/m 2 . 

24 kN 


Fig. MO-114 

10-115. For the beam of constant flexural rigidity El 
and loaded as shown in the figure, (a) determine the 
reaction and the deflection at point A. The spring con¬ 



stant k = 3£//a 3 . (b) Plot the shear and moment dia¬ 
grams. Show the deflected shape of the beam. 

10-116. For the beam loaded as shown in the figure, 
(a) plot the shear and bending moment diagrams, (b) 
sketch the shape of the elastic curve showing the point 
of inflection, and (c) determine the rotation of end A. 



10-117. For the beam loaded as shown in the figure, 
(a) determine the ratio of the moment at the fixed end 
to the applied moment M A ; (b) determine the rotation 
of end A. 



Fig. MO-117 


10-118. Using the moment-area method, show that the 
maximum deflection of a beam fixed at both ends and 
carrying a uniformly distributed load is one-fifth the 
maximum deflection of the same beam simply sup¬ 
ported. El is constant. 

10-119 and 10-120. For the beams of constant El 
shown in the figures, using the moment-area method, 

(a) determine the fixed-end moments due to the applied 
loads and plot shear and bending-moment diagrams, 

(b) Find the maximum deflections. 
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Fig. MO-119 

60 kN/m 



Fig. MO-120 


10-121 through 10-124. For the beams of constant 
flexural rigidity shown in the figures, plot the shear 
and bending-moment diagrams. Locate points of in¬ 
flection and sketch the elastic curves. 



Fig. MO-122 


w (total) 



Fig. M0-123 
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Fig. MO-124 


10-125. A beam of constant flexural rigidity El is fixed 
at both its ends, a dislance L apart. If one of the sup¬ 
ports settles vertically downward an amount A relative 
to the other support (without causing any rotation), 
what moments will be induced at the ends? 

10-126 and 10-127. Plot the shear and bending-mo¬ 
ment diagrams for the beams of variable flexural rig- 

..U.-....., tha Cmtra, T nr- ot-» rv-\intc nf inflection 
lumca auuwii ui uiv »'*'***«- --- 

and sketch the elastic curves. 



Fig. M0-127 


10-128. Rework Example 10-25 after assuming that 
right support C is pinned. 

10-129. After assuming that the left support is fixed, 
rework Prob. 10-124. 

10-130. Assuming that both supports A and C are 
fixed, rework Example 10-25. 




Sec. 11-1. introduction 
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11-1. Introduction 

The selection of structural and machine elements is based on three char¬ 
acteristics: strength, stiffness, and stability. The procedures of stress and 
deformation analyses in a state of stable equilibrium were discussed in 
some detail in the preceding chapters. But not all structural systems are 
necessarily stable. For example, consider a square-ended metal rod of 
say 10 mm in diameter. If such a rod were made 20 mm long to act as an 
axially compressed member, no question of instability would enter, and 
a considerable force could be applied. On the other hand, if another rod 
of the same material were made 1000 mm long to act in compression, 
then, at a much smaller load than the short piece could carry, the long 
rod would buckle laterally and could collapse. A slender measuring stick, 
if subjected to an axial compression, could fail in the same manner. The 
consideration of material strength alone is not sufficient to predict the 
behavior of such members. Stability considerations are primary in some 
structural systems. 

The phenomenon of structural instability occurs in numerous situations 
where compressive stresses are present. Thin sheets, although fully ca¬ 
pable of sustaining tensile loadings, are very poor in transmitting compres¬ 
sion. Narrow beams, unbraced laterally, can turn sidewise and collapse 
under an applied load. Vacuum tanks, as well as submarine hulls, unless 
properly designed, can severely distort under external pressure and can 
assume shapes that differ drastically from their orig inal geometry. A thin- 
walled tube can wrinkle like tissue paper when subjected either to axial 
compression or a torque; see Fig. 11-1. 1 During some stages of firing, the 

1 Figures are adapted from L. A. Harris, H. W. Suer, and W. T. Skene, “Model 
Investigations of Unstiffened and Stiffened Circular Shells,” Experimental Me¬ 
chanics (July 1961): 3 and 5. 




Fig. 11-1 Typical buckling 
patterns for thin-walled 
cylinders (a) in compression 
and (b) in torsion for a 
pressurized cylinder. 
(Courtesy L. A. Harris of 
North American Aviation, 
Inc.) 


thin casings of rockets are critically loaded in compression. These are 
crucially important problems for engineering design. Moreover, often the 
buckling or wrinkling phenomena observed in loaded members occur 
rather suddenly. For this reason, many structural instability failures are 
snectacuiar and very dangerous. 

A vast number of the structural instability problems suggested by the 
preceding listing of problems are beyond the scope of this text. 2 Essen¬ 
tially, only the column problem will be considered here. 

For convenience, this chapter is divided into two parts. Part A is de¬ 
voted to the theory of column buckling, and Part B deals with design 
applications. First, however, examples of possible instabilities that may 
occur in straight prismatic members with different cross sections will be 
discussed. This will be followed by establishing the stability criteria for 
static equilibrium. The purpose of the next two introductory sections is 


2 F. Bleich, Buckling Strength of Metal Structures (New York: McGraw-Hill, 
1952). D. O. Brush, and B. O. Almroth, Buckling of Bars, Plates, and Shells 
(New York: McGraw-Hill, 1975). A. Chajes, Principles of Structural Stability 
(Englewood Cliffs, NJ: Prentice-Hall, 1974). G. Gerard slab.., Handbook of Struc¬ 
tural Stability, Parts I—VI, NACA TN, 3781-3786, (Washington, D.C.: NASA 
1957-1958). B. G. Johnston (ed.), Design Criteria for Metal Compression Mem¬ 
bers , 4th ed. (New York: Wiley, 1988). S. P. Timoshenko, and J. M. Gere, Theory 
of Elastic Stability, 2nd ed. (New York: McGraw-Hill, 1961). A. S. Volmir, Flex¬ 
ible Plates and Shells Air Force FIi°ht D v namics Laboratory (trans.), Technical 
Report No. 66-216, Wright-Patterson Air Force Base, 1967. 
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tn clarify for the reader the aspects of colu 

the remainder of the chapter. 




a@. 



Fig. 11-2 Schematic of 
buckled thin-walled square 
tube. 


*11-2. Examples of Instability 

Analysis of the general instability problem of even straight prismatic cui 
umns discussed in this chapter is rather complex, and it is important to 
be aware, at least in a qualitative way, of the complexities involved to 
understand the limitations of the subsequently derived equations. Buck¬ 
ling of straight columns is strongly influenced by the type of cross section 
and some considerations of this problem follow. 

In numerous engineering applications, compression members have tu¬ 
bular cross sections. If the wall thickness is thin, the plate-like elements 
of such members can buckle locally. An example of this behavior is il¬ 
lustrated in Fig. 11-2(a) for a square thin-walled tube. At a sufficiently 
large axial load, the side walls tend to subdivide into a sequence of al¬ 
ternating inward and outward buckles. As a consequence, the plates carry 
a smaller axial stress in the regions of large amount of buckling displace¬ 
ment away from corners; see Fig. ll-2(b). For such cases, it is customary 
to approximate the complex stress distribution by a constant allowable 
stress acting over an effective width iv next to the corners or stiffeners. 3 
In this text, except for the design of aluminum-alloy columns, it will be 
assumed that the thicknesses of a column plate element are sufficiently 
large to exclude the need for considering this local buckling phenomenon. 

Some aspects requiring attention in a general column instability prob¬ 
lem are illustrated in Fig. 11-3. Here the emphasis is placed on the kind 
of buckling that is possible in prismatic members. A plank of limited 
flexural but adequate torsional stiffness subjected to an axial compressive 
force is shown to buckle in a bending mode; see Fig. ll-3(a). If the same 
plank is subjected to end moments, Fig. ll-3(b), in addition to a flexural 
buckling mode, the cross sections also have a tendency to twist. This is 
a torsion-bending mode of buckling, and the same kind of buckling may 
occur for the eccentric force P , as shown in Fig. ll-3(c). LasLly, a pure 
torsional buckling mode is illustrated in Fig. ll-3(d). This occurs when 
the torsional stiffness of a member is small. As can be recalled from 
Section 4-14, thin-walled open sections are generally poor in torsional 
stiffness. In contrast, thin-walled tubular members are excellent for re¬ 
sisting torques and are torsionally stiff. Therefore, a tubular member, such 
as shown in Fig. 11-2, generally, will not exhibit torsional buckling. A 
number of the open tliin-walled sections in Fig. 11-4 are next examined 

fV-ir tkoi'r tr> tr.T-oir.r.^,1 
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Two sections having biaxial symmetry, where centroids C and shear 
centers S coincide, are shown in Fig. ll-4(a). Compression members hav- 

3 T. von Karman, E. E. Sechler, and L. H. Donnell, “The Strength of Thin 
Plates in Compression,” Trans. A.SME 54, APM-54-5 (1932): 53 to 57. See also 
references given in the last footnote. 






Fig. 11-3 Column buckling 
modes: (a) pure flexural, (b) 
and (c) torsional-flexural, 
and (d) pure torsional. 


ir.a such cross sections buckle either in pure flexure, Fig, 1 l-3(a), or twist 
around S, Fig. ll-3(d). For thin-walled members, when the torsional stiff¬ 
ness (Section 4-14) is smaller than the flexural stiffness, a column may 
twist before exhibiting flexural buckling. Generally, this is more likely to 
occur in columns with cruciform cross sections than in I-shaped sections. 
However, the torsional mode of buckling generally does not control the 
design, since the usual rolled or extruded metal cross sections are rela¬ 
tively thick. 

The cross sections shown in Figs. ll-4(b) and (c) have their centroids 
C and shear centers S in different locations. Flexural buckling would occur 
for the sections in Fig. 1 l-4(b) if the smallest flexural stiffness around the 
major principal axis is less than the torsional stiffness. Otherwise, si¬ 
multaneous flexural and torsional buckling would develop, with the mem¬ 
ber twisting around S. For the sections in Fig. 11 -4(c), buckling always 
occurs in the latter mode. In the subsequent derivations, it will be assumed 
that the wall thicknesses of members are sufficiently large to exclude the 
possibility of torsional or torsional-flexural buckling. Compression mem¬ 
bers having cross sections of the type shown in Fig. 1 l-4(c) are not con¬ 
sidered. 


fl S Ir 3 r 


_11_ 
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Fig. 11-4 Column sections exhibiting different buckling modes. 
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Sec. 11-3. Criteria for Stability of Equilibrium 



Fig. 11-5 Snap-through of 
compression bars. 


Fig. 11-6 Spiral spatial 
twist-buckling of a slender 
shaft. 


cjn i «.7 Bucklin'' behavior c 
a rigid bar. 


The funuwing interesting cases of possible buckling of straight members 
are also excluded from consideration in this text. One of these is shown 
in Fig. 11-5, where two bars with pinned joints at the ends form a very 
small angle with the horizontal. In this case, it is possible that applied 
force P can reach a magnitude such that the deformed compressed bars 
become horizontal. Then, on a slightly further increase in P , the bars 
snap-through to a new equilibrium position. This kind of instability is of 
great importance in shallow thin-walled shells and curved plates. Another 
possible buckling problem is shown in Fig. 11-6, where a slender circular 
bar is subjected to torque T. When applied torque T reaches a critical 
value, the bar snaps into a helical spatial curve. 4 This problem is of im¬ 
portance in the design of long slender transmission shafts. 


J itions Then if the restorin'' forces are °reater than the forces tendin' 7 
to upset the system, the system is stable, and vice versa. 

The .rigid bar shown in Fig. ll-7(a) can only rotate. Therefore, it has 
only one degree of freedom. For an assumed small rotation angle 0, the 
restoring moment is kQ, and, with F = 0, the upsetting moment is PL sin 0 
— PLQ. Therefore, if 



^ jfcfi > FL0 j 

| the system is stable 

aw) 

and if 

( S 
IcQ < PLQ 

the system is unstable 

(11-2) 


11-3. Criteria for Stability of Equilibrium 

In order to clarify the stability criteria for static equilibrium, 5 consider a 
rigid vertical bar with a torsional spring of stiffness k at the base, as shown 
in Fig. ll-7(a). The behavior of such a bar subjected to vertical force P 
and horizontal force F is shown in Fig. ll-7(b) for a large and a small F. 
The question then arises: How will this system behave if F = 0? 

To answer this question analytically, the system must be deliberately 
displaced a small (infinitesimal) amount consistent with the boundary cou- 


4 A. G. Greenhill, “On the Strength of Shafting when Exposed Both to Torsion 
and to End Thrust. Appendix: Theoretical Investigation of the Stability of Shafting 
under Given Forces,” Proceedings, (London: Institution of Mechanical Engi¬ 
neers, 1883), 190-209. 

5 Some readers may find it advantageous to study Sections 11-9 and 11-10 first, 
where columns subjected to axial and transverse loads acting simultaneously ate 
considered. Column buckling is the limiting (degenerate) case in such problems. 
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Right at the transition point, kQ = PLQ, and the equilibrium is neither 
stable nor unstable, but is neutral. The force associated with this condition 
is the critical, or buckling, load, which will be designated P cr . For the 
bar system considered, 



(11-3) 


In the presence of horizontal force F, the P — 0 curves are as shown 
by the dashed lines in Fig. 1 l-7(b) becoming asymptotic to the horizontal 
line at F cr . Similar curves would result by placing the vertical force P 
eccentrically with respect to the axis of the bar. In either case, even for 
unstable systems, 0 cannot become infinitely large, as there is always a 
point of equilibrium at 0 somewhat less than it. The apparent discrepancy 
in the graph is caused by assuming in Eqs. 11-1 and 11-2 that 0 is small 
and that sin 0 = 0, and cos 0 = 1. The condition found for neutral equi¬ 
librium when F - 0 can be further elaborated upon by making reference 
to Fig. 11-8. 

It is convenient to relate the process for determining the kind of stability 

„ U~11 1 ....tAw-ac ■ Cir, 11 


" “■ van wouug U1I umviwiiu/ oiiupvu invuumvjj ouiiuwwj, aw j.15. 11- 

8. In this figure, in all three cases, the balls in position 1 are in equilibrium. 
In order to determine the kind of equilibrium, it is necessary to displace 
the balls an infinitesimal distance 50 to either side. In the first case, Fig. 
ll-8(a), the ball would roll back to its initial position, and the equilibrium 
is stable. In the second case, Fig. ll-8(b), the ball once displaced will 
not return to its initial position, and the equilibrium is unstable. In the 
last case, Fig. 1 l-8(c), the ball can remain in its displaced position, where 
it is again in equilibrium. Such an equilibrium is neutral. Therefore, by 
analogy, a structural system is in a state of neutral equilibrium when it 
has at least two neighboring equilibrium positions an infinitesimal distance 



(a) 




Flg.ll-fi (a) Stable, (b) 
unstable, and (c) neutral 
equilibrium. 
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Apart. This CiitCuon fci ncutml cquilibnum is applicable only for infini~ 
tesimal displacements, as at large displacements, different conditions mav 
prevail (Fig. 11-5). 

Based on the previous reasoning, the horizontal line for F = 0 shown 
in Fig. ll-7(b) is purely schematic for defining P cr . Theoretically it has 
meaning only within an infinitesimal distance from the vertical axis. 

To demonstate this again, consider the rigid vertical bar shown in Fig. 
ll-7(a) and set F = 0. Then, in order to determine neutral equilibrium, 
displace the bar in either direction through an angle 80 {not through the 
angle 0 shown in the figure) and formulate the eauation of eauiiibriu™- 



This equation has two distinct solutions: first, when 80 = 0 and P is 
arbitrary, Fig. ll-7(b), and, second, when the expression in parentheses 
vanishes. This second solution yields P cr = klT,_ For this value of the 
axial force, 80 is arbitrary. Therefore, there are two equilibrium positions 
at P CI . One of these is for a straight bar, and the other for a bar inclined 
at an angle 80. Since at P CT , there are these two branches of the solution, 
such a point is called the bifurcation (branch) point. 6 

In the previous illustration, the rigid bar has only one degree of freedom, 
since for an arbitrary infinitesimal displacement, the system is completely 
described by angle 80. A problem with two degrees of freedom is analyzed 
in the following example. 


“EXAMPLE 11-1 

Two rigid bars, each of length L, forming a straight vertical member as shown in 
Fig. Il-9(a), have torsional springs of stiffness k at ideal pinned joints B ana C. 
Determine the critical vertical force F cr and the shape of the buckled member. 

Solution 

In order to determine the critical buckling force Pr r . the system must be given a 
displacement compatible with the boundary conditions. Such a displacement with 
positive sense is shown as A'B'C in Fig. 1 l-9(a). Bar BC rotates through an angle 
S0i, and bar AB independently rotates through an angle 80 2 . Therefore, this system 
has two degrees of freedom. Free-body diagrams for members AB and BC in 
deflected positions are drawn in Figs. ll-9(b) and (c). Then, assuming that the 

6 The static criterion for neutral equilibrium is not applicable to nonconservative 
systems where bifurcation does not occur and dynamic criteria must be used. 
Such cases arise, for example, when applied force P remains tangent to the axis 
of the deflected bar at the point of application. This problem was extensively 
studied by II. Ziegler. v>Cc his book, Principles of Structural Stability (Waltham, 
Mass.: Blaisdell, 1968). 


Fig. 11-9 






S82 


Stability of Equilibrium: Columns 


As can be readily surmised, by increasing the number of hinged bars with 
springs to represent a column, the degrees of freedom increase. In the limit, a 
continuous elastic column has an infinite number of degrees of freedom. However 
unlike vibration problems, in buckling analysis, only the smallest root is impor¬ 
tant. The buckling loads for elastic columns with different boundary conditions 
will be derived in the sections thabfollow. 


Fla. 11-10 Behavior of 
ideal elastic column. 


Before proceeding with the derivation for critical column loads based 
on the concept of neutral equilibrium, it is significant to examine the 
meaning of such analyses. Critical loads do not describe the postbuckling 
process. However, by using the exact (nonlinear) differential equations 
for curvature, it can be shown 8 that for elastic columns, one can find 
equilibrium positions above P cr . The results of such an analysis are il¬ 
lustrated in Fig. 11-10. Note, especially, that increasing P cr by a mere 1.5 
percent causes a maximum sideways deflection of 22 percent of the col¬ 
umn length. 9 For practical reasons, such enormous deflections can seldom 
he tolerated. Moreover, the material usually cannot resist the induced 
bending stresses. Therefore, failure of real columns would be inelastic. 
Generally there is little additional post-buckling strength for real columns, 
and the use of P cr for column capacity is acceptable. This contrasts with 
the behavior of plates and shells where significant post-buckling strength 
may develop. 

Another illustration of the meanin" of P cr in relation to the behavior of 
elastic 10 and elastic-plastic 11 columns based on nonlinear analyses is 


8 J. L. Lagrange, “On the Shapes of Columns," Oevres de Lagrange, Vol. 1 
(Paris, 1867). 

9 The fact that an elastic column continues to carry a load beyond the buckling 
stage can be demonstrated by applying a force in excess of the buckling load to 
a flexible bar or plate such as a carpenter’s saw. 

10 Discussion of elastic deflection of columns, referred to as Lagrange Elastica, 
may be found in S. P. Timoshenko, and J. M. Gere, Theory of Elastic Stability, 
2nd ed. (New York: McGraw-Hill, 1961). 

11 T. von Karman, “Untersuchungen UeberKnickfestigkeit,” Collected Works 
of Theodore von Karman, Volume I, 1902-1913, (London: Butterworth Scientific 
Publications, 1956, 90-140). See also the previous footnote. 
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shown in Fig. 11-11. In these plots, columns that are initially bowed into 
sinusoidal shapes with a maximum center deflection of A 0 are considered. 


The paths of equilibrium for these cases vary, depending on the extent 
of the initial curvature. However, regardless of the magnitude of A 
critical load P cr serves as an asymptote for columns with a small amount 
of curvature, which are commonly encountered in engineering problems; 
see Fig. ll-ll(b). It is to be noted that a perfectly elastic initially straight 
long column with pinned ends, upon buckling into approximately a com¬ 


plete “circle,” attains the intolerable deflection of 0.4 of the column 


length. Behavior of elastic-plastic columns is entirely different; see Fig. 
II-ll(c). Only a perfectly straight column can reach P CT and thereafter 


drop precipitously in its carrying capacity. Column imperfections such as 
crookedness drastically reduce the carrying capacity. Nevertheless, in 


either case, P cr provides the essential parameter for determining column 
capacity. With appropriate safeguards, design procedures can be devised 
employing this key parameter. 


Part A BuciaiNO theory for columns 


11-4. Euler Load for Columns with Pinned Ends 

At the critical load, a column that is circular or tubular in its cross-sec- 
tional area may buckle sideways in any direction. In the more general 
case, a compression member does not possess equal flexural rigidity in 
all directions. The moment of inertia is a maximum around one centroidal 
axis and of the cross-sectional area a minimum around the other; see Fig. F( pj exm a [ column 

11-12. The significant flexural rigidity El of a column depends on the buckline nccursIn'planeV 
minimum I, and at the critical load a column buckles either to one side major axis. 







Stability of Equilibrium: Columns 


or the other in the plane of the major axis. The use of a minimum T in 
the derivation that follows is understood. 

Consider the ideal perfectly straight column with pinned supports at 
both ends; see Fig. ll-13(a). The least force at which a buckled mode is 
possible is the critical or Euler buckling load. 

In order to determine the critical load for this column, the compressed 
column is displaced as shown in Fig. 1 l-13(b). In this position, the bending 
moment according to the beam sign convention 12 is -Pv. By substituting 
this value of moment into Eq. 10-10, the differential equation for the elastic 
curve for the initially straight column becomes 


fv _ M = P_ 
dx' 1 ~ El ~ EI V 


(11-5) 



This is an equation of the same form as the one for simple harmonic 

v - A sin \x + B cos \x (11-7) 

where A and B are arbitrary constants that must be determined from the 
boundary conditions. These conditions are 

u(0) = 0 and v(L ) = 0 

Hence, u(0) = 0 = A sin 0 + B cos 0 or B = 0 

and v(Z<) = 0 = A sin XX (11-8) 


This equation can be satisfied by taking A = 0. However, with A and B 
each equal to zero, as can be seen from Eq. 11-7, this is a solution for a 
straight column, and is usually referred to as a trivial solution. An alter¬ 
native solution is obtained by requiring the sine term in Eq. 11-8 to vanish. 
This occurs when X/z eq uals mr, where n is an integer. Therefore, since 

% _J.JS_I i /mi?J +W~ P 


A was UC111ICU aa V t IJL.S, im. /ivu k-tiuiv.cn luiuvi n ‘umma.v.u - 

shape ofthe column possible follows from solving VP/EI L = mt. Hence, 


12 For the positive direction of the deflection v shown, the bending moment is 
negative. If the column were deflected in the opposite direction, the moment 
would be positive. However, v would be negative. Hence, to make Pv positive, 
it must likewise be treated as a negative quantity. 
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n-^EI P 

= (11-9) " 

These P „'s are the eigenvalues for this problem. However, since in sta¬ 
bility problems only the least value of P n is of importance, n must be 
taken as unity, and the critical or Euler load 13 P ul for an initially perfectly 
straight elastic column with pinned ends becomes 


0) 




where E is the elastic modulus of the material, I is the least moment of 1 1 | 

inertia of the constant cross-sectional area of a column, and L is its length. [a) {bJ fc) 

This case of a column pinned at both ends is often referred to as the Fig First three buckling 
fundamental case. modes for a column pinned 

According to Eq. 11-7, aL the critical load, since B ~ 0, the equation at both ends. 

~e budded elastic curve is 


v = A sin kx 


( 11 - 11 ) 


This is the characteristic, or eigenfunction , of this problem, and, since X 
= nirl'L, n can assume any integer value. There is an infinite number of 
such functions. In this linearized solution, amplitude A of the buckling 
mode remains indeterminate. For the fundamental case n = 1, the elastic 
curve, is a half-wave sine curve. This shape and the modes corresponding 
to n = 2 and 3 are shown in Fig. 11-14. The higher modes have no physical 
significance in buckling problems, since the least critical buckling load 
occurs at /i — 1. 


11-5. Euler Loads for Columns with Different End 
Restraints 

The same procedure as that discussed before can be used to determine 
the critical axial loads for columns with different boundary conditions. 
The solutions of these problems are very sensitive to the end restraints. 
Consider, for example, a column with one end fixed and the other pinned, 
as shown in Fig. 11-15, where the buckled column is drawn in a deflected 
position. Here the effect of unknown end moment M 0 and the reactions 
must be considered in setting up the differentia! equation for the elastic 
curve at the critical load: 


cPv M -Pv + M a { 1 - x/L) 
dx 2 ~ El “ El 


( 11 - 12 ) 


13 This formula was derived by the great mathematician Leonhard Euler in 1757. 


p , 



Fig. 11-15 Column fixed al 
one end and pinned at the 
other. 
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Lettinp X 2 = P/EI as before, and transposing, gives 


The homogeneous solution oi tms uuierenuai equation, i.e., wuen uie 
right side is zero, is the same as that given by Eq. 11-7. The particular 
solution, due to the nonzero right side, is given by dividing the term on 
that side hy X 2 . The complete solution then becomes 

v = A sin Ax + B cos Xx + {MJP){ 1 - x/L) (11-14) 

where A and B are arbitrary constants, and M 0 is the unknown moment 
at the fixed end. The three kinematic boundary conditions are 

n(0) = 0 v(L) = 0 and w'(0) = 0 

Hence, u(0) = 0 — B + MJP 

v(L) = U = A sin XI + B cos XX 

and x/(0) = 0 = AX - MJPL 

Solving these equations simultaneously, one obtains the following tran¬ 
scendental equation 


which must be satisfied for a nontrivial equilibrium shape of the column 
at the critical load. The smallest root of Eq. 11-15 is 


from which the corresponding least eigenvalue or critical load for a column 
fixed at one end and pinned at the other is 

_ 20.I9ET _ 2.05t - 2 EI m 

icr ~'L 2 ~ L z 


It can be shown that in the case of a column fixed at both ends. Fig. 
ll-16(d), the critical load is 


The last two equations show that by restraining the ends the critical loads 
are substantially larger than those in the fundamental case, Eq. 11-10. On 



In this extreme case, the critical load is only one-fourth of that for the 
fundamental case. 

All the previous formulas can be made to resemble the fundamental 
case, provided that the effective column lengths are used instead of the 
actual cciiumti iAnrrth_ 'T'Vijg ignoth turns out to be the distance between 
the inflection points on the elastic curves. The effective column length 
L e for the fundamental case is L, but for the cases discussed it is 0.7 L, 
0.5L, and 2 L, respectively. For a general case, L e = KL, where K is the 
effective length factor, which depends on the end restraints. 

In contrast to the classical cases shown in Fig. 11-16, actual compres¬ 
sion members are seldom truly pinned or completely fixed against rotation 
at the ends. Because of the uncertainty regarding the fixity of the ends, 
columns are often assumed to be pin-ended. With the exception of the 
case shown in Fig. ll-16(b), where it cannot be used, this procedure is 
conservative. 


Procedure Summary 

Column buckling loads in this and the preceding section are found using 
the same curvature-moment relation that was derived for the deflection 
of beams, Eqs. 10-10. However, the bending moments are written for 

14 A telephone pole having no external braces and with a heavy transformer at 
the top is an example. 
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axially loaded columns in slightly deflected positions. Mathematically this 
results in an entirely different kind of second order differential equation 
than that for beam flexure. The solution of this equation shows that, for 
the same load, two neighboring equilibrium configurations are possible 
for a column. One of these configurations corresponds to a straight col¬ 
umn the other to a sli^htW bent column. The axial force associated si¬ 
multaneously with the bent and the straight shape of the column is the 
critical buckling load. This occurs at the bifurcation (branching) point of 
the solution. 

In the developed formulation, the columns are assumed to be linearly 
elastic, and to have the same cross section throughout the column iength. 
Only the flexural deformations of a column are considered. 

For the second order differential equations considered in this treatment 
the same kinematic boundary conditions are applicable as for beams in 
flexure, Fig. 10-5. 

Elastic buckling load formulas are truly remarkable. Although they do 
not depend on the strength of a material, they determine the carrying 
capacity of columns. The only material property involved is the elastic 
modulus E, which physically represents the stiffness characteristic of a 
material. 

The previous equations do not apply if the axial column stress exceeds 
the proportional limit of the material. This problem is discussed in the 
next section. 

11-6. Limitations of the Euler Formulas 

The elastic modulus E was used in the derivation of the Euler formulas 
for columns; therefore, all the reasoning presented earlier is applicable 
while the material behavior remains linearly elastic. To bring out this 
significant limitation, Eq. 11-10 is rewritten in a different form. By defi¬ 
nition, I = Ar 2 , where A is the cross-sectional area, and r is its radius 
of gyration. Substitution of this relation into Eq. 11-10 gives 




where the critical stress cr cr for a column is defined as P cr /A, i.e., as an 
average stress over the cross-sectional area A of a column at the critical 
load P cr . The length of the column is L, and r is the least radius of gyration 
of the cross-sectional area, since the original Euler formula is in terms of 
the minimum I, By using the effective length L e , the expression becomes 
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general, i ue ratio L./r gj. tne coiumn icngin lo nie teast Taurus ol gyraiion 
is called the column slenderness ratio. No factor of safety is included in 
the last equation. 

A graphical interpretation of Eq. 11-19 is shown in Fig. 11-17, where 
the critical column stress is plotted versus the slenderness ratio for three 
different materials. For each material, E is constant, and the resulting 
curve is a hyperbola. However, since Eq. 11-19 is based on the elastic 
behavior of a material, cr cr determined by this equation cannot exceed the 


11-17 are drawn dashed beyond the individual material’s proportional 


limit, and these portions of the curves cannot be used. The necessary 
modifications of Eq. 11-19 to include inelastic material response will be 
discussed in the next section. 


The useful portions of the hyperbolas do not represent the behavior of 
one col umn , but rather the behavior of an infinite number of ideal col¬ 
umns. For example, a particular steel column, say, with an L/r = 120, 
iron at the most earn 7 a load of <y< A. Note that cr_ alwavs decreases with. 


increasing ratios of L/r. Moreover, note that a precise definition of a long 
column is now possible with the aid of these diagrams. Thus, a column 
is said to be long if the elastic Euler formula applies. The beginning of 
the long-column range is shown for three materials in Fig. 11-17. 


EXAMPLE 11-2 

Find the shortest iength L for a steel column with pinned ends having a cross- 
sectional area of 60 by 100 mm, for which the elastic Euler formula applies. Let 
E - 200 GPa and assume the proportional limit to be 250 MPa. 

Solution 

The minimum moment of inertia of the cross-sectional area J min = 100 x 60 3 /12 
= 1.8 x 10 6 mm 4 . Hence, 






11-7. Generalized Euler Buckling-Load Formulas 

A typical compression stress-strain diagram for a specimen that is pre¬ 
vented from buckling is shown in Fig. ll-18(a). In the stress range from 
G to A the material behaves elastically. If the- stress in r column at 
buckling does not exceed this range, the column buckles elastically. The 
hyperbola expressed by Eq. 11-19, cr cr = -n 2 Ei{Llr 2 ), is applicable in such 
a case. This portion of the curve is shown as ST in Fig. ll-18(b). It is 
important to recall that this curve does not represent the behavior of one 
column, but rather the behavior of an infinite number of ideal columns 
of different lengths. The hyperbola beyond the useful range is shown in 
the figure by dashed lines. 

A column with an TJr ratio corresponding to point S in Fig. 1 l-18(b) is 
the shortest column of a given material and size that will buckle elastically. 
A shorter column, having a still smaller Llr ratio, will not buckle at the 
proportional limit of the material. On the compression stress-strain dia¬ 
gram, Fig. 1148(a), this means that the stress level in the column has 
passed point A and has reached some point B perhaps. At this higher 
stress level, it may be said that a column of different material has been 
created, since the stiffness of the material is no longer represented by the 
elastic modulus. At this point, the material stiffness is given instanta¬ 
neously by the tangent to the stress-strain curve, i.e., by the tangent 
modulus E,\ see Fig. 1148(a). The column remains stable if its new fiex- 
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ural rigidity E,I at B is sufficiently large, and it can carry a higher load. 
As the load is increased, the stress level rises, whereas the tangent mod¬ 
ulus decreases. A column of ever “less stiff material” is acting under an 
increasing load. Substitution of the tangent modulus E, for the elastic 
modulus E is then the only modification necessary to make the elastic 
Hicklip." formulas a^^licable in the inelastic ran^s Hence the 'Generalised 
Eider buckling-load formula, or the tangent modulus formula, 15 becomes 


Since stresses corresponding to the tangent moduli can be obtained from 
the compression stress-strain diagram, the Llr ratio at which a column 
will buckle with these values can be obtained from Eq. 11-20. A plot „ 
representing this behavior for low and intermediate ratios of Llr is shown ' 

- yfc 

15 The tangent modulus formula gives the carrying capacity of a column /"/ / 
at the instant it tends to buckle. As a column deforms further, the stiffness / / 

of the fibers on the concave side continue to approximately exhibit the I 

tangent modulus E r . The fibers on the convex side, however, on being / / 

relieved of some stress, rebound with the original elastic modulus E, as / i 

shown in Fig. 11-A at point C. Inasmuch as two moduli, E, and E, are / 
used in dcve»oping this theory (see F. Blcich, Buckling Strength of Metul i 

Structures [New York: McGraw-Hill, 1952]), it is referred to either as the / 

double-modulus or the reduced-modulus theory of column buckling. For / 

the same column slenderness ratio, this theory always gives a slightly *- 

higher column buckling capacity than the tangent-modulus theory. The 0 

discrepancy between the two solutions is not very large. The reason for Fig- fi-A Stress-strain 

this discrepancy was explained by F. R. Shanley (see his paper, “Inelastic behavior in buckled column. 

Column Theory,” J. Aero.. Sci. 14/5 (May 1947):261—267). According to 

his concept, buckling proceeds simultaneously with the increasing axial 

load. The applied load given by the tangent-modulus theory increases 

asymptotically to that given by the double-modulus theory; see Fig. 11- ei Doubie-moduius 

B. However, prior to reaching the load given by the double-modulus the- / 

ory, one can anticipate a material yield or failure, making the tangent " , .. ^ ===s f SL 

modulus an attractive choice. It is convenient that in the tangent-modulus -«* \ 

theory the mechanical properties for the whole cross section are the same, A V Shanley 

wheras they vary differently for different cross-sections in the double- \ \ 

modulus theory. \ Actual 

The maximum load lying between the tangent-modulus load and the \ 

double-modulus load for any time-independent elastic-plastic material and TdiigJit-moduius 
cross section was accurately determined by T. H. Lin (see his paper on 
“Inelastic Column Buckling,” J. Aeron. Sci., Vol. 17, No. 3, 1950, 159— 

T t? T-»..1_3 T nr nr :u_/_*t__:___ ,i/-> . i. n . • . 

in.), j. uuuci^auu i. vv. yv uuci men papci uu ujiumii Delia viol 

in the Plastic Stress Range,” .J. Aeron. Sci., Vol. 17, No. 6, 1950, 323- 

327) have further concluded that for materials whose stress-strain curves --;-:— 

change gradually in the inelastic range, the maximum column load can ross-section rotation 
be appreciably above the tangent-modulus load. If, however, the material Fig. 11-B Inelastic 
in the inelastic range tends to rapidly exhibit plastic behavior, the max- buckling loads by 
imum load is only slightly higher than the tangent-modulus load. different theories. 
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Sec. 11-8. Eccentric Loads and the Secant Formula 



Fig. 11-18 (a) Compression stress-strain diagram, and (b) critical stress in columns versus 
slenderness ratio. 


in Fig. ll-18(b) by the curve from R to S. Tests on individual columns 
verify this curve with remarkable accuracy. 

As mentioned earlier, columns that buckle elastically are generally re¬ 
ferred to as long columns. Columns having small Lir ratios exhibiting no 
buckling phenomena are called short columns. The remaining columns 
are of intermediate length. At small Ltr ratios, ductile materials “squash 
out” and can carry very large loads. 

If length L. in E n . 11-20 is treated as the effective length of a column, 
different end conditions can be analyzed. Following this procedure for 
comparative purposes, plots of critical stress cr cr versus the slenderness 
ratio Ltr for fixed-ended columns and pin-ended ones are shown in Fig. 
11-19. It is important to note that the carrying capacity for these two cases 
per Eqs. 11-10 and 11-17 is in a ratio of 4 to 1 only for columns having 
the slenderness ratio (L/r )i or greater. For smaller L/r ratios, progres¬ 
sively less benefit is derived from restraining the ends. At small L/r ratios, 
the curves merge. It makes little difference whether a “short block” is 
pinned or fixed at the ends, as strength rather than buckling determines 
the behavior. 



actual column, which is termed “straight,” a probable crookedness or an 
effective load eccentricity may be assigned. Also, there are many columns 
where an eccentric load is deliberately applied. Thus, an eccentrically 
loaded column nan hp stnHipH H ite _i_ 4.u. i-- • 


---- vtxjjwvivjr Ui,i.f,uillircu uu LUC uasis 

of an allowable elastic stress. This does not determine the ultimate ca¬ 
pacity of a column. 

To analyze the behavior of an eccentrically loaded column, consider 
the column shown in Fig. 11-20. If the origin of the coordinate axes is 
taKen at the upper force r, the bending moment at any section is -Pv, 
and the differential equation for the elastic curve is the same as for a 
concentrically loaded column, i.e., 


(Pv M P 

dx 2 ~ El ~ —~EI V (11 ‘ 5) 


where, by again letting X = y/PIEI, the general solution is as before: 


p 



o — A sin Xx + B cos \x 


(11-7) 


*11-8. Eccentric Loads and the Secant Formula 

A different method of analysis may be used to determine the capacity of 
a column than was discussed before. Since no column is perfectly straight 
nor are the applied forces perfectly concentric, the behavior of real col¬ 
umns may be studied with some statistically determined imperfections or 
possible misalignments of the applied loads. Then, for the design of an 


However, the remainder of the problem is not the same, since the bound¬ 
ary conditions are now different. At the upper end, v is equal to the 
eccentricity of the applied load, i.e., v(0) = e. Hence, B = e, and 


v = A sin Xx + e cos Kx 


( 11 - 21 ) 


Next, because of symmetry, the 
the midheight of the column, i.e. 


has a vertical tangent at Fig. 11-20 Eccentrically 
loaded column. 
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Therefore, by setting the derivative of Eq. 11-21 equal to zero at x 
LI 2, it is found that 


Hence, the equation for the elastic curve is 


lino can exist in the direction of no definite eccentricity. Also note that 
in Eq. 11-24, the relation between cr max andP is not linear ; cr ma x increases 
faster than P. Therefore, the solutions for maximum stresses in columns 
caused by different axial forces cannot be superposed ; instead, the forces 
must be superposed first, and then the stresses can be calculated. 

For an allowable force r a on a column, where n is ihe factor of safety, 
nP a , must be substituted for P in Eq. 11-24, and cr max must be set at the 
yield point of a material, i.e., 


c (cos U ./2 S1 


sin Xx 4- cos Xx I 


No indeterminacy of any constants appears in this equation, and the max¬ 
imum deflection u max can be found from it. This maximum deflection 
occurs at L/2, since at this point, the derivative of Eq. 11-22 is equal to 
zero. Hence, 


v{L/2) = v m 


/sin 2 \L/2 XL\ XL ...... 

e[ -- 77 Z- + cos — = e sec — (11 -15) 

\cos XL!2 2 / 2 


For the column shown in Fig. 11-20, the largest bending moment M is 
developed at the point of maximum deflection and numerically is equal 
to Pv m ax • Therefore, since the direct force and the largest bending moment 
are now known, the maximum compressive stress occurring in the column 
(contrast this with the average stress P/A acting on the column) can be 
computed by the usual formula as 



This procedure assures a correct factor of safety for the applied force, 
since such a force can be increased n times before a critical stress is 
reached. Note the term nP a appearing under the radical. 

Application of Eqs. 11-24 and 11-25 is cumbersome, requiring a tnal- 
and-error procedure. Alternatively, they can be studied graphically, as 
shown in Fig. 11-21 . 16 From this plot, note the large effect that load ec¬ 
centricity has on short columns and the negligible one on very slender 
columns. Graphs of this kind form a suitable aid in practical design. The 
secant equation covers the whole range of column lengths. The greatest 

16 This figure is adapted from D. H. Young, “Rational Design of Steel Col¬ 
umns,” Trans. ASCE 101 (1936):43l. 


_ P MC _ P PVmxx 
'■ ~ A + I ~ A + Ar 2 


But X = VP/El = VP!EAr\ hence, 


P/, ec XL' 

■ = A { 1 + s sec T 


P/ ec L P \ 
cTmax = — I 1 + ~ sec 1 

“ A \ r '<4JbA/ 


This equation, because of the secant term, is known as the secant formula 
for columns, and it applies to columns of any length, providied the max¬ 
imum stress does not exceed the elastic limit. A condition of equal ec¬ 
centricities of the applied forces in the same direction causes the largest 
deflection. 

Note that in Eq. 11-24, the radius of gyration r may not be minimum, 
since it is obtained from the value of I associated with the axis around 
which bin d i n g occurs. In some cases, a more critical condition for buck- 


_ 0.1 = ec/r 2 \| Yield strength 




pin. tt-21 Results of anal' 
secant formula. 
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handicap in using this formula is that some eccentricity e must be assumed 
even for supposedly straight columns, and this is a difficult task. 17 

The secant formula for short columns reverts to a familiar expression 
when L/r approaches zero. For this case, the value of the secant ap¬ 
proaches unity; hence, in the limit, Eq. 11-24 becomes 


cannot be tolerated. Therefore, it is usually possible to limit the inves¬ 
tigation of the behavior of systems to small and moderately large defor¬ 
mations. In this problem, this can be done by setting sin 6 = 6, and cos 
0 = 1. In this manner, Eq. 11-27 simplifies to 


CTj 


P Pec _ P Me 
A + Ar z A + I 


(11-26) 


FL 

k - PL 


(11-28) 


a relation normally used for short blocks. 



(a) 


**11-9. Beam-Columns 

In the preceding section, the problem of an axially loaded column sub¬ 
jected to equal end moments was considered. This is a special case of a 
member acted upon simultaneously by an axial force and transverse forces 
or moments causing bending. Such members are referred to as beam- 
colums. The behavior of beam-columns and the linearized solutions that 
are generally employed for their analysis can be clarified by the simple 
example of the rigid bar shown in Fig. ll-22(a). This bar of length L is 
initially held in a vertical position by a spring at A having a torsional 
spring constant k. When vertical force P and horizontal force F are applied 
to the top of the bar, it rotates and the equilibrium equation must be 
wrriten for the deformed state, a form similar to that used in stability 
analysis. Bearing in mind that k 0 is the resisting moment developed by 
the spring at A, one obtains 

X M a = oc + PL sin 0 + FL cos 6 - k 0 - 0 



/ solution 


O 


or 


p = 


kQ - FL cos 0 
L sin 0 


(11-27) 


The qualitative features of this result are shown in Fig. 11-22(b), and 
the corresponding curve is labeled as the exact solution. It is interesting 
to note that as 0 -* it, provided the spring continues to function, a very 
large force P can be supported by the system. For a force P applied in 
an upward direction, plotted downward in the figure, angle 6 decreases 
as P increases. 

The. solution expressed by Eq. 11-27 is for arbitrarily large deforma¬ 
tions. In complex problems, it is difficult to achieve solutions of such 


| i7 Moreover, there is some question as to the philosophical correctness of the 
secant formula. The fact that the stress reaches a certain value does not mean 
that the column buckles, i.e., stress is not a measure of buckling load in every 
case. It can be shown that an additional axial load can be resisted beyond the 
,b) point wheie the maximum stress at the critical section is reached. See F. Blcich, 

Fig. 11-22 Rigid bar with one Ruckline Strength of Metal Structures (New York: McGraw-Hill, 1952), Chapter 
degree of freedom. 1. 


For small finite values of 0, this solution is quite acceptable. On the other 
hand, as 0 increases, the discrepancy between this linearized solution and 
the exact one becomes very large and loses its physical meaning. 

Analogous to this, for the analysis of elastic beam-columns, where the 
deflections are small to moderate, it is generally sufficiently accurate to 
employ the usual linear differential equation for elastic deflection of 
beams. However, in applying this equation, the bending moments caused 
by the transverse loads as well as the axial forces must be written for a 
deflected member. Such a procedure is illustrated in the next example. 


EXAMPLE 11-3 

A beam-column is subjected to an axial force P and an upward transverse force 
F at its midspan; see Fig. ll-23(a). Determine the equation of the elastic curve, 
and the critical axial force F cr . El is constant. 

Solution 

The free-oody diagram for the defected beam-column is shown in Fig. il-23(b). 
This diagram assists with formulation of the total bending moment M, which 
includes the effect of the axial force P multiplied by the deflection v. Thus, using 
the relation M ~ EIv”, Eq. 10-10, and noting that for the left side of the span, 
M = -(F/ 2)x - Pv , one has 

EIv’’ = M - Pv {Ft2)x 0 ^ a- L/2 




F 


=S- 



(b) 


Fig. 11-23 
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or Eh 4- Pv = -(F/7)r 

By dividing through by El and letting X 2 = PI El, after some simplification, the 
governing differential equation becomes 

OsisI /2 (11-29) 

The homogeneous solution of this differential equation is the same as that of 
Eq. 11-6, and the particular solution equals the right-hand term divided by x 2 . 
Therefore, the complete solution is 

v - C| sin kx + Ci cos kx — ( F/2P)x (11-30) 

Constants Ci and C 2 follow from the boundary condition, u(0) = 0, and from a 
condition of symmetry, v'(LI2) = 0. The first condition gives 

„(0) = C 2 = 0 

Since 

v' - CiX cos Xx — C 2 X sin X-t - FI2P 
with Cz already knuwn to be zero, the second condition gives 

v'(L/2) = Cik cos XL/2 - F/2P = 0 
or C, - F/[2FX cos (XL/2)] 

On substituting this constant into Eq. 11-30, 

_ F sin X.t F F ( sin kx ^ 

“ “ ZPX cos M./2 ~ 2P X ~ 2PX Vcos u ~ "*J 

where the last relationship is obtained by setting 

XL/2 = u (11-32) 

Since the maximum deflection occurs at x — L/2, after some simplifications, 

t^max = ~~ (tan u — u) (11-33) 

Lr\ 

and the absolute maximum bending moment occurring at midspan is 


4 * t,max 2X “ 
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since then cos u is equal to zero and tan u is infinite. In conformity with this 
requirement, for an nth mode, where n is an integer, 


Solving the last two expressions for P n , and setting n - 1, the critical buckling 
load is obtained. 


This procedure shows that a solution of the linearized differential equation yields 
the Euler buckling load causing infinite deflections and moments. For tensile 
forces, on the other hand, the deflections are reduced. These trends are simil ar 
to those shown in Fig. ll-22(b). 

Next it is of considerable practical importance to obtain an approximate solution 
to this problem that can then be generalized for a great many beam-column prob¬ 
lems for finding deflections and maximum moments. For this purpose, expand 
tan u into the Maclaurin (Taylor) series and subtitute the result into Eq. 11-33, 
making note of Eq. 11-35. 


1 _ 3 2_, 17- 62 _ 

? + 5 " + JE U + w? ' 


17 62 , 

105° + 945° + ' 


1 /XL\ 3 ( 2. 

• - —- 1 + -u 2 
. 3 \ 2 ) \ 5 


However, in view of Eqs. 11-35 and 11-36, 


Wi = 1Am K 


By substituting the last equation into Eq. 11-38 and simplifying, 

-“ = IH O M£> +O2)857 (0 


By approximating the coefficients 18 in the bracketed expression by unity and 

18 A. Chajes, Principles of Structural Stability (Englewood Cliffs, NJ: Prentice- 
Hall, 1974). For discussion of elastic-plastic beam columns, see K. Jezek, “Die 
Tragfaehigkeit axial gcdrucclttcr und auf Bicgung bcanspruchtcr Stahlstacbc,’’ 
Der Stahlbau 9 (1936): 12, 22, and 39. 
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recalling that the sum of the resulting power series 19 can be written in a compact 
form, one has 

FL 2 ( 1 \ 

lW “ 48EI (l - P/ Pct ) (U ' 4I) 

In this expression, it can be recognized (see Tabie 11 in the Appendix) that the 
coefficient in front of the bracket is the beam center deflection without the axial 
force. The bracketed expression gives the deflection magnification factor caused 
by the applied axial force P. When this force reaches P cr , the deflection becomes 
infinite. This magnification factor can be used with virtually any kind of transverse 
loadings as long as they are applied in the same direction, and the. results are 
remarkably accurate for small and moderate deflections. 

After the approximate maximum deflection is obtained using Eq. 11-41, the 
maximum bending moment follows from statics as 

M ma x = - Pv m „ (11-42) 

l 4 | 

where the first term is due to transverse loading, and the second to the axial force 
in a deflected member. For stocky beam-columns, the last term becomes unim¬ 
portant. 

It is important to note that the differential equations, such as Eq. 11-29, for 
beam-columns are of different kind than those used for beams loaded transversely 
only. For this reason, the singularity functions previously presented cannot be 
applied in these problems. 


**11-10. Alternative Differential Equations for Beam- 

Columns 

For some solutions of beam-column problems, it is convenient to recast 
the governing differential equations into different forms from that dis¬ 
cussed in the previous section. In order to derive such equations, consider 
the beam-column element shown in Fig 11 *24 and make the follov/mg 
small-deflection approximations: 

dvldx — tan 0 = sin 0 = 0 cos 0 = 1 and ds ~ dx 


On this basis, the two equilibrium equations are 


X F y = 0 f I q dx + V - (V + dV) = 0 

X Ma «■ 0O l M — Pdv\Vdx + qdx dxl 2 — (M + dM) — 0 

19 This can be verified by dividing unity by the denominator. 
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PIEI. The boundary conditions for these equations are the same as for 
beams in flexure (see Fig. 10-5), except for shear where Eq. 11-44 applies. 
By again making use of the beam curvature-moment relation, Eq. 11-44 
in more appropriate alternative form can be written as 


Within the span, there is no transverse load. Therefore, the right-hand term of 
Eq. 11-46 is zero, and the homogeneous solution of this equation given by Eq. 
ll-47a is the complete solution. The boundary conditions are 

v(0) = 0 v(L) = 0 M(0) = -M 0 and M(L) = -M a 




Since M — EIv", with the aid of Eqs. ll-47aand ll-47c, these conditions yield: 


If P - 0, Eqs. 11-44a, 11-45, and 11-46 revert, respectively, to Eqs. 10- 
14b, 5-5, and 10-14c for transversely loaded beams. 

For future reference, the homogeneous solution ofEq. 11-46 and several 
of its derivatives are 


v(L) — + Cj sin AX H- Ci cos XX + C 3 X + C 4 = 0 
M(0) - - C 2 £/X 2 = -M 0 

M(X) = -CiEIk 1 sin XX - C 2 Efk 2 cos XX = -M 0 


ooivlilg uiese 1OU1 equations simultaneously, 


C'i sin kx + C 2 cos Xx + C 3 x + C 4 
Ci'K cos kx - C 2 k sin kx + C 3 
— CjX“ sin kx - C 2 X 2 cos kx 
-CjX 3 cos kx + C 2 X 3 sin kx 




intst iwiaLiuus ait. useiui tui uApiussmg tut, uuuiuiaiy t,v_muiiivjiia in eval¬ 
uating constants C 1 , C 2 , C 3 , and C 4 . The use of Eq. ll-44a rather than 
Eq. 10-14b is essential when shear at a boundary must be considered. 

Solutions of homogeneous Eqs. 11-45 or 11-46 for particular boundary 
conditions lead to critical buckling loads for elastic prismatic columns. 
These solutions have the same meaning as discussed earlier in connection 
with the equivalent solutions of the second order differential equations 
in Sections 11-4 and 11-5. 


M a 1 — cos XX, 
! P sin XX 


Therefore, the equation of the elastic curve is 


M a (1 - cos XL . \ 

v = — I-:—^— sm kx + cos kx - 1 ) (11-48) 

r \ sin kl, / 

The maximum deflection occurs at x — X/2. After some simplifications, it is 
found to be 


M a /siiri XX/2 XX 

P (cos XX/2 + cos 2 


l) = ^ (sec ^ ~~ l) (11-49) 


The largest bending moment also occurs at x ~ X/2. Its absolute maximum is 


EXAMPLE 11-4 

A slender bar of constant El is simultaneously subjected to end moments M 0 and 
axial force P, as shown in Fig. ll-25(a). Determine the maximum deflection and 
the largest bending moment. 


Dsfleaiun due ti 
M ; only 


; = | -M 0 - Fv max | = M 0 sec XL/2 


This solution is directly comparable to that given in Section 11-8 for an ec- 

ever, should be noted. The end moments M n = Pe of the earlier solution and the 
x axis of the eccentrically loaded column is at a distance e away from the column 
axis. Then, with the use of some trigonometric identities, it can be shown that 
Eqs. 11-22 and 11-48 lead lu the same results. 

The results a°ain show that in slender members bendin 0, moments can be sub¬ 
stantially increased in the presence of axial compressive forces. Similar to the 
condition encountered in Example 11-3, when XX/2 = W2, axial force P = P cr , 
and v max and M max become infinite. 

If the applied axial forces are tensile instead of compressive, the sign of P 
changes and so does the character of F.qs. 11-45 and 11-46. For such cases, the 
deflections are reduced with increasing axial force P. 
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been done in Example 11-3. For this purpose, sec XL/2 = sec u is expanded into 
the Maclaurin (Taylor) series, and, after substituting into Eq. 11-49, is simplified 
using Eq. 11-39. Thus, 


sec u = 1 + - u z + — it 
2 24 


_ Msl AA 2 

P 2 l 2 ) 


Again, all the coefficients in the bracketed expression can be approximated by 
unity, and the power series summed, giving 


M 0 L 2 / 1 \ 

Qirr \ t _ d/p / 


The coefficient in front of the bracketed expression is the deflection at the middle 
of the span due to the end moments M a (see Table 11 in the Appendix). The 
deflection magnification factor due to the axial force P in the brackets is identical 
to that found earlier in Example 11-3. When force P reaches the Euler ruckling 
load, the deflection becomes infinite according to this linear small dejleciion the¬ 
ory. 

The maximum bending moment at the center of the beam follows from statics: 


j — m a — i“u max | 


EXAMPLE 11-5 

By using Eq. 11-46 in homogeneous form, determine the Euler buckling load for 
a column with pinned ends. 

Solution 

For this purpose, Eq. 11-46 can be written as 


dx A 


= 0 


(11-55) 


The solution of this equation and several of its derivatives are given by Eqs. 11- 
47. For a pin-ended column, the boundary conditions are 


7/(0) = 0 v(L) = 0 M( 0) = Elv"(0) = 0 
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and M(L) = EIv"(L) = 0 

Using these conditions with Eqs. 11-47a and ll-47c, one obtains 

C 2 - 1 - C 4 = 0 

Ci sin XL + C 2 cos XL + C 3 L + C 4 = 0 
- C 2 k ? EI - 0 

-C\\~EI sin XL - C 2 X 2 £7 cos XL =0 

To obtain a nontrivial solution requires that the determinant of the coefficients 
for this set of homogeneous algebraic equations be equal to zero (see Example 
11-1). Therefore, with \ 2 EI — P, 

0 10 1 
sin XL cos kL L ! 

0 -p 0 0 = 0 

-P sin XL -P cos XL 0 0 


The evaluation of this determinant leads to sin XL = 0, which is precisely the 
same condition as given by Eq. 11-8. 

This approach is advantageous in problems with different boundary conditions, 
where the axial force and El remain constant throughout the length of the column. 
The method cannot be applied directly if the axial force extends over only a part 
of a member. 


Part B DESIGN OF COLUMNS 


! * 20 1141. General Considerations 

For other than short columns and blocks, the buckling theory for columns 
shows that their cross-sectionai areas should have the largest possible 
least radius of gyration r. Such a provision for columns assures the small¬ 
est possible slenderness ratio, LJr, permitting the use of higher stresses. 
However, as discussed in Section 11-2, limitations must be placed on the 
minimum thickness of the material to prevent local plate buckling. Since 
conventional rolled shapes generally have wall-thickness ratios suffi¬ 
ciently large to prevent such buckling, only a brief treatment of this prob¬ 
lem as it applies to aluminum alloy compression members will be given 

20 The remainder of this chapter is optional. 
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Fig. 11-26 Typical built-up 
column cross sections. 



Lacing 



Lacing 


her©. Torsional buckling modes that may control the capacity of columns 
made from thin plate elements and open unsymmetrical cross sections 
are excluded from consideration (see Section 11-2). 

Since tubular members have a large radius of gyration in relation to the 
amount of material in a cross section, they are excellent for use as col¬ 
umns. ’wide flange sections (sometimes referred to as H sections) are also 
very suitable for use as columns, and are superior to I sections, which 
have narrow flanges, resulting in larger ratios of LJr. In order to obtain 
a large radius of gyration, columns are often built up from rolled or ex¬ 
truded shapes, and the individual pieces are spread out to obtain the 
desired effect. Cross sections for typical bridge compression members 
are shown in Figs. ll-26(a) and (b), for a derrick boom or a radio tower 
in Fig. ll-26(c), and for an ordinary truss in Fig. ll-26(d). The angles in 
the latter case are separated by spacers. The main longitudinal shapes in 
the other members are separated by plates, or are laced (latticed) together 
by light bars as shown in Figs. 1 l-26(e) and (f). Local instability must be 
carefully guarded against to prevent failures in lacing bars, as shown in 
Fig. 11-27. Such topics are beyond the scope of this text. 21 

Unavoidable imperfections must be recognized in the practical design 
of columns. Therefore, specifications usually stipulate not only the quality 
of material, but also fabrication tolerances for permissible out-of-straight¬ 
ness. The residual stresses caused by the manufacturing process must 
also be considered. For example, steel wide-flange sections, because of 
uneven cooling during a hot rolling operation, develop residual stress 
patterns of the type shown in Fig. 11-28. The maximum residual com¬ 
pressive stresses may be on the order of 0.3oyp in such members. Welds 
in aluminum alloy members reduce the mechanical properties of the ma¬ 
terial in the heat affected zone. For these reasons, experimental results 
on column buckling have a large scatter. 

After initially accepting the Euler buckling-load formula beyond its 
range of applicability, a chaotic situation existed for many years with 


Ftg. 11-27 Lattice 21 B. G. Johnson (ed.), Stability Design Criteria for Metal Structures, 4th ed. 

instability. (New York: Wiley, 1988). 





(a) lb) 

Fig. 11-29 Typical column-buckling curves for design. 

regard to column-design formulas. Now that the column-buckling phe¬ 
nomenon is more clearly understood, only a few column formula types 
are in common use. For steel, it is now customary to specify two formulas. 

One of these is for use for short and intermediate-length columns; the 
other, for slender columns, Fig. ll-29(a). For the lower range of column 
length, usually a parabola, and, in a few instances, an inclined straight 
line, is specified. In this manner, the basic compressive strength of the 
material, residual stresses, and fabrication tolerances are accounted for. 

For slender (long) columns, the Euler elastic buckling load provides the 
basis for the critical stress. In this range of column lengths, the residual 
stresses play a relatively minor role. The dominant parameters are the 
material stiffness, E, and geometric fabrication imperfections. Often the 
two specified complementary equations have a common tangent at a se¬ 
lected value of Hr. Such a condition cannot be fulfilled if a straight line 
is used instead of a parabola. In a few specifications, the more conser¬ 
vative approach of using the elastic formula and an allowable stress is 
made b'' assumin' 1 an accidental eccentric it'' based on manufacturin' 1 tol¬ 
erances. 

For some materials, a sequence of three different equations is specified 
for the design of columns, Fig. 1 i-29(b). One of these equations for short 
columns defines the basic compressive strength of a material. Another 
equation, specifically applicable for the long column range, is based on 
the Euler buckling load. An empirical relation, such as an inclined straight 
line shown in the figure, or a parabola, is specified for columns of inter¬ 
mediate lengths. Such a type of formula is generally given for aluminum 
alloys and wood. 

In applying the design formulas, it is important to observe the following 
items: 

1. The material and fabrication tolerances for which the formula is 
written. 

2. Whether the formula gives the working load (or stress) or whether 
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where F.S., the factor of safety, is defined as 


T? o 5 3 {LJr) 

RS - ‘ 3 + “8CT 


(LJr? 
8 Cl 


Note that t‘S. varies, being more conservative for the larger ratios of 
LJr. The equation chosen for F.S. approximates a quarter sine curve, 
with the value of 1.67 at zero LJr and 1.92 at C c . An allowable stress 
versus slenderness ratio for axially loaded columns of several kinds of 
structural steels is shown in Fig. 11-30. 

Since, in practical applications, the ideal restraint of the column ends, 
assumed in Section 11-5, cannot always be relied upon, conservatively, 
AISC specifies modification of the effective lengths, for example, as fol¬ 
lows: 

For columns built in at both ends: L e ~ 0.65L 

For columns built in at one end and pinned at the other: L e - 0.80X, 

No modification need be made for columns pinned at both ends, where 
L e = L. Modifications for other end restraints may be found in the AISC 
Specifications. 

AISC LRFDFormulasfor Columns, Here, again, there are two equa¬ 
tions governing column strength, one for elastic and the other for inelastic 
buckling. The boundary between the inelastic and elastic instability is at 
\ c ~ 1.5, where the column slenderness parameter \ c is defined as 



rTT V E 


This expression results from normalizing the slenderness ratio LJr with 
respect to the slenderness ratio for the Euler elastic critical stress, as¬ 
suming CT cr = CTyp. 
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For \ L - 1.5, this critical buckling stress cr^r based on this Eulsr load 

and is given as 



where the factor 0.877 is introduced to account for the initial out-of- 
straightness of the column, see Fig. ll-ll(c), and the effects of residual 
stresses. 

For k c — 1.5, an empirical relationship based on extensive experimental 
and probabilistic studies is given as 

o'er = (0.658 x; )cr y p (11-60) 

This equation includes the effects of residual stresses and initial out-of- 
straightness. 

Both of the previous formulas give the nominal axial strength (capacity) 
of columns and must be used in conjunction with factored loads and a 
resistance factor 4> c of 0.85 (see Example 1-7). The effective slenderness 
ratios L e Ir are determined as for the ASD. 

Column Formulas for Aluminum Alloys 

A large number of aluminum alloys are available for engineering appli¬ 
cations. The yield and the ultimate strengths of such alloys vary over a 
wide range. The elastic modulus for the alloys, however, is reasonably 
constant. The Aluminum Association (AA ) 23 provides a large number of 
column design formulas for different aluminum allo v s. In all of these for¬ 
mulas, the allowable stress varies with the column slenderness ratio, as 
shown in Fig. ll-29(b). A representative set of three equations is given 
here for 6061-T6 alloy. As identified by the first number, the major alloying 
elements in this aluminum alloy are magnesium and silicon. T 6 designates 
that this alloy has been thermally treated to produce stable temper. This 
alloy finds its greatest use for heavy-duty structures requiring good cor¬ 
rosion resistance as in trucks, pipelines, buildings, etc. Alloys such as 
2024 and 7075 in their various tempers are used in aircraft, where similar 
formulas are employed. 

The three basic column formulas for 6061-T6 alloy are 

0 £ Lir £ 9.5 (ll-61a) 

9.5 ^ Lir £ 66 (il- 6 Iu) 

66 £ Lir (ll-61c) 

23 Aluminum Construction Manual, Section 1, “Specifications for Aluminum 
Structures,” 5Ui ed., April 1982; Section 2, “lilusirative Examples of Design,” 
April 1978; and “Engineering Data for Aluminum Structures,” 5th ed., November 
1981 (Washington, DC: The Aluminum Association, Inc.). 
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For aluminum alloy compression members, the effective lengths are 
approximated in the same manner as recommended by the AISC. 

These stresses in Eqs. ll-61a and ll-61b are reduced to 12 ksi within 
1 in of a weld. 

In designing aluminum alloy columns, it is also recommended to check 
local buckling of the column components. Therefore, formulas arc also 
given by the Aluminum Association for the allowable stresses for out¬ 
standing flanges or legs and column webs, i.e., flat plates with supported 
legs. These formulas, in groups of three, are similar to Eqs. 11-61, except 
that in place of the slenderness ratios Lir, the ratios bit are used, where 
b is the width of a plate, and t is its thickness. The allowable stresses 
given by such formulas may govern the design if such stresses are smaller 
than those required in Eqs. 11-61. Two basic groups of formulas for de¬ 
termining local buckling for 6061-T6 alloy are 

For outstanding legs or flanges: 


CTallnw = 19 ksi 

V! 

VI 

o 

(ll-62a) 

Oanow = 23.1 - 0.79blt ksi 

5.2 S bit £ 12 

(ll-62b) 

(Tallow = 1970/(Wf) 2 ksi 

12 £ bit 

(ll-62c) 

For edge-supported plates 24 : 

(Tallow — 19 kSI 

0 £*>//£ 16 

(ll-63a) 

(Tallow = 23.1 - 0.25«f ksi 

16 £ bit £ 33 

(ll-63b) 

(Tallow = 490 l(blt) ksi 

33 £ bit 

(ll-63c) 


Since all three groups of these formulas are given for the allowable 
stresses on gross sections, they include factors of safety for the intended 
usage. 


Column Formulas for Wood 

The National Forest Products Association (NFPA ) 25 provides the nec¬ 
essary information for the design of wood columns. Here attention will 
be limited to solid rectangular columns. In treating such columns, it is 
convenient to recast the design formulas in terms of the slenderness ratio 
LJd, where L e is Ine effective column length, and d is the least dimension 
of the cross section; see Fig. 11-31. On this basis, 



(11-64) 


24 Such as column webs. 

25 See National Design Specifications for Wood Construction and Design Val¬ 
ues for Wood Construction, NDS Supplement, National Forest Products Asso- 

T\n tv-ki., PWrpct PmHnrts Association See also 



D. E. Breyer, Design of Wood Structures, 
1988). 


2nd ed (New York: McGraw-Hill, Fig. 11-31 Cross section of a 
wooden column. 
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The effective lertPfhc are annrnvimot^ „„__ 

— — - Pt ..w 1 uiu«wu in mv oumc niauuci as rec¬ 
ommended by the AISC. 

The following examples illustrate some applications of the design for- 
mulas for axially loaded columns. 


EXAMPLE 11-6 

(a) Determine the allowable axial loads for two 15-ft W 14 x 159 steel columns 
using AISC ASD formulas when one of the columns has pinned ends and the 
other has one end fixed and the other pinned, (b) Repeat the solution for two 40 
ft W 14 x 159 columns. For the given section, A = 46.7 in 2 and r m - n = 4 00 in 
Assume A36 steel having cr yp = 36 ksi. 


Solution 

For both cases, it is necessary to calculate C c to determine whether Eq. 11-56 or 
11-57 is applicable. 


C. ~ \/7nr 2 F/rr - v -m ^ 103/1,- 

’ ~,~ yp y *-M ,v t.J /-, 1\J /JU — IZO.l 


(a) For the W 14 x 159 shape, the minimum r = 4.00 in. Hence, for the 15-ft 
column with pinned ends, LJr = 15 x 12/4 = 45 < C c , and Eq. 11-57 applies 
Hence, 


_ [1 - 45 2 /(2 x 126.1 2 )]36 _ 

5/3 + 3 x 45/(8 x 126.1) - 45 3 /(8 x 126.1 3 ) ‘ 


fallow — AtTaiiow — 46.7 x 18.78 — 877 kips 


For the column with one end fixed and the other pinned, according to the AISC, 
the effective length L e - 0.8 L = 12 ft. Hence, L e lr = 12 X 12/4 = 36 and again 
applying Eq. 11-57, o-,„„ w - 19.50 ksi, and - Act ... r iCI V 1CKI1 _ 
911 kips. ' '“‘ ow ... 

Here the allowable axial force is increased by 3.9 percent by fixing one of the 
column ends. 

(b) For a 40-ft column with pinned ends, LJr = 40 x 12/4 - 120 < C c . Hence, 
on using Eq. 11-57 again, it can be determined that ct„, !o . v = 10,28 ksi and P.^ 
= Affaiiow = 46.7 x 10.28 = 480 kips. Similarly, since for a column fixed at one 
end and pinned at the other, LJr = 0.8 x 120 = 96, Eq. 11-57 gives cr^ low = 
13.48 ksi and Fallow = Acraii™ - 46.7 x 13.48 = 630 kips. 

For this case, the allowable axial force is increased 31.2 percent by fixing one 
of the column ends. This contrasts with the 3.9 percent found earlier for the shorter 
columns. This finding is in complete agreement with the generalized Euler theory 
for columns, Section 11-7. As can be noted from Fig. 11-19, by restraining the 
ends of long columns, a large increase in their strength is obtained at large values 
P f LJr. Restraining the ends of short columns results only in a modest increase 
in their strength. 
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Using the AISC ASD column formulas, select a 15-ft long pin-ended column to 
carry a concentric load of 200 kips. The structural steel is to be A572, having CTyp 
= 50 ksi. 


The required si/e of the column can be found directly from the tables in the AISC 
Steel Construction Manual. However, this example provides an opportunity to 
demonstrate the trial-and-error procedure that is so often necessary in design, 
and the solution presented foiiows from using this meihod. 

First try: Let L/r = 0 (a poor assumption for a column 15 ft long). Then, from 
Eq. 11-57, since F.S. = 5/3, craiinw = 50/F.S. = 30 ksi and A — P/caiiow — 200/30 
= 6.67 in 2 . From Table 4 in the Appendix, this requires a W 8 x 24 section, 
whose /"min = 1.61 in. Hence, L!r = 15(12)/1.61 = 112. With this Llr, the allowable 


stress is rouna using cq. ii-jo or j 
C c : 


> <appLH_tlL)LC UCJJCllUlUg on 


C„ = \W r EbZ = V2ir 2 x 29 x 10 3 /50 = 107 < Ur 


Hence, using Eq. 11-56, craii ow = 


12-rr 2 x 29 x 10 2 
23 x 112 2 


This is much smaller than the initially assumed stress of 30 ksi, and another section 
must be selected. 

Second try: Let cr^w = 11.9 ksi as found before. Then A - 200/11.9 = 16.8 
in 2 , requiring a W 8 x 58 section having r m j n = 2.10 in. Now Llr = 15(12)/2.10 
= 85.7, which is less than C c found before. Therefore, Eq. 11-57 applies, and 

F.S. = 5/3 + 3(85.7)/(8 x 107) - (85.7) 3 /(8 x 107 3 ) - 1.90 
and ' o-aiiow = [1 - (85.7) 2 /(2 x 107 2 )J50/1.90 = 17.9 ksi 


This stress requires A = 200/17.9 = 11.2 in 2 , which is met by a W 8 x 40 section 
with r mjn = 2.04 in. A calculation of the capacity for this section shows that the 
allowable axial load for it is 204 kips, which meets the requirements of the prob¬ 
lem. 


* EXAMPLE 11-8 

Determine the design compressive strength F u for a 15-ft W 14 x 159 steel column 
pinned at both ends based on the AISC LRFD provisions. For this section, A ~ 
46.7 in 2 and r m ; n = 4,00 in, Assume A36 steel having crajicv — 36 ksi. 
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axial loads, Eq. 6-45, and setting the maximum compressive stress equal 
to or less than for an axially loaded column. For a planar case, this be¬ 
comes 


The compressive stresses in the last equation are treated as positive quan¬ 
tities. If only an eccentric force P is applied, the bending moment M ~ —* -»—^a. 

Pe, where e is the load eccentricity; see Fig. 11-34. The allowable stress 
cTajicw is determined from an appropriate formula, such as given in the 
preceding section for axially loaded columns of different materials. Usu- \\ 

ally, the solution of Eq. 11-68 requires a trial-and-error procedure. \\ 

For short and intermediate length columns, the previous procedure is 
usually conservative, since craiiow for compressive stresses is generally t 

less than the allowable bending stress. On the other hand, this procedure 'j 

may become unconservative for slender columns, where the deflections P 

are magnified due to the axial force. For such cases, it is appropriate to Eccentrically 

determine the extent of bending moment magnification caused by column loaded co,urrm - 
deflection using the approximate deflection magnification factor derived 
in Example 11-3 or 11-4. 


Interaction Method 

In an eccentrically loaded column, much of the total stress may result 
from the applied moment. However, the allowable stress in flexure is 
usually higher than the allowable axial stress. Hence, for a particular 
column, it is desirable to accomplish some balance between Lhe two 

stresses, denendintr rvn the relative mnomtnHec <-»f f>i» 

- -, _. r - - 0 . ...* • - vx l.iw wvi.umg muiiu/iii 

and the axial force. Thus, since in bending, rr = Mr.il = Mc/Arf where 
r\ is the radius of gyration in the plane of bending, in effect, area Ah 
required by bending moment M is 


where u a b is the allowable maximum stress in bending. (See also Section 
11-14.) Similarly, area A a required for axial force P is 


where o aa is the allowable axial stress for the member acting as a column , 
and which depends on the L/r ratio. Therefore, the total area A required 
for a column subjected to an axial force and a bending moment is 


(11-69) 
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By dividing by A, 

P/A Mc/Arj . u a (J b 

- 4- - =1 or - + - 

Cr flfl (J a b (Jaa <Jab 


(11-70) 


where cr is the axial stress caused b v the a nn iied vertical loads, and cr- 
is the bending stress caused by the applied moment. If a column is carrying 
only an axial load and the applied moment is zero, the formula indicates 
that the column is designed for the stress (j aa . On the other hand, the 
allowable stress becomes the flexural stress a a b if there is no direct com¬ 
pressive force acting on the column. Between these two exireme cases, 
Eq. 11-70 measures the relative importance of the two kinds of action and 
specifies the nature of their interaction. Hence, it is often referred to as 
an interaction formula and serves as the basis for the. specifications in 
the AISC ASD manual, where it is stated that the sum of these two stress 
ratios must not exceed unity. The same philosophy has found favor in 
applications other than those pertaining to structural steel. The Aluminum 
Association suggests a similar relation. The National Forest Products 
Association developed a senes of formulas to serve the same purpose. 

In terms of the notations used by the AISC, Eq. 11-70 is rewritten as 


fa 

F c 


(11-71) 


In practice, the eccentricity of the load on a column may be such as to 
cause bending moments about both axes of the cross section. Equation 
11-71 is then modified to 


h 

F c 


I ^ I 1.0 

Fbx Fby 


(11-72) 


Subscripts x and y combined with subscript b indicate the axis of bending 
about which a particular stress applies, and 


F a = allowable axial stress if the axial force alone existed 
Fb = allowable compressive bending stress if the bending moment alone 
existed 

f a = computed axial stress 
f b = computed bending stress 


At points that are braced in the plane of bending, F u is equal to 60 percent 
of F y , the yield stress of the material, and 
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At intermediate points in the length of a compression member, the sec¬ 
ondary bending moments due to deflection (see Fig. 11-34) can contribute 
significantly to the combined stress. Following the AISC specifications, 
this contribution is neglected in cases where f a /F a is less than 0.15, i.e., 
the axial stress is small in relation to the allowable axial stress, and Eq. 

1 1 . 7 ^ rati ctill ltcf>H When f i J 7 ic l\ 1 -.-CC,..,* —r *1. _ 

ij. . - •' j a"- a g,ivmvi mini v. u, mt. i/UCCL Ul U1C 

additional secondary bending moments may be approximated by multi¬ 
plying both fbx and f by by an amplification factor, C m /( 1 - fJF' e ), which 
takes into account the slenderness ratio in the plane of bending and also 
the nature of the end moments. The term in the denominator of the am¬ 
plification factor brings in the effect of the slenderness ratio through the 
use of F' e , the Euler buckling stress (using L e /r in the plane of bending) 
divided by 23/12, or 1.92, which is the AISC factor of safety for a very 
long column with I Jr greater than C c . (See Section 11-12 for a definition 
of C c .) It can be noted that the amplification factor increases as f a in¬ 
creases and blows up as f a approaches F' e . The term C m in the numerator 
is a correction factor that takes into account the ratio of the end moments 
as well as their relative sense of direction. The term C m is larger if the 
end moments are such that they cause a single curvature of the member, 
and smaller if they cause a reverse curvature. The formula for fJF a > 
0.15 then becomes 

U . , c my f ty 

' (1 - fJF'„)F b ; ' (1 - fJF'ey)F b y ' 

According to the AISC specifications, 26 the value of C m shall be taken 
as follows: 

1. For compression members in frames subject to joint translation 
(sidesway), C m = 0.85. 

2. For restrained compression members in frames braced against joint 
translation and not subject to transverse loading between their sup¬ 
ports in the plane of bending, 

C m = 0.6 - OAMJM 2 


larger moments at the ends of that portion of the member unbraced 
in the plane of bending under consideration. M 1 /M 2 is positive when 
the member is bent in reverse curvature and negative when it is bent 
in single curvature. 

3. For compression members in frames braced against joint translation 
in the plane of loading and subjected to transverse loading between 
their supports, Lhe value of C m can be determined by rational anal- 


AISC Steel Construction Manual, 9th ed. (Chicago: AISC, 1989), 5-27. 
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ysis. However, in lieu of such analysis, the following values may be 
used: (a) for members whose ends are restrained, C m ~ 0.85; (b) 
for members whose ends are unrestrained, C m - 1.0. 


Select a 6061-T6 aluminum alloy column for the loading shown in Fig. 11-35 using 
the allowable stress method. Assume the column to be pinned and laterally sup¬ 
ported at both ends. 


In this problem, Eq. 1 1-68 must be satisfied with o-aiiow given by one of Eqs. 11 - 
61. By assuming that the column length is in the intermediate range, Eq. ll-61b 
applies, and the following relation can be written: 

30_+_20 20 x 8.8 _ 50 176 ^ _ 0.126 — 

A S A S r 

where A, S , and r depend on the selected column cross section. Note that S 
applicable to the plane of bending must be used. A trial-and-error procedure is 
used to solve the problem. 

First Try: It is convenient to recast the last equation In to the following form: 


50 176 (K 
A + A U 


where A/S = B defines a bending factor. 11 These factors are reasonably constant 
for a whole class of cross sections. Therefore, the solution can begin by selecting 
a plausible size for a member, which then provides data for A/S, and the above 
equation can be solved for a trial value of A. Following this procedure, assume 
here an 8 in x 8.5 in x 8.32 Ib/ft aluminum alloy wide-flange section. The Alu¬ 
minum Association Construction Manual gives the following data for this section: 
A = 7.08 in 2 , S x - 21.04 in 3 , and r m j n * 1-61 in. (Geometrically, this cross section 
is veiy similar to the W 8 x 24 steel section given in Table 4 of the Appendix. 
The corresponding values given there are A = 7.08 in 2 , S. x = 20.9 in 3 , and r m - in 
= 1.61 in.) Based on this data, B = A/S x = 7.08/21.04 = 0.337. Hence, the basic 
design equation .becomes 


50 176 A „„ 109.3 

— + — x 0.337 = —— ^ 
A A A 


The solution of this equation gives A = 8.61 in 2 , which is larger than that provided 
by the assumed section, and requires another trial. 

27 Bending factors are tabulated for many cross sections in the AISC Manual 
of Steel Construction or may be calculated for an assumed section when A and 
5 are known. 
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Second Tty: Select 8 in x 8 in x 10.72 Ib/ft, the next larger available section, 
with A = 9.12 in 2 , S x = 27.41 in 3 , and r min = 2.01 in. (A W 8 x 31 steel section 
has the same properties.) Substituting these quantities into the first equation for¬ 
mulated before shows that 


50 176 

9.12 + 27.41 


20.2 - 0.126 X 


8 x 12 
2.01 


14.2 ksi 


Therefore, this section is satisfactory. For a complete solution of this problem, 
local buckling of flanges and webs should also be checked, as was done in Example 


larger than the allowable axial stress and do not control the design. 


‘EXAMPLE 11-11 

Select a steel column for the loading shown in Fig. 11-36 using the AISC ASD 
interaction method. Assume the column to be pinned and laterally braced at both 
ends. Let F y = 50 ksi and F b = 30 ksi. 

Solution 

In this problem, the interaction formulas, Eq. 11-72 or Eq. 11-73, must be satisfied, 
depending upon whether fJF 0 is less than or greater than 0.15. The solution is 
obtained by trial-and-error process as is outlined. 

First Try: Let L e /r = 0, although it is a poor assumption for a 15-ft column. 
Corresponding to this value of the slenderness ratio, F a can be calculated, using 
Eq. 11-57, as F a = 5Q/(5/3) = 30 ksi. The required area of the section can then 
be computed using Eq. 11-72: 



For any one depth of section, the bending factor B x does not vary a good deal. 
Therefore, if a W 10 section is to be chosen, a typical value of B x is about 0.264 
(check a few values of A/S x in Table 4 of the Appendix). Then 


Selecr a W 10 x 49 section with A = 14.4 in 2 , r^n •= 2.54 in, r x — 4.35 in, 
and B x = 0.264, and carry out the necessary calculations to determine whether 
the interaction Eq. 11-72 or 11-74 governs. 
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Problems 
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P 200 - MB X 800 x 0.264 , „ „, . 

f'-Z-UA- 13 ' 9KSl U= LT = 14.4. -=-' KS ‘ 

Li _ 1S x - il = 70.9 < C c C c = V2ir 2 EIF y - 107 


Using Eq. 11-57, F. = 19-3 kri, }JV. = 13.9/19.3 - 0.7z > u.u; mn, the 
interaction formula of Eq. 11-74 must be checked. For this purpose, using LJr, 
in the plane of bending, one determines 


e (. L e !r x ) 2 (15 x 12/4.39) 2 " ° KM 

Again, using Eq. 11-74 for bending in one plane and substituting into it the ap¬ 
propriate quantities, one has 


19.4 (1 - 11.4/88.6)30 


= 0.59 + 0.41 = 1.00 


r " 23 (LJr x ) 2 (15 x 12/4.35) 2 (41.4) 2 

Then, since the end moments subject the column to a single curvature, M\lM t 
= -000/800 = -0.75, and 

C m = 0.6 - 0.4 MJM 2 = 0.6 - (0.4)( —0.75) *= 0.9 
With bending taking place in one plane only, Eq. 11-74 reduces to 


F a (1 - fJF' e )F b 

On substituting the appropriate quantities into this relation, 

1 H + —°- 9 x - 1 -—— - 0.72 + 0.52 = 1.24 > 1.0 
19.3 (1 - 13.9/86.9)30 

Since Eq. 11-74 is violated, a larger section must be used. 

Second Try: As an aid in choosing a larger section, assume F n = 19.3 ksi, which 
is the value computed for the section in the previous trial. Also, using B x - 0.264 
for W 10 sections, 


Since this relation satisfies Eq. 11-74, the W 10 x 60 section is 


*11-14. Lateral Stability of Beams i» 

The Strenpfh and H*»fl<»rtmn ttidorv of _ i;„ - . I 1 ^ 

only if such beams are in stable equilibrium. Narrow or slender beams _^ J 

that do not have occasional lateral supports may buckle sideways and L 

thus become unstable; see Fig. 11-37. Theoretical and experimental stud- | j 

ies of this problem show that, within limits, reduced bending stresses can J. - - - 

be used to maintain the stability of such beams. The nature of the reduced 

stresses resembles the curves displayed for columns in Figs. 11-29 and • ’ | 

11-32. The key parameter for stress reduction depends on the material 

properties, geometry of the cross section, and moment gradient. Several - - Laterai ' torsional 

of the references cited in this chapter discuss this topic. In this section, beam! 118 ^ & narT0W 
only a simple criterion for avoiding the problem of lateral torsional buck¬ 
ling for compact steel beams is given. 

According to the AISC ASD specifications, in order for a compact beam 
to qualify for the maximum allowable bending stress, intermittent lateral 
supports shall be provided at intervals not exceeding the value 


P MB X 200 800 x 0.264 „ ._ 2 

a >- 1 --- H-— 17.4 in 

F a Ft 19.3 30 

Now select a W 10 x 60 section with A — 17.6 in 2 , fmin = 2.57 in, r x — 4.39 in, 
and B x = 0.264, and proceed as in the first trial to check the interaction formula. 

f = P _ 200 . „ 4ksi f „ = MSl = 800 x = 12.0 ksi 
A 17.6 ’ A 17.6 

Li. = l 5 x 12 = 70.0 < C c 

fmin 2-57 

Using Eq. 11-57, F„ = 19.4 ksi, fJF, = 11.’4/19.4 = 0.59 > 0.15; hence, Eq. 
11-74 must be checked. 


where A / is the area of a compression flange, b f is the flange width, d is 
the depth of a beam, and F y is the yield stress for the material. 

Problems 

Section 11-3 |-w 

11 - 1 . A rigid bar binged at the base is held in a vertical 
position by two springs: one has a stiffness k N/mm 

and the other, 2 k N/mm, as shown in the figure. De- ILwl 

termine the critical force P cr for this system. 

11-2 throughll-4. Rigid-bar segments of equal lengths 
a are connected at the joints and at the bottoms by 
frictionless hinges and are maintained in straight po- Fig. P11-1 
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sitiuiis by tuisioual apiings uf the stiffnesses shown m 
the figures. Determine the eigenvalues for these sys¬ 
tems and show the eigenfunctions on separate dia¬ 
grams. Identify the critical loads. 



Fig. P11-3 


■m. x column is mnned at the base and guyed 

at the top by four wires, as shown in the figure. The 
3000-mm-long column has a solid circular cross section 


I P 



Fig. P11-4 

*11-5. A weightless prismatic elastic column can be 
approximated by a series of rigid bars each of length 
a, with an appropriate torsional spring constant k at 
each joint as shown in the figure. Set up the deter- 
minental equation for finding the critical load for a sys¬ 
tem having n. degrees of freedom. 



Fig. P11-6 


of 80 mm in diameter. For the column and the wires, 
E - 200 GTa and tr yp = 400 MPa. What should be the 
diameter of the wires such that a perfectly concentric 
buckling load P„ could be reached simultaneously 
with lateral displacement at the the top? Assume that 



Problems 


62S 


the lateral displacement of the ton is prevented one 
wire only with the diametrically opposite wire becom¬ 
ing slack, as shown by the dashed curve. Consider the 
column to be perfectly rigid during lateral displace¬ 
ment of the top. (Note: Load eccentricity and column 
crookedness should be considered in actual applica¬ 
tions.) 

11-7. A 1-in round steel bar 4 ft long acts as a spreader 
bar in the arrangement shown in the figure. If cables 
and connections are properly designed, what pull F 
can be applied to the assembly? Use Euler’s formula 
and assume a factor of safety of 3. £ = 29 x 10 6 psi. 


Spreader 



Fig. P11-7 


11-8. A boom is made from an aluminum pipe of 60 
mm outside diameter and having a 4-mm wall thick¬ 
ness, and is part of an arrangement for lifting weights, 
as shown in the figure. Determine the magnitude of the 
force F that could be applied to this planar system as 
controlled by the capacity of the boom. Assume a fac- 


GPa. All dimensions are shown in mm. 


plied at A? Assume that all joints are pin-connected 
and that the connection details are so made that the 
mast is loaded concentrically. The top of the mast is 
braced to prevent sidewise displacement. Use Euler’s 
formula with a factor of safety of 3.3. £ = 29 x IQ 6 
psi. 



Fig. P11-9 


11-10. What force F can be applied to the system 
shown in the figure, governed by the 25 x 16 mm alu¬ 
minum-alloy bar A8? The factor of safety on the Euler 
buckling load is to be 2.5. Assume the ends are pinned. 
£ = 70 GPa. 



Fig. Pll-8 11-11. Governed by the steel T section, what force F 

can be applied to the system shown in the figure? The 
11-9. The mast of a derrick is made of a standard rec- factor of safety on the buckling load must be 2. Assume 

tangular 4 x 2 in steel tubing weighing 6.86 lb/ft. (A that the ends are pinned and that the applied force is 

~ 2.02 in 2 , J. = 1.29 in 4 , F. = 3.87 in 4 .) If this derrick concentrically applied. £ = 200 GPa. Neglect the pos¬ 
ts assembled as indicated in the figure, what vertical sibility of torsional buckling. 
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y A 



Fig. Pii-ii 


11-12. A thin bar of stainless steel is axially precom- mula for columns with pinned ends and a factor of 
pressed 100 N between two plates that are fixed at a safety of 2.5. Neglect the weight of construction. £ = 
constant distance of 150 mm apart; see the figure. This 29 x 10 6 nsi. 


assembly is made at 20°C. How high can the temper¬ 
ature of the bar rise, so as to have a factor of safety 
of 2 with respect to buckling? Assume E = 200 GPa 
and a = 15 x 10 _6 per°C. 


11-14. Select a W steel section for member AB for the 
system shown in the figure to resist a vertical force of 
150 k. The system is laterally braced at B and C. Neg¬ 
lect the weight of the members. Assume pinned ends 
and a factor of safety of 2. £ = 29 x IQ 3 ksi. 



Fig. P11-12 


11-13. What size standard steel pipe should be used for 
the horizontal member of the jib crane shown in the 
figure for supporting the maximum force of 4 k, which 
includes an impact factor? Use the Euler buckling for- 



Fig. P11-14 

11-15. Select standard steel pipes for the tripod shown 
in the figure to support a vertical load b ~ 4.75 k with 

A 
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a factor of safety of 3 on the Euler buckling load. Neg¬ 
lect the weight of the members. E ~ 29 x 10 3 ksi. 
11-16. A tripod is to be made up from 3 x 3 in steel 
angles, each 10 ft long, to support a vertical load F = 
8 k at the center, as shown in the figure. Using the 

T-nlpr hli/’Hinrr fnrmnln vmrt, n 1 

“-U* ui j lu 

account for impact, determine the required thickness 
of the angles. Neglect the weight of the angles, assume 
that they are loaded concentrically, and that the ends 
are pinned. £ — 30 x 10 fi psi. 



Fig. PH-16 


*11-17. A simple beam of flexural rigidity EI h is 
propped up at the middle by a slender rod of flexural 
rigidity £J C . Estimate the deflection of the beam at the 
center if a force F double the Euler load for the column 
is applied to this system. 


, r 



Section 11-5 

11-18. Derive Eq. 11-17 using Eq. 11-5 in the form EIv" 
+ Pv = M 0 , where M 0 is the moment at the end. 
11*19. Derive Eq. 11-18 using Eq. 11-5 in the form EIv" 
= P {8 - y), where S is the end deflection. 

*11-20. Determine the critical buckling load for the 
column shown in the figure. {Hint: See the preceding 
problem; enforce continuity conditions at a change in 
EL) 



Fig. P11-20 


*11-21. Determine the transcendental equation for 
finding the critical buckling load for bar AB of constant 
El due to the application of axial force F through rigid 
link BC. (Hint: In a deflected position, note the pres¬ 
ence of a shear force at B.) 



ended column of a certain linearly elastic material is 
20 kN. Five different columns made of the same ma¬ 
terial and having the same cross section have the sup¬ 
porting conditions shown in the figure. Using the col¬ 
umn canacitv for the 4-m column as the criterion w t ’a f 
are the allowable loads for the five columns shown? 


Fig. PH-17 
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Fig. Pit-22 


11-23. A machine bracket of steel alloy is to be made 
as shown in the figure. The compression member AJS 
is so arranged that it can buckle as a pin-ended column 
in the plane ABC, but as a fixed-ended column in the 
direction perpendicular to this plane, (a) If the thick¬ 
ness of the member is \ in, what should be its height 
h to have equal probability of buckling in the two mu¬ 
tually perpendicular directions? (b) If E ~ 28 x 10 6 , 
and the factor of safety on instability is 2, what force 
F can be applied to the bracket? Assume that the bar 
designed in (a) controls the capacity of the assembly. 



11-24. A piece of mechanical equipment is to be sup¬ 
ported at the top of a 5-in nominal-diameter standard 
steel pipe, as shown in the figure. The equipment and 
its supporting platform weigh 5500 lb. The base of the 
pipe will be anchored in a concrete pad and the top 


Yt 



end will be unsupported, if the factor of safety required 
against buckling is 2.5, what is the maximum height of 
the column on which the equipment can be supported? 
E = 30 x I0 6 psi. (Note: Solution becomes inaccurate 
if the height of the rigid mass is significant in relation 
to the height of the column.) 

Sections 11-6 through 11-8 

11-25. Find the shortest lengths for columns with 
pinned ends such that the Euler elastic buckling for¬ 
mula would apply. Consider three different cases: (a) 
a 2 x 4 in wooden strut of nominal size (see Table 10 
of the Appendix) iff = 1.8 x 10 6 psi and the maximum 
compression stress is 1500 psi, (b) a solid aluminum- 
alloy shaft 50 mm in diameter if E = 70 GPa and 
= 360 MPa, and (c) a W 14 x 193 steel section (see 
Table 4 of the Appendix) if E - 29 x 10 3 ksi and o-yp 
= 36 ksi. 

11-26. Two grades of steel are in common use for col¬ 
umns in buildings: A36 steel with cr yp = 36 ksi, and 
A572 with <r yp = 50 ksi. For each steel determine the 
smallest slenderness ratios for which the Euler elastic 
buckling formula applies when the column is pinned 
at both ends and when it is fixed at both ends. 
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an aluminum alloy is shown in the figure, where, for 
convenience, e x 10 3 = e. The alloy is linearly elastic 
for stresses up to 40 ksi; the ultimate stress is 50 ksi. 


(a) Idealize the stress-strain relation by fitting a par- 

ahi-ato tr\ flip I’nnia cr\ tkpt ~ _ c 




uous at the proportional limit and so that the it = 50- 


ksi line is tangent to the parabola, (b) Plot E,(a)IE 
against ct/ct u u, where E is the elastic modulus, <r U |, the 
ultimate stress, aud E, the tangent modulus at stress 
<t. (c) Plot in one »ra n h cr against L!r for fixed fixed 


and pinned-pinned columns, where cr cr is based on E,. 



M b sin Xr _ M D x 
P sin \L PL 


and the bending moment is 



11-28. For some materials, the stress-strain relation¬ 
ship in normalized form can be expressed 28 as a = 
1 - exp(-ce), where c is an arbitrary constant. Set¬ 
ting c = 500, plot the stress-strain diagram for e from 
0 to 0 . 01 , and the normalized-stress-vs-column slen¬ 
derness ratio LJr from 0 to 200. (Note: exp(x) - e*.) 
11-29. Using Eq. 11-24, obtain the average stress Pi A 
for Llr — 0 and 75. Assume edr 2 = 0.05. 

Section 11-9 

11-30. A high-strength thin-walled steel tube 1250 mm 
long is loaded as shown in Fig. 11-23. The axial force 
P = 25 kN and the transverse F - 500 N. The outside 
diameter of the tube is 37 mm, and its cross-sectional 
area is 223 mm 2 . For this tube, I = 34 2 x 10 3 mm 4 
and E =,200 GPa. (a) Determine the maximum de¬ 
flection and bending moment using Eqs. 11-33 and 11- 
34. (b) Compare the results in (a) with the results using 
the approximate Eqs. 11-41 and 11-42. (c) Calculate 
the combined stresses due to the axial force and the 
maximum bending moment. Neglect local stress con¬ 
centrations. 

11-31. Show that for a beam-column loaded by an end 
moment M s , as shown in the figure, the deflection is 

28 Courtesy of F. C. Filippou. 


^ _ _ Mb sin Xx 
sin \L 

11-32. Consider the thin-walled tube having the me¬ 
chanical properties given in Prob. 11-30 subjected to 
an end moment M u — 250 N-m and an axial force P 
- 30 kN, as shown in the figure, (a) Determine the 
maximum deflection and then the maximum bending 
moment using an approximate method. Use Table 11 
of the Appendix for beam deflection due to an end 
moment, (b) Compare the results in (a) with those 
using the accurate expressions found in the preceding 
example. Note that the maximum moment occurs at 
dMidx = 0. (c) Calculate the maximum in-span 
stresses due to the axial force and bending. 


37 mm 



Fig. P11-32 


11-33. If an elastic bar is initially curved as shown in 
the figure, show that the total deflection 



Fig. P11-33 
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11-34. Show that since the character of Eqs. 11-45 and 
i 1-46 changes if instead of a compression axial force, 
a tensile force is applied, the homogeneous solution of 
the differential equation for deflection is 



v — Ci sinh \x + C 2 cosh \x 4- C$x + C 4 

where constants,Ci, C 2 , C 3 , and C 4 are determined 
from the boundary conditions. 

11-35. Show that ifinExample 11-3, axial force P were . 
tensile, the deflection 


F , XX . . , Fx 
_sech T sinhXx-- 


11-36. Verify Eq. 1 1-48 by superposing the deflections 
due to the moments applied at each end using the 
expression for the deflection found in Prob. 11-31. This 
special case demonstrates that the solutions for beam- 
column deflections can be found by superposition for 
identical members subjected to the same axial force. 
11-37. Show that the equation of the elastic curve for 
an elastic beam-cumum of constant El subjcctCu to a 
sinusoidal load as shown in the figure is 

1 q 0 L 4 . ttx 
” ~ 1 - PIP„ u 4 H Sm L 


11-39. (a) Using Eq. 11-45, show that the equation for 
the bendin 0 moment for a uniformly loaded elastic 
beam-column is given as 


M = — r — ——- sin Xx - .cos \x + 1^ 

X 2 \ sin XX ) 


(b) How can the equation of the elastic curve be easily 
found from the preceding result? (Hint: See Eq. 11- 
50.) 


11-40. Rework Example 11-4 using Eq. 11-45, and 

„U(V,*. E> — n T3n 11. ao rpHlll-P« tn 71 _ 

■'>11'-' " tliai 1V1 X — U, X.XJ. xx -- v„,*A 

M 0 r. 2 /m. 

11-41. Using Eq. 11-55, rederive Eq. 11-16. 

11-42. Using homogeneous Eq. 11-45, determine the 
critical buckling load for the column of variable stiff¬ 
ness shown in the figure. (Hint: Enforce continuity 
conditions at the change in El.) 


11-38. Using Eq. 11-45, show that the equation for the 
bending moment for an elastic beam column subjected 
to a uniformly varying increasing load to the right is 
given as 


where q = q 0 x/L. 
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11-43. A "in-ended bar of constant El is simnorted 
along its length by an elastic foundation, as shown in 
the figure. The foundation modulus is k lb/in 2 and is 
such that when the bar deflects by an amount v, a re¬ 
storing force kv lb/in is exerted by the foundation nor¬ 
mal to the bar. First, satisfy yourself that the governing 
homogeneous differential equation for this problem is 

EIv' v + Pv" + kv = 0 

Then, show that the required eigenvalue of the differ¬ 
ential equation is 



Note that if k = 0, the minimum value of P cr becomes 
the classical Euler buckling load. 



Fig. P11-43 


Sections 11-11 and 11-12 

11-44. (a) If a pin-ended solid circular shaft is 1.5 m 
long and its diameter is 50 mm, what is the shaft’s 
slenderness ratio? (b) If the same amount of material 
as in (a) is reshaped into a square bar of the same 
length, what is the slenderness ratio of the bar? 

11-45. The cross section of a compression member for 
a small bridge is made as shown in Fig. ll-26(a). The 
top cover plate is \ x 18 in and the two C 12 x 20.7 
channels are placed 10 in from back to back. If this 
member is 20 ft long, what is its slenderness ratio? 
(Check Lir in two directions.) 

11-46. Consider two axially loaded columns made 
from W 10 x 112 sections of A36 steel, where o\, P = 
36 ksi. One of the columns is 12 ft long and the other 
is 40 ft long. Both columns are braced at the pin ends, 
(a) Using the AISC ASD, determine the allowable 
loads for these columns, (b) What would be the allow¬ 
able loads if A572 grade steel having oy p = 50 ksi is 
used instead? (Note: This illustrates the reason why 


A572 grade steel is often used in building construction 
where the columns are stocky.) 

11-47. A 14 x 193 column of A36 (<r vp = 36 ksi) steel 
is laterally braced 12 ft apart in the weak direction of 
buckling and 24 ft apart in the strong direction, as 
shown in the figure, (a) Determine the allowable axial 
load for this column per AISC ASD. (b) Is this a well- 
balanced design? 




Fig. PH-47 


11-48. A standard 12-in-nominal-diameter steel pipe 
(see Table 8 of the Appendix) supports a water tank, 
as shown in the figure. Assuming that the effective 
length of the free-standing pipe-column is 30 ft, what 
weight of water can be supported per AISC ASD? Let 
o-yp = 36 ksi. (Note: In a complete design, wind load 
should also be considered.) 


Water 
^ tank 



% wr * 


Fig. P11-4S 

11-49. For A36 steel, <jy P = 36 ksi and E = 29 x 10 3 
ksi. (a) Determine the ratio L e !r for the transition point 
between Eqs. 11-56 and 11-57 for AISC ASD formulas. 






632 


Stability ot Equilibrium: Columns 


Problems 


633 


These formulas are constructed usin ff the concept 
shown in Fig. 1 l-29(a).) (b) Show that the AISC LRFD 
Eq. 11-58 reduces to LJr = 89.2\ c , and then determine 
the ratio LJr for the transition point between Eqs. 11- 
59 and 11-60. 

T .-In*. Aicriummatlrn,! Hptorminp 
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the nominal axial column strengths (factored loads) P n 
= 4) c Ao cr , where A is the cross section for the two 
columns in Prob. 11-46. (b) Determine the ratios be¬ 
tween the factored and the allowable axial loads for 
the corresponding columns in Prob. 11-46. Such al¬ 
lowable axial loads are 593 k and 153 k, respectively, 
for the short and the long columns. Interpret the results 
with the aid of Eq. 1-28. 

11-51. Using the AISC LRFD formulas, rework Prob. 


allowable axial loads. Interpret the result with the aid 
of Eq. 1-28. (See the preceding problem.) 

11-52. Using AISC LRFD formulas, rework Prob. 11- 
48. 

11-53. Two A36 steel C 10 x 15.3 channels form a 24- 
ft-long square compression member; the channel 
flanges are turned in, and are adequately laced to¬ 
gether. Using the AISC ASD formulas, what is the 
allowable axial force on this member? cr yp = 36 ksi 
and E = 29 x 10 3 ksi. 

11-54. A compression member is made up from two 
A572 steel C 8 x 11.5 channels arranged as shown in 
Fig. ll-26(b). (a) Determine the distance back to back 
of the channels so that the moments of inertia for the 
section about the two principal axes are equal, (b) If 
the member is 32 ft long, what is the nominal axial 
compressive strength of the member according to 
AISC LRFD provisions? Cy P - 50 ksi and E - 29 x 
10 3 ksi. 

11-55. A boom for an excavating machine is made up 
from four 2\ x 2\ x \ in A36 steel angles, as shown 
in Fi n . 11-26'ch Qut-to-out dimensions of the square 
column, excluding lacing bars, is 14 in. According to 
AISC ASD formulas, what axial load can be applied 
to this member if it is 52 ft long? cr yp - 36 ksi and E 
= 29 x 10 3 ksi. 




mipr 


of two 4 x 4 x fin steel angles arranged as shown in 
Fig. ll-26(d). The vertical legs of the angles are sep¬ 
arated by spacers £ in apart. If the length of this mem¬ 
ber between braced points is 8 ft, what axial load may 
be applied according to the AISC ASD code? cr yv = 
36 ksi and £ = 29 x 10 3 ksi. 


11-57- Using Aluminum Association formulas, deter¬ 
mine the allowable axial loads for two 8 in x 8 in x 
10.72 lb/ft 6061-T6 aluminum-alloy pin-ended columns 
that are 10 and 30 ft long. For cross-sectional prop¬ 
erties of the columns, use Table 4 of the Appendix for 
W 8 x 31 steel section. 

11-58. Using the NFPA formulas, determine the al¬ 
lowable axial loads for three 6 x 6 in Douglas Fir col¬ 
umns of different lengths: 5,12, and 20 ft. Each column 
is braced at both ends, and F c — 1000 psi and E = 1.6 
x 10 6 nsi. 


Sections 11-13 and 11-14 

11-59. An observation platform 6 ft in diameter is at¬ 
tached to the ton of a standard 6-in pipe 20 ft Iona 
supported by a footing. Governed by the strength of 
the pipe, what weight, including a person or persons, 
can be placed on the platform? Locate the live load 3 

C. C _. .U- ~ tho LJIOirtllt nfenn 
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struction. Use Eq. 11-68 with the allowable stress 
given by the Euler formula with FS = 3. E - 29 x 
10 6 psi and cr yp = 36 ksi. 

11-60. A W 12 x 85 column 20 ft long is subjected to 
an eccentric load of 180 k located as shown in the fig¬ 
ure. Using the AISC ASD interaction formula, deter¬ 
mine, whether this column is adequate. Use the same 
allowable stresses as in Example 11-11. 


Fig. P11-60 T 

11-61. A W 14 x 68 column made of A36 grade steel 
(cryp - 36 ksi) is 20 ft long and is loaded eccentrically 
as shown in the figure. Determine the allowable load 



Fig. PH-61 


P using the AISC ASD formulas. Assume pin-ended 
conditions. Let F b = 27 ksi. 

11-62. A W 12 x 40 column has an effective length of 
20 ft- Using the AISC ASD formulas, determine the 
magnitude of an eccentric load Lhal can be applied to 
this column at A, as shown in the figure in addition 
to a concentric load of 20 k. The column is braced at 
top and bottom. The allowable bending stress F b - 17 
ksi. 



Fig. P11-62 v 

11*63. What is the magnitude of the maximum beam 
reaction that can be carried by a W 10 x 49 column 
having an effective length of 14 ft, according to the 
AISC ASD interaction formula? Assume that the beam 
delivers the reaction at the outside flange of the col¬ 
umn, as shown in the flguic, and is concentric with 
respect to the minor axis. The top and bottom of the 
column are held laterally. Assume F y = 36 ksi and F b 
= 22 ksi. 




v 


Fig. P11-63 -U—y^-lL 

11-64. Using the AISC ASD code, select a W shape 
column to carry a concentric load of 60 k and an ec¬ 


centric load of 25 k applied on the Y— y axis at a dis¬ 
tance of 6 in from the X-X axis. The column is braced 
top and bottom and is 14 ft long. The allowable bending 
stress is 22 ksi and <r yp = 36 ksi. 

*11-65. A narrow rectangular beam, such as shown in 
the figure, can collapse when loaded through lateral 
instability by twisting and displacing sidewise. It can 
be shown 29 that for this case, the critical force that 
may be applied at the end is 

P.. = 4.013 VffC! Lr 

where fij = hb z Ei\2 is the flexural stiffness of the beam 
around the vertical axis, and C = $hb 3 G is the tor¬ 
sional stiffness. (For rectangular sections, coefficient 
ft is mven in a table in Section 4-14.^ 

A 5 x ) in narrow rectangular cantilever is made 
from steel (cr yp = 36 ksi and E = 30 x 10 3 ksi) and is 
loaded as shown in the figure, (a) Determine the critical 
load P cr and the critical length L cr , where both the 
strength and the stability criteria are equally applica¬ 
ble. (b) Plot P vs L in the neighborhood of P cr and L„ 
for the two criteria. (Note that the smaller of the P 
values governs the design.) 



Fig. P11-65 


11-66. Using Eq. 11-75, determine the maximum dis¬ 
tance between intermittent lateral suppoits fur the 
compression flange of a laterally unsupported W 24 x 
76 beam spanning 24 ft. 


29 See Timoshenko and Gere, Theory of Elastic Sta¬ 
bility, p. 260. 









12-1* Introduction. 

In a few instances in the preceding chapters, the deflection of members 
was obtained by invoking the law of conservation of energy and equating 
the internal strain energy to the external work. This Lagrangian approach 
of employing scalar functions can be greatly extended, resulting in some 
of the most effective procedures for the analysis of deformable bodies. 
In Part A, the previously encountered concept of elastic strain energy is 
discussed from a somewhat more general point of view. This is followed 
by a specialized statement of the law of conservation of energy for de¬ 
formable bodies, and the reason for the need to devsiop avi«itionai meth¬ 
ods based on work and energy concepts to solve deflection problems. 

Part B serves as an introduction to the two virtual work methods for 
deformable bodies. One of these, the method of virtual forces, is very 
useful for determining deflections caused by any kind of deformation and 
is not limited at all to elastic behavior. This method is one of the best 
available for calculating deflections of members. The conjugate method 
of virtual displacements, of great importance in the matrix analysis of 
structures and in finite elements is also discussed. The dualit v of these 
two methods is illustrated by considering discrete structural systems. 

In Part C of this chapter, the classical energy methods for treating 
similar problems to those susceptible to analysis by virtual work methods 
are discussed. These methods are based on considering the internal strain' 
energy or the compiementary strain energy and the corresponding exter¬ 
nal work. The derived equations are specialized for linearly elastic sys¬ 
tems and are known as Castigliano’s theorems. Illustrative examples are 
given for both statically determinate and indeterminate cases. A brief 
discussion on an application of the elastic energy concepts for determining 
column buckling loads concludes the chapter. 
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Part A elastic strain energy and external 

WORK 


12-2. Elastic Strain Energy 

The elastic strain-energy density U 0 , i.e., the strain energy per unit vol¬ 
ume, for a three-dimensional body was given by Eq. 8-49 in terms of 
principal stresses and strains. For a cartesian element in a general state 
of stress, the main energy density is 

Uo = ^(tr*£.v + CTyCy + tf.£- + r-cylxy + Ty^y? + T„*y«) (12-1) 

Therefore, the general expression for the total internal strain energy in a 
linearly elastic body is 

u = Mff v laA + a ’ t ’ + ,r ' e ‘ 

+ ’Txylxy + lyzlyz + dx dy dz (12-2) 

Integration extends over the volume of a body. Such a general expression 
is used in elasticity. In engineering mechanics of solid, a less general class 
of problems is considered and Eq. 12-2 simplifies. An expression 

u = ~ jjj v (<ta + Txy-yX) dx dy dz (12-3) 

is sufficient for determining the strain energy in axially loaded bars as 
well as in bent and sheared beams. Moreover, the last term of Eq. 12-3 
written in the appropriate coordinates is all that is needed in the torsion 
problem of a circular shaft and for thin-walled tubes. These cases include 
the major types of problems treated in this text. 

For linearly elastic material, for uniaxial stress, e, = crJE, and for pure 
shear, = t^/G. Thus, Eq. 12-3 can be recast in the following form: 

u = fff v dx dy dz + f[[,^dxdydz (12-4) 

for axial loading and for shear in beams 
bending of beams 

rrr Ezi , , , . rrr <^h .„ 

ui u = JJJ y ~ uy " r JJJv ~2~ ay UZ 






Energy and Virtual Work Methods 

These equations can be specialized for the solutions encountered in en¬ 
gineering mechanics of solids, where it is generally customary to work 
with stress resultants P, V, M, and T. In this manner, the triple integrals 
are reduced to single integrals. Assuming that E and G are constant, some 
special cases of the last two equations follow. 

Strain Energy for Axially Loaded Bars 

In this problem, a x - Pi A and A = // dy dz. Therefore, since axial force 
P and cross-scctional area A can only be functions of x, 


( 12 - 6 ) 


where an integration along bar length L gives the required quantity. 

If P, A, and E are constant, and, since for such cases, per Eq. 2-9, bar 
elongation A = PL/AE, alternatively, 


02-7) 


Strain Energy for Beams in Bending 

According to Eq. 6-24, the elastic strain energy in pure bending of a beam 
around one of its principal axes reduces to an integral along the beam 
length L, i.e., 



( 12 - 8 ) 

where M is the bending moment, and I is the moment of inertia for the 





Strain Energy for Beams in Shear 

The expression given by Eq. 10-34 for a rectangular beam subjected to a 
constant shear can be generalized using the last term in Eq. 12-4 to read 



Sec. 12-3. Displacements by Conservation of Energy 

where factor <x depends on the cross-sectional area of a beam and was 
shown to be 6/5 in Example 10-12 for a rectangular beam. ’ In this equation, 
both shear V and area A can vary along the span of length L. 

Strain Energy for Circular Tubes in Torsion 

For this case, the basic expression for the shearing strain energy is anal¬ 
ogous to the last term of Eq. 12-4. Such an expression has been used 
previously in Example 4-11. By substituting t = Tp/J, Eq. 4-4, after some 
simplifications, becomes 


(12-9b) 


12-3. Displacements by Conservation of Energy 

The law of conservation of energy, which states that energy can be neither 
created nor destroyed, can be adopted for determining the displacements 
of elastic systems due to the applied forces. The first law of thermody¬ 
namics expresses this principle as 

work done - change in energy (12-10) 

For an adiabatic process 2 and when no heat is generated in the system, 
with the forces applied in a quasistatic manner, 3 the special form of this 
law for conservative systems 4 reduces to 



where W e is the total work done by the externally applied forces during 
the loading process, and U is the total strain energy stored in the system. 

It is significant to note that i’ne totai work W must be zero, and 

W = W e + W; = 0 (12-12) 

1 For a circular cross section, a = 10/9, and for I beams and box sections, a 
= 1, provided only web area A web is used in Eq. 12-9a. 

2 No heat is added or subtracted from the system. 

3 These forces are applied to the body so slowly that the kinetic energy can be 
neglected. 

4 In a conservative system, there are no dissipative forces such as those due 
to friction. More generally, in a conservative system no work is done in moving 
the system around any closed path. 
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where W s is the external work, and W: is the internal work Therefore 
from Eqs. 12-11 and 12-12, one has 

U=-W, (12-13) 

where has a negative sign because the deformations are opposed by 
the internal forces. (See the discussion in connection with Fig. 12-2.) 

Some formulations for determining the internal elastic strain energy XJ 
were given in the preceding section. For linearly elastic systems, when 
a force, or a couple, is gradually applied, the external work W e is equal 
to one-half the total force multiplied by the displacement in the direction 
-of its action. The possibility of formulating both W e and U provides the 
basis for applying Eq. 12-11 for determining displacements. 

This procedure was used in Example 2-10 for finding the deflection of 
an axially loaded bar. and again in F.xample 4-11 for determining the twist 
of a circular shaft. A general relation, Eq. 4-37, was derived using this 
procedure for twist of a thin-walled hollow member subjected to a torque. 
Lastly, this method was applied in Example 10-12 for finding the deflec¬ 
tion caused by bending and shear in a cantilever loaded by a concentrated 
force at the end. In all of these cases, the procedure was limited to the 
determination of elastic deflections caused by a single concentrated force 
at the point of its application. Otherwise, intractable equations are ob¬ 
tained. For example, for two forces P\ and P 2 , P\ Ai/2 + P 2 A 2/2 = XJ, 
where Ai and A 2 are, respectively, the unknown deflections of the two 
forces. An additional relationship between Ai and A 2 , except in cases of 
symmetry, is not available. This requires development of the more general 
methods discussed in the remainder of the chapter. 


Part B VIRTUAL WORK methods 


*12-4. Virtual Work Principle 

Direct use of external work and internal strain energy for determining 
deflections breaks down if several deflections and/or rotations are sought 
at different points in a deformed body subjected to one or more forces. 
It is possible, however, to devise extraordinarily effective means for solv¬ 
ing such problems by replacing true or real work and strain energy by 
external and internal virtual (imaginary) work. Two different procedures 
for applying the virtual work principle are described, resulting in the vir¬ 
tual displacement method and the virtual force method. 
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'Virtual Displacement Method 

The conventional solution of static equilibrium problems usually follows 
the concepts introduced by Archimedes in his studies of levers. On this 
basis, the forces shown in Fig. 12-1 (a) are related as 

Piai = P 2 a 2 (12-14) 

An alternative method 3 consists of rotating the lever through an im¬ 
aginary or virtual angle 8 <j>. Here, as elsewhere, for emphasis, all such 
virtual quantities are expressed as 8 <J> rather than the d<J) employed in 
usual differential notation. The rotation shown causes virtual displace¬ 
ments 8 A 1 and 8 A 2 at the points of load application. Then, assuming that 
the system is conservative, the virtual work 8 W done by real forces moving 
through virtual displacements in the direction of the applied forces is zero. 
Such work is positive when the direction of forces and displacements 
coincide. Applying this principle to the rigid bar shown in Fig. 12-2(b), 

gw = p. §a. — p. = n (12-15) 

However, since 8 A 1 = a, B<|> and 8 A 2 = a 2 84), and P\ and P 2 do not 
change during the application of 84 >, 

t Piai - P 2 a 2 ) 8 <f> = 0 (12-16) 

Inasmuch as 8 <t> is perfectly arbitrary , bearing no relation to the applied 
forces, the expression in parentheses must be zero, reverting to Eq. 12- 
14. Stated differently, fora system in equilibrium, the virtual displacement 
equation simply leads to an equation of statics multiplied by an arbitrary 
function 8 <f>. 

For deformable bodies, the virtual-displacement equation must be gen¬ 
eralized. For such systems, the total virtual work ovv, consisting of the 

5 This approach apparently was considered by Leonardo da Vinci (1452-1519), 
Stevinus (1548-162(1), Galileo (1564-1642), and Johann Bernoulli, who in 1717 
introduced the notion of virtual displacements (velocities) in his letter to Varig- 
non. 
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Fig. 12-2 Virtual 
displacement mass-spring 
model. 


external virtual work S1V C and the internal virtual work 8W.-. is 7e.ro. In 
the form of an equation, 

bW = bW, + SWt = 0 (12-17) 

This equation can be interpreted by making reference to Fig. 12-2, where 
a weightless spring supports a rigid mass. This mass applies a force F to 
the spring, and the system is in equilibrium. Then a virtual displacement 
SA is imposed on this system, as shown in Fig. 12-2(a). During this dis¬ 
placement, force P and internal forces F, shown on isolated parts in Fig. 
12-2(b), remain constant. 

As can be seen from the isolated mass in Fig. 12-2(b), the external 
virtual work W e done by force P is P 8A. On the other hand, the internal 
virtual work 5VF,- done by F is -F 8A. Therefore, this internal virtual 

However, it can be noted that the work done by Fading on the spring, 
shown in the upper diagram of Fig. 12-2(b), has an opposite sign. There¬ 
fore, by calling this internal virtual work caused by the external force as 
W i€ , it follows that 


8 Wi « -8W /e 

By substituting this relation into Eq. 12-17, 


/ 

\ 

bW e 

= W ia 

\ 

J 


(12-18) 


(12-19) 


Applying Eq. 12-19 to the simple system in Fig. 12-2, 

F 8A = F 8A or (F F) 8A = 0 

This relation is analogous to Eq. 12-14. Here 8A is arbitrary, so F - F 
= 0, an equation of equilibrium. 

The virtual displacement method for deformable systems expressed by 
Eq. 12-19 establishes the equations for static equilibrium. 

It is essential to note that during a virtual displacement, the magnitudes 
and the directions of applied forces do not change. It is to be emphasized 
that constitutive relations do not enter into the deviation of the virtual 
work equations. 


approach leads to the virtual force method. In this method, again, no 
restrictions are placed on constitutive relations, and problems with ther¬ 
mal deformations, as well as settlement of supports and lack of member 
fit, can be analyzed. 

In the virtual force method, the total virtual force SW*, consisting of 


order to differentiate between the virtual work in this method with that 
in the virtual displacement method, the work quantities are identified by 
asterisks. For this case, analogous to Eq. 12-17, 


8 W* = w; + W7e = 0 (12-20) 


This equation can be clarified with the aid of Fig. 12-3, where a weightless 
spring supports a rigid mass. However, unlike the previous case, virtual 
force 5F is placed on the system first and is in equilibrium with internal 
forces 8F = 8F, as shown on isolated parts in Fig. 12-3(b). The defor¬ 
mation of the system is permitted to take place after force 8F is applied. 
Thereafter, 8F remains constant. 

In the next step, real displacement A is allowed to occur when force 
8F does the external virtual work: 

W* = bP A 

During the same process, as can be seen from the isolated mass in Fig. 
12-3(b), the internal virtual work 8WT done by 8F is -8F A. Therefore, 
here, again, the internal virtual work is negative. However, this sign can 
be reversed by considering the internal virtual work 8TF,> caused by the 
external force 8F — 8F i.e. 


' g Wf - -Wl (12-21) 

Therefore, since from Eq. 12-20, 

bw* - -bwf 

the basic virtual work equation for the virtual force method is 



( 12 - 22 ) 


Virtual Force Method 

For deformable bodies, virtual work can be formulated in two alternative 
ways. In the previous discussion, virtual work was determined by mul¬ 
tiplying real forces by virtual displacements. Here the virtual work is 
obtained as a product of the virtual forces and real displacements. This 


where SW* is the external virtual work, and 8W^ is the internal virtual 
work calculated in the sense described before. 

In applying Eq. 12-22 to the simple system in Fig. 12-3, it is known a 
priori that 8F = SF. Then, since the virtual work equation is 8F A = 
8F A spr , A = A spr , an equation of compatibility. 


Initial 

- equilibrium 
position of bP 



ib) 

Fig. 12-3 Virtual force mass- 
spring model. 
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It is important to reco°nize that onl v one deformable element is con¬ 
sidered in each of the simple systems in Figs. 12-2 and 12-3. Typically, 
there are several such elements and calculations for the internal virtual 
work must extend over all of them. 

To summarize: in the virtual displacement method, the use of kine- 
maticaiiy admissible (plausible) displacements assures compaiibiiiiy, and 
solutions lead to equations for static equilibrium. By contrast, in the vir¬ 
tual force method, the requirements of statics are fulfilled by assuming 
the virtual force system in equilibrium, and solutions lead to conditions 
of compatibility for the systems. 

In applying Eqs. 12-19 and 12-22, the terms 8 W,-*. and 8 W/* will be simply 
referred to as the internal virtual work. It is to be understood, however, 
that these terms are calculated in accordance with the definitions given 
in connection with Eqs. 12-18 and 12-21. 

In the next five sections self-contained develo n ment of the two virtual 
work methods at an introductory level is given. For more advanced treat¬ 
ment of this important subject, the reader is referred to other texts. 6 In 
this text, the applications are limited to small deformations. 

12-5. Virtual Forces for Deflections 

The virtual work principle can be simply stated in words as 


external virtual work - internal virtual work I (12-23) 


virtual forces by real displacements. An algebraic implementation of this 
equation enables one to calculate deflection (or rotation) of any point (or 
element) on a deformed body. The deformations may be due to any cause, 
such as a temperature change, misfit of parts, or external forces deforming 
a body. The method is not limited to the solution of elastic problems. For 
this reason, this method has an exceptionally broad range of applications. 
By confining the discussion to typical problems of engineering mechanics 
of solids involvin' 1 stress resultants, the basic virtual work conation, cor¬ 
responding to general Eq. 12-23, can be readily derived. For this purpose, 
consider, for example, a body such as shown in Fig. 12-4 for which the 
deflection of some point A in direction AJ3 caused by deformation or 
distortion of the body is sought. For this, the virtual work equation can 
be formulated by employing the following sequence of reasoning. 


6 For rigorous mathematical treatment of virtual work for three-dimensional 
elastic problems requiring the use of the divergence (Green's) theorem, see J. T. 
Oden, and E. A. Ripperger, Mechanics of Elastic Structures, 2nd ed. (New York: 
McGraw-Hill !98!\ For an extensive exposition of virt ual work, see G. A. 0. 
Davies, Virtual Work in Structural Analysis (Chichester: Wiley, 1982). 
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where 1 = virtual unit force 

A = real displacement of a point in the direction of the applied 


p - virtual internal forces in equilibrium with the virtual unit 
force 

u ~ real internal displacements of a body 


For simplicity, the symbols designating virtual quantities are redetmed 
and are barred as shown instead of being identified by 8’s. The real de¬ 
formations can be due to any cause, with the elastic ones being a special 
case. Tensile forces and elongations of members are taken positive, a 
positive result indicates that the deflection occurs in the same direction 
as the applied virtual force. 

In determining the angular rotations of a member, a unit couple is used 
instead of a unit force. In practice, the procedure of using a virtual unit 
force or a virtual unit couple in conjunction with virtual work is referred 
to as the unit-dummy-load method. 


12-6. Virtual Force Equations for Elastic Systems 

Equation 12-25 can be specialized for linearly elastic systems to facilitate 
the solution of problems. This is done here for axially loaded and for 
flexural members. Application examples follow. 

Trusses 

A virtual unit force must be applied at a point in the direction of the 
deflection to be determined. 

For linearW elastic bars of constant cross section A suhjected to real 
axial forces F, according to Eq. 2-9, the real axial bar deformations it = 
FL1AE. Therefore, Eq. 12-25 becomes 


(12-26) 


where p, : is the axial force in a member due to the virtual unit force, and 
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Ft is the force in the same mpmh#r tn t-c.nl ittnrit- tu. __»;_ 

. --- —- 'v. «.»»w iwu. iwuo, inc juiimiauun 

extends over all members of a truss. 

Beams 

If the deflection of a point on an elastic beam is wanted by the virtual 
work method, a virtual unit force must be applied first in the" direction in 
which the deflection is sought. This virtual force will set up internal bend¬ 
ing moments at various sections of the beam designated by m, as is shown 
in Fig. 12-5(a). Next, as the real forces are applied to the beam, bending 

mnmpntc A/t rntoto “ n lnn, _ t_ , , , lr ,„ 

"■* avcuuns oi me ueain m ax/zi radians, 

Eq. 10-37. Hence^the virtual work done on an element of a beam by the 
virtual moments m is mM dxlEI. Integrating this over the length of the 
beam gives the internal work on the elements. Hence, the special form 
of Eq. 12-25 for beams becomes 

Fig. 12-5 Beam elements, (a) 
Virtual bending moments m. 
(12-27) (b) Real bending moments M 
and the rotation of sections 
they cause. 

An analogous expression may be used to find the angular rotation of a 
particular section in a beam. For this case, instead of applying a virtual 
unit force, a virtual unit couple is applied to the beam at the section being 
investigated. This virtual couple sets up internal moments m along the 
beam. Then, as the real forces are applied, they cause rotations M dx/EI 
of the cross sections. Hence, the same integral expression as in Eq. 12- 
27 applies here. The external work by the virtual unit couple is obtained 
by multiplying it by the real rotation 0 of the beam at this couple. Hence, 


In Eqs. 12-27 and 12-28, m is the bending moment due to the virtual 
loading, and M is the bending moment due to the real loads. Since both 
m and M usually vary along the length of the beam, both must be ex¬ 
pressed by appropriate functions. 

EXAMPLE 12-1 

Find the vertical deflection of point B in the pin-jointed steel truss shown in Fig. 
12-6(a) due to the following causes: (a) the elastic deformation of the members, 
(o) a shortening by 0.125 in of member AB by means of a turnbuckle, and (r) a 
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rtrnn in temperature of 120 °F occurring in member BC. The coefficient of thermal 
expansion of steel is 6.5 x 10 -6 inch per inch per degree Fahrenheit. Neglect 
the possibility of lateral buckling of the compression member. Let £ = 30 x io 6 
psi. 


(a) A virtual unit force is applied in the upward vertical direction, as shown in 
Fig. 12- 6 {b), and the resulting forces p are determined and recorded on the same 
diagram. Then the forces in each member due to the real force are also determined 
and recorded, Fig. 12-5(c). The solution follows by means of Eq. 12-26. The work 
is carried out in the table. 




From this table, 2 pt'LlA = - 1,333,000. Hence, 


• = -0.0444 lb-in 


and A = -0.0444 in 

The negative sign means that point B deflects down. In this case, “negative work” 
is done by the virtual force acting upward when it is displaced in a downward 
direction. Note particularly the units and the signs of all quantities. Tensile forces 
in members arc taken positive, and vice versa. 

( b) Equation 12-25 is used to find the vertical deflection of point B due to the 
shortening of member AB by 0.125 in. The forces set up in the bars by the virtual 
force acting in the direction of the deflection sought are shown in Fig. l2-6(b). 


1 x A = (-0.833X-0.125) + ( + 0.833)(0) = 



P| s and A = +0.1042 in up 

30001 b Again, using Eq. 12-25, and noting that due to the drop in temperature, Eq. 
2-18, Ar = —0.5 x 10 -6 x 120 x GO — —0.0468 in in member BC, 

I x A = ( + 0.833X-0.0468) = -0.0390 lb-in 


A = -0.0390 in down 


(u) Real loading 

Fig. 12-6 


By superposition, the net deflection of point B due to all three causes is -0.0444 
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due to shear has been neglected. 

To find the beam rotation at the middle of the beam, a virtual unit couple is 
applied at A, Fig. 12-7(e). The corresponding m diagram is shown in Fig. l2-7(f). 
The real bending moment M is the same as in the previous part of the problem. 
The virtual moment n? = 0 for x between 0 and L/2, and m = — 1 for the remainder 
of the beam. Using these moments, and applying Eq. 12-28, determines the ro¬ 
tation of the beam at A. 


r L mM dx 1 r L ( iv 0 .r 3 \ , 15w„£ 3 „ 

1 X 6 ~ jo El ~ ElJxi 2 ( 0 \ 61 ) ^ 384 El N ' r 

The rotation of the beam at A is numerically equal to this result. 


EXAMPLE 12-3 

An aluminum beam is supported by a pin at one end and an inclined aluminum 
bar at a third point, as shown in Fig. 12-8(a). Find the deflection at C caused by 
the application of the downward force of 2 kN at that point. The cross section 





y -akN I u kN f 


m 2 ). The moment of inertia for the beam around the horizontal axis is 60 x I0 6 
mm 4 (60 x 10 -6 m 4 ). Neglect deflection caused by shear. Let E = 70 GPa. 


A unit virtual force of 1 kN is applied vertically downward at C. This force causes 
an axial force in member DB and in part AB of the beam, Fig. 12-8(b). Owing to 
this force, bending moments are also caused in beam AC, Fig. I2-8(c). Similar 
computations are made and are shown in Figs. 12-8(d) and (e) for the applied real 
force. The deflection of point C depends on the deformations caused by the axial 
forces, as well as flexure; hence, the virtual work equation is 


The first term on the right side of this equation is computed in the table. Then 
the integral for the internal virtual work due to bending is found. For the different 
parts of the beam, two origins of x’s are used in writing the expressions for m 
and M\ see Figs. 12-8(c) and (e), respectively. 


Member p, kN F, kN L, m 4, m 2 pFLIA 
OB + 5 + 1.0 2.5 5 x 10 “ 4 +250,000 

AB _-4_ -8 _2.0 50 x IQ - 4 +12,800 


From the table, 2 pFLIA - +262,800 

or 'ZpFLIAE = 3.75 X 10" 3 kNm 

f L mM dx _ l 2 ( — 2x)(~4x) dx . p> (— jc, )(— 2jci) dx, 

Jo El Jo El + Jo El 
= + 15.25 x 10~ 3 kN-rn 

Therefore,! x A = (3.75 + 15.25)10~ 3 = 19 x 10 ' 3 kN^m and point C deflects 
19 x IQ - 3 m = 19 m.m down. 

Note that the work due to the two types of action was superposed. Also note 
that the origins for the coordinate system for moments may be chosen as con¬ 
venient; however, the same origin must be used for the corresponding m and M. 




EXAMPLE 12-4 

Find the horizontal deflection, caused by concentrated force P, of the end of the 
curved bar shown in Fig. 12-9(a). The flexural rigidity El of the bar is constant. 
Neglect the effect of axial force and shear on the deflection. 
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m = —/?(1 - cos 0) 



<b) ici 

Fig. 12-9 


Solution 

If the radius of curvature of a bar is large in comparison with the cross-sectional 
dimensions (Section 6-9), ordinary beam deflection formulas may be used, re¬ 
placing dx by ds. In this case, ds = R t/ 6 . 

Applying a horizontal virtual force at the end in the direction of the deflection 
wanted, Fig. 12-9(b), it is seen that Tri = -f?(l - cos 0). Similarly, for the real 
load, from Fig. 12-9(c), M = -PR sin.0. Therefore, 


cos 8 )( PR sin m m = PR 3 
El 2EI 

The deflection of the end to the right is numerically equal to this expression. 


12-7. Virtual Forces for Indeterminate Problems 

The unit-dummy-ioad method derived using the virtual force concept can 
be used to advantage for the solution of statically indeterminate problems. 
Here the procedure is illustrated on a problem statically indeterminate to 
the First degree. The basic procedure is essentially the same as that already 
described in Section 2-15 on th e force method of analysis for statically 
indeterminate axially loaded bar systems (see Fig. 2-43). Applications of 
the force (or flexibility) method to problems of higher degree of statical 
indeterminancy is discussed in Sections 13-2 and 13-3. In general, this 
method is best suited for linearly elastic problems, where superposition 
is valid. 

EXAMPLE 12-5 

(a) Find the forces in the bars of the pin-jointed steel structure shown in Fig. 12- 
10. (b) Determine the deflection of joint (nodal point) B. Let E = 30 x 10 psi. 
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(a) The structure can be rendered statically determinate by cutting bat DB at D. 
Then the forces in the members are as shown in Fig. 12-I0(b). In this determinate 
structure, the deflection of point D must be found. This can be done by applying 
a vertical virtual force at D, Fig. 12- 10(c), and using the virtual force method. 
Howevei, since the pFLiAE term for member BD is zero, the vertical deflection 
of point £> is the same as that of B. In Example 12-1, the latter quantity was found 
to be 44.4 x 10 -3 in down and is so shown in Fig. 12-10(b). 

The deflection of point £), shown in Fig. 12-10(b), violates a boundary condition 
of the problem, and a vertical force must be applied at D to restore it. If f DD is 
the deflection of point D due to a unit (icai) force at D, it defines the flexibility 
of this system. It is necessary to multiply / 00 by a factor X D to chose the gap 
&dp = 44.4 x 10 -3 in at D caused by the force P in the determinate system. 
This simply means that the deflection A 0 at D becomes zero. Stated algebraically, 




Hence, the problem resolves into finding f DD . This can be done by applying a 
Mb virtual force at D, then applying a 1-lb real force at the same point, and then 

ncino Pn Th» ,m ir tk. . , 

—!• -° “F ■■■ ouuctuic u y uic vutUdl UIIU 

the real forces are numerically the same, Fig. 12-10(c). To differentiate between 
the two, forces in members caused by a virtual force are designated by p and the 
real force by p. The solution is carried out in the following table. 


Member 

p , lb 

p , lb 

L, in 

A, in' 

ppL/A 

AB 

-0.833 

-0.833 

60 

0.15 

+ 278 

BC 

+0.833 

+0.833 

60 

0.25 

+ 167 

BD 

+ 1.000 

+ 1.000 

40 

0.10 

+ 400 


From the table, 2 PpLlA — +845. Therefore, since 
t a -o PPL + 845 

1 V A = > —— =r - — 08 1 v 10-6 It, 

^ AE 30 x 10 6 '' ,U1U 

Sod = 28.1 x 10"° in and 28.1 x 10" 6 Z o -44.4 x 10" 3 = 0 

To close the gap of 44.4 x 10 -3 in, the 11b real force at D must be increased 
0.0444/0.0000281 = 1580 times. Therefore the actual force in the member OB is 
1580 lb. The forces in the other two members may now be determined from statics 
or by superposition of the forces shown in Fig. 12-10(b) with X D times the p forces 
shown in Fig. 12-10(c). By either method, the force in AB is found to be +1180 
lh (tension), and in BC, - 1180 lb (compression). 

(b) Three different virtual systems are employed to deterruiuc the deflection of 
nodal point B caused by the applied force. The simplest of the three consists of 
recognizing that since the force in vertical member BD is known to be 1580 lb, 
the deflection at B 


0.0444" 

I ssm 

T~\ D 

s.+2500 lb I 



AE 0.10 x 30 x 10 6 
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This solution from rhe point of view of a virtual force system means that the 
virtual force in member DB is unity and is zero in the other members. 

Alternatively, the virtual force system may consist of active members AB and 
BC, with a zero virtual force in member BD. Then, by assuming that the virtual 
unit force acts upwards at B, the virtual forces in members AB and BC are as 
shown in Fig. 12-10Cc) (or Fig. 12-6(b)). (Remember that the force in member BD 
is assumed to be zero.) From the solution for (a), the real forces in members AB, 
BC, and BD are known to be, respectively, +1180 lb, -1180 lb, and +1580 lb. 
The solution of Eq. 12-26 to obtain the deflection atB is carried out in the following 
table. 


Member 

p, lb 

F, lb 

L , in 

A, in' 

pFLlA 


AB 

-0.833 

+ 1180 

60 

0.15 

-393,000 


BC 

+ 0.833 

-1180 

60 

0.25 

' -236,000 










u 

-r uuu 

-rv 



— 




A „ = 


S pFLIA 
E 


629,000 
30 x 10° 


-21 x 10~ 3 in 


The negative sign shows that the deflection is downward. 

Lastly, let the virtual force system consist of ail three bars. The viitual foices 

, j___ __hv HiviHino thp hnr fi'vrrpc 

in me oars UUC IU a mill uummoiu VIill vv wj -o- 

due to the applied forces by 3000; for example, for member AB, such a virtual 
force is 1180/3000 = 0.393 lb. Again, the solution is carried out in tabular form. 


Member 

p, lb 

F, lb 

L, in 

A, in 2 

pFLlA 

AB 

+ 0.393 

+ 1180 

60 

0.15 

+ 185,000 

BC 

-0.393 

-1180 

60 

0.25 

+ 111,000 

BD 

+ 0.527 

+ 15SU 

4U 

u.iu 



Hence, 


Ab — 


S WEI A 
E 


629,000 
30 x 10 6 


= 21 x 10 -3 in 


The results are the same by three entirely different virtual force systems that 
are in static equilibrium. This is true in general. Any self-equilibrating virtual 
system can be used provided its displacements go through the prescribed real 
displacements. 

In any given case, to make certain that the elastic analysis is applicable, max¬ 
imum stresses must be determined. For the solution to be correct, these must be 
in the linearly elastic range for the material used. 


\/ir+ii/il nicr\ln ramontc fnr C/-«i iili Krii im 

The virtual work principle can be adapted for developing the virtual dis¬ 
placement method of structural analysis. The deiivation of this method 
can begin by restating the virtual work principle in words: 

external virtual work = internal virtual work (12-23) 

Virtual work for the virtual displacement method is determined by mul¬ 
tiplying the virtual displacements by real forces. This is to be contrasted 
with the virtual force method, where virtual work is found by multiplying 
the virtual forces by real displacements...Because of this, a number of 
differences arise in the virtual work equations. 

In the virtual displacement method, both the virtual and the real dis¬ 
placements must be compatible with the special requirements of a prob 
lem. This means that the member displacements must conform to the 
boundary conditions and the displacements of the load points. Since the 
boundary conditions are simplest to satisfy at pin-ended axially loaded 
bars, only such problems are considered here. Moreover, the discussion 
is limited to bar assemblies meeting at a single pinned joint where an 
external force is applied. Such a joint is referred to as a nodal point. 
Although the discussion is limited to the simplest class of problems, the 
described procedure provides an introduction to the most widely used 
method in the matrix analysis of structures and finite elements, where it 
is indispensable. 

In the virtual displacement method, besides an accurate definition of 
the real and the virtual displacements, member forces must be defined as 
functions of the nodal displacements. This is achieved with the aid of 
constitutive relationships. Here such relationships are strict!'’ limited to 
linearly elastic behavior. 

As with Archimedes’ lever, the virtual work equations provide the equa¬ 
tions of equilibrium. In this manner, the three basic requirements of equi¬ 
librium, compatibility, and constitutive relations are satisfied. 

In order to construct the basic virtual work equation, by analogy to 
Eq. 12-25, one can formulate it by going directly to the unit-dummy- 
displacement method. Here the real external force at its full value moves 
through a virtual unit displacement in the direction of the force. Simul¬ 
taneously, the real internal forces at their full values move through the 
virtual displacements caused by the unit virtual displacement. This yields 
the following virtual work equation: 



(12-29) 
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where 1 = virtual unit displacement at a nodal point in the direction, 
of P 

P = real external (nodal) force 

u — virtual internal displacements compatible with the virtual 
unit displacement 

F — real internal forces in equilibrium With P 

Deformations of flexural members as well as those of finite elements 
for a continuum generally require more than one nodal point for their 
definitions. Therefore, the examples that follow consider only axially 
loaded pin-ended bars. 


EXAMPLE 12-6 

Using the virtual displacement method, determine the bar forces in the pin-jointed 
linearly elastic steel truss of Example 12-1; see Fig. 12-11. E = 30 x 10 3 ksi. 


Solution 

In this truss, bar AB has the cross-sectional area A\ = 0.15 in 2 , and bar BC has 
an area A 2 = 0.25 in 2 . Because of this lack of bar symmetry, during a loading 
process, joint B can move both horizontally and vertically, Figs. 12-11(b) and (c). 
Hence, this system has two degrees of freedom, or Lwu uegiccs of kinematic 
indeterminancy (see Section 2-17). These displacement components for nodal 
point B are designated, respectively, as A i and A 2 , with their positive sense shown 
in Fig. 12-ll(a). 

The compatibility requirements for the problem are complied with by permitting 
nodai point B to move, as shown m Figs. 12-11(b) or (c). A linear combination 
of these displacements is appropriate. 

The constitutive requirements for the problem are defined by the bar stiffnesses, 
Eq. 2-12, which for bars 1 and 2, respectively, are 



0,15 x 30 x 10 3 
60 

0.25 x 30 x 10 3 


= 75 k/in 
= 125 k/in 


On this basis, the internal bar forces F, and F 2 can be determined as functions 
of the joint displacements A, and A 2 . The bar deformations u\ and u 2 correspond¬ 
ing to these displacements are 


- 0.8A t - 0.6A 2 and u 2 ~ O. 8 A 1 + 0.6A 2 


Hence. F, = = 75(0.8Ai - 0.6A 2 ) = 60A, - 45A 2 

F 2 = k 2 u 2 =* 125(0.8Aj + 0.6A 2 ) = 100A t + 75A 2 


As this problem is kinematically indeterminate to the second degree, the virtual 
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displacement Eq. 12-29 must be applied twice. The equilibrium equation for forces 
acting in the horizontal direction follows by taking A, = I. causing virtual bar 
displacements «j = h 2 = 0.8. Noting that no horizontal force is applied at B, 

1x0 = ii\F\ + ii 2 F 2 

0.8(60Ai - 45A 2 ) + 0.8(100Ai + 75A-) - 0 

or 128A, + 24A 2 - 0 

Similarly, the equilibrium equation for forces acting in the vertical direction is 
obtained by setting A 2 = 1, resulting in virtual bar displacements 77| = —0.6 and 
h?. = 0.6. Again, applying Eq. 12-29, 

T x (-3) = JiiFi + Tt 2 F 2 
-0.6(60A, - 45A 2 ) + 0.6(100A, + 75A 2 ) - -3 

or 24A, + 72A 2 = -3 

Solving the two reduced equations simultaneously, 

Ai = 8.33 x 10“ 3 in and A 2 = —44.4 x 10 -3 in 

Hence, F\ = 6 OA 1 - 45A 2 = 2.5 k 

F 2 — lOOAj + 75A 2 - —2.5 k 

These results are in complete agreement with those given in Example 12-1 for 
bar forces as well as for the vertical deflection. The advantages of this method 
are more apparent in the next example. 


EXAMPLE 12-7 

Using the virtual displacement method, determine the bar forces in the statically 
indeterminate pin-jointed linearly elastic steel truss of Example 12-5; see Fig. 12- 
12. Let E = 30 x I0 3 ksi. 


Although this problem is statically indeterminate to the first degree, as in the 
previous example of a statically determinate case, the system remains kinemat¬ 
ically indeterminate to the second degree. In both cases, nodal point B has two 
defleciion components, a horizontal and a vertical, and both systems have two 

dftor^s nf fr/=»rlr\m Thorofnro mlntiAn __l.. _1J_l.il..__ >• 

—Wi i.ww-ww. 1'iviviu.v, uiv oumiwu Uk.k.uun.3 UUiy Mlguuy 1UUJC CUiUpil- 

cated than that in the previous example. Hence, proceeding as before, and noting 
that the cross-sectional area for the third bar, DB, is 0.10 in 2 , 

. A 3 F 0.10 X 30 x IO 3 


From the previous example, ~ 75 k/in and k 2 = 125 k/in. 
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The displacements of the system in the horizontal and vertical directions are 
shown in Figs. 12-12(b) and (c). It is to be noted that the length of bar DB is 
considered not to change because A i is very small (see Fig 2-24). Bar deformations 
M , and tt 2 due to A] and A 2 , respectively, remain the same as in the previous 
example, whereas u 3 is equal to A 2 . Summarizing these results, 

«i = 0.8A, - 0.6A 2 «2 = 0.8A] + 0.6A ? and u 2 = A? 

Hence, recalling the earlier results, and adding only a new term for bar DB, 

F] = 60Ai — 45A 2 F 2 ~ lOOAi + 75A 2 F 3 = & 3 h 3 — 75A 2 

By noting that for the virtual displacement Ai — T, - u 2 = 0.8 and h 3 — 0, 
the equilibrium equation for the forces acting in the horizontal-direction, based 
on Eq. 12-29, becomes 


1x0 = HiFi + u 2 F 2 + U 3 F 3 




The virtual displacement and virtual force methods both stem from the 
same Virtual work principle. It is instructive, therefore, to show the in¬ 
terrelationship between the two methods using discrete structural sys¬ 
tems, i.e., on structural systems with a finite number of applied forces 
members, and nodal displacements. This is done here by employing ma¬ 
trix notation. The required matrix definitions and operations required for 
this purpose follow. 

A matrix is an ordered array of numbers, such as encountered earlier 
in Eqs. I-ia, 1-lb, and 3-12. The special matrix in Eq. 1-la is commonly 
referred to as a column vector. The matrices in Eqs. 1-lb and 3-12 are 
known as square matrices. Here matrices are identified by braces for 
column vectors and by brackets for square matrices, or are shown in 
boldface type. 

A matrix product of a 2 x 2 square matrix by a 2 x 1 column vector 
results in a 2 x 1 column vector: 


However, since « 3 = U, this equation reduces to the one given before, reading 
128A, + 24A 3 = 0 

•Since for A 2 = T, u, = -0.6, u 2 = 0.6. and » 3 = 1. the equilibrium equation 
for the forces acting in the vertical direction, using Eq. 12-29, becomes 

I X (-3) = Hi-Fi + u 2 F 2 + H 3 F 3 
0.6(60A, - 45A 2 ) + O. 6 UOOA 1 + 75A 2 ) + 75A 2 = -3 

or 24A, -i 147A 2 - -3 

Solving the reduced equations simultaneously, 

A, = 3.947 x 10 “ 3 in and A 2 = -21.05 x 10 ~ 3 in 

Hence, F l = 6 OA 1 - 45A 2 = 1.18 k 

r 2 ~ lOOAj t 75A 2 = 1.18 k 
F 3 = 75A, = 1.58 k 

These results are in complete agreement with those found earlier in Example 

12- 5. 

The kinematic indeterminacy of this problem would remain the same regardless 
of the number of bars meeting at joint .ft. 

Problems of higher degree of statical indeterminacy are discussed in Section 

13- 6 in connection with the displacement method of analysis. 


r 0ll a-a 1 tbi'l _ T/T-.ft. + a , 2 b 2 1 

|_fl 2 l a 22 

A product of a 4 x 4 symmetric square matrix by a 4 x 1 column 
vector is displayed in Eq. 2-42. 

The transpose of a column vector such as r is denoted by F r and is 
obtained by interchanging the rows and columns of P. Therefore, if 



then 

P r = [Fi P 2 F 3 P„] and A T = [A[ A 2 A 3 ■■■ A,J 

The following products of these two functions lead to the same scalar 
function'. 

P r A - F,A, + P 2 A 2 + F 3 A 3 + - + P n A n 
A r P = AjFi + A 2 Pi + A 3 F 3 + ••• + A „P n 

These scalar functions are associated with the work term in the discussion 
that follows. 

The transpose of the product of the two matrices needed in the sub¬ 
sequent development is defined 7 as the product of the transposed matrices 
taken in the reverse order, i.e., if F = bP, 

7 For proof, see any text on linear algebra such as B. Noble, Applied Linear 
Algebra (Englewood Cliffs, NJ: Prentice-Hali, 1969). 
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F r ~ P r b T 

The duality of the virtual force and virtual displacement methods can 
be readily shown with the aid of this matrix notation. By recalling, first, 
Eq. 12-23 in words, a parallel development employing virtual work is 
given. For the virtual force method, the forces arc virtual and the dis¬ 
placements are real, whereas for the virtual displacement method, the 
forces are real and the displacements are virtual. Except for forming the 
virtual work in a different manner, the matrix operations for the two 
methods are identical. The following is an outline for the two methods. 

external virtual work - internal virtual work (12-23) 



Statics: Kinematics : 

F — bP (12-30a) u = aA (12-30b) 

{F} = internal member forces {u} = member distortions 

[b] = force transformation matrix [a] - displacement transforma¬ 

tion matrix 

{P} = external forces at nodes {A} = nodal displacements 

8 Wt = P T A and 8 W% = F r u 8 W c - A r P and 8 W ie = u 7 F 

Equating: 

P r A = F r u 
From Eq. !2S0a: 

fr = p r h r 

Hence, 

P^^PVu or P T (A-b r u) = 0 
and 

A = b T u (12-31a) 

Since P r and A 7 are perfectly arbitrary, bearing no relation to the applied 
forces, the preceding expressions in parentheses must vanish, and Eqs. 
12-3 la and 12-31b are in real variables only. 


Equating: 

A r P = u r F 
From Eq. 12-30b: 

u T - A T a 7 

Hence, 

A r P = A r a r F or A r (P-a''F) = 0 
and 

P = a r F (12-31b) 


Sec. 12-9. Virtual Work for Discrete Systems 

In the outline, the internal forces {F} are determined by conventional 
statics and are related to the externally applied nodal forces {P} by the 
matrix [b]. Similarly, member distortions (deformations) {u} are related 
by kinematics to the nodal displacements {A} through a displacement 
transformation matrix [a]. Symbols designating virtual quantities are 
barred. 

The parallel development in the two methods is striking, but whereas 
the virtual force method leads to equations of compatibility, the virtual 
displacement method determines the equations of equilibrium. 

An example illustrating the application of these procedures follows. It 
is confined to a statically determinate problem, as additional matrix op¬ 
erations are required for statically indeterminate problems; such proce¬ 
dures are discussed in texts on finite element analysis. 8 


EXAMPLE 12-8 

(a) Using the virtual force method in matrix notation, determine the displacement 
components for nodal point B for the pin-ended elastic truss system shown in 
big. 12-13. ( b ) Using the virtual displacement method in matrix notation, find 
nodal forces P\ and Pj for static equilibrium of the same system if the elastic 
elongation of bar AB is 5L/AE, and that of bar BC is 2 5L/AE. For both bars, 
lengths L and cross-sectional areas A are the same, and E is constant. 

Solution 

{a) From statics, 

Fab = F, = ~P, - 2 Fl and F bc = F 2 = §P, + §P, 

u W O & 

8 See, for example, J. L. Meek, Matrix Structural Analysis (New York: 
McGraw-Hill, 1971). 




Fig. 10-13 
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two processes are completely reversible for elastic systems. 

In the matrix analyses of structures and especially in finite element applications, 
equations similar to the previous ones contain a large number of unknowns. The 
use of computers is esseutial for the solution of such systems of equations. 


Part C ELASTIC ENERGY METHODS 


* 9 12-10. General Remarks 

Elastic strain-energy equations for applications in engineering mechanics 
of solids are summarized in Section 12-2. The direct use of these equations 
in determining deflections in conjunction with the law of conservation of 
energy in equating the total elastic energy of the system to the total work 
done by the externally applied forces is very limited. This was pointed 
out in Section 12-3. An effective approach to enlarging the scope of pos¬ 
sible applications was discussed in Part B. Here an alternative classical 
approach based on elastic strain energy and complementary strain energy 
is considered. This requires the derivation of appropriate theorems for 
solving problems similar to those treated in Part B describing the virtual 
work methods. The derived equations will be found useful in the next 
chapter in considering problems with a high degree of indeterminancy. 
An example of the use of the potential energy approach for determining 
buckling loads is given at the end of this part. 

*12-11. Strain Energy and Complementary Strain Energy 
Theorems 

In Section 2-5, it was indicated that some materials during loading and 
unloading respond in a nonlinear manner along the same stress-strain 
curve, Fig. 2-11(b). Such materials are elastic although they do not obey 
Hooke’s law. It is advantageous to consider such nonlinearly elastic ma¬ 
terials in deriving the two theorems based on strain energy concepts. In 
this manner, the distinction between elastic strain energy arid comple¬ 
mentary strain energy is clearly evident. The derivation of the two basic 
theorems for nonlinear and linear elastic systems is essentially the same. 
These theorems are specialized in the next section for the solution of the 
linearly elastic problems considered in this text. 

As a rudimentary example for deriving the theorems, consider the ax¬ 
ially loaded bar shown in Fig. 12-14(a). The nonlinear elastic stress-strain 
diagram for the material of this bar is shown in Fig. I2-14(b). By multi¬ 
plying the norma! stress o in the bar b'' the cross sectional area A of the 

9 The remainder of this chapter is optional. 
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[hjg point of view, if only force P z. were increased by 8 P&, the complg- 
mentary strain energy increment would be 


The addition of the incremental force 6 P k is illustrated in Fig. 12-16(c). 
If the order of load application were reversed, Fig. 12-I6(d), infinitesimal 
force bP k would be applied to the system first, Fig. 12-16(b). Then, being 
already applied to the system, it would do work by moving through a 
deflection A * caused by the application of the loads shown in Fig. 12- 
16(a). This work may be likened to the horizontal strip in Fig. 12-14(c), 
and, by definition, is an increment in the complementary work 8W*. 
Hence, 

5W* = A* 5 P k (12-39) 

However, since W* = t/*, setting Eqs. 12-38 and 12-39 equal, and can¬ 
celling hp k , 


which is the generalization of Eq. 12-35, and gives deflection A* in the 
direction of force P*. 

By retaining a derivative with respect to Mj in Eq. 12-37 and proceeding 
as before. 


where 0; is the rotation in the direction of moment M s . 

In an analogous manner to the previous derivation, strain energy U can 
be defined as a function of displacements A* and/or rotations 9 y , as well 
as known members’ constitutive relations, see Eq. 12-7. On this basis, 


U = U{ Ai, A 2 , . . . , At 


. . , f) m ) (12-42) 


The total differential for this case is 


W= dU BAi + 3C/ SA, 
dAj 3A 2 " 


at/ • dU 
■+—hA k + ••• +—5 
dA k 30; 


If only one displacement were allowed to occur with the other remaining 
fixed, the last relation reduces to 
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6(7 = “ 8A t (12-44) 

oA* 

For this case, external work SW* = P k SA* and corresponds to the vertical 
colored strip in Fig. 12-13(c), Therefore, since 8W,, = bt/, after substi¬ 
tution of the previous quantities into this relation arid simplifications 


Pk 


dU 

9A* 


(12-45) 


This relation is a generalization of Eq. 12-33, and gives the external force 
acting at point k if U is expressed as a continuous function of displace¬ 
ments and rotations. A similar expression can be written for an external 
moment acting at a point by taking a derivative of V with respect to a 
rotation angle such as 0;. 

In the next section, the general expressions are specialized for linearly 
elastic materials. 


"'JL4-J.Z. ^asngiianos ineorems 

Castigliano’s theorems 11 apply to linearly elastic systems for small de¬ 
formations. The mathematical statements of these theorems are the same 
as those derived in the previous section for nonlinear elastic materials. 
A.j.o\vever, as shown in Fig. 12-17, tor linearly clastic material, the elastic 
strain energy U is equal to the complementary strain energy U *, i.e., 


Therefore, using Eqs. 12-40 and 12-41, because of Eq. 12-46, one 
can express the second Castigliano’s theorem for linearly elastic material 




Complementary 
energy U* = U 


11 These theorems were first derived by Italian engineer C. A. Castigliano in 
1879. Extension of tile theoiems to the nonlinear elastic cases developed in the 
preceding section, as noted earlier, is generally artrihnted to F. Engesser of Karls¬ 
ruhe. Further developments of this approach are due to H. M. Westergaard and o .. 

J. H. Argyris. See J. H. Argyns, “Energy Theorems and Structural Analysis,” 

-w; ^Q;4^ n noto „„ Fin 19-17 

‘"•'-•"J* uiuviva, wuiUL-uiiiig juiui pa- --a- — •* -*o*— 

pers with S. Kelsey, were republished in book form by Butterworth & Co. in elastic materials. 
1960. 
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In both equations if U is expressed as a function of externaflv a^^lied 
forces, A* (or 0j) is the deflection (or rotation) in the direction of the force 
(or moment) P k (or Mf). 

The expression for the first Castigliano’s theorem remains the same as 
before for nonlinear elastic materials, and Eq. (12-45) is repeated here for 
reference. 

(12-45) 


where, if U is expressed as a function of displacements, P* is the force 
(or moment) in the direction of the deflection (or rotation) A* (or 0*). 

It should be further noted from Eqs. 12-5-12 9 that the strain energy 
tj for linear!'' elastic materials is of quadratic form, Therefore, in applying 
Castigliano’s theorems, it is advantageous to form derivatives of U before 
carrying out a complete solution of the problem. 

It is also important to note that if a deflection (rotation) is required 
where no force (moment) is acting, a fictitious force (moment) must be 
applied at the point in question. Then, after applying Eq. 12-47 or 12-48, 
the fictitious force is set equal to zero in order to obtain the desired results. 

Several examples follow illustrating the application of Castigliano’s sec¬ 
ond theorem to statically determinate linearly elastic problems. An ap¬ 
plication of Castigliano’s first theorem for a statically indeterminate case 
is given in Example 12-17, where the use of the theorem is more appro¬ 
priate. 

EXAMPLE 12-9 

By applying Castigliano’s second theorem, verify the results of Examples 2-10, 

Solution 

In all these examples, the expressions for the internal strain energy U have been 
formulated. Therefore, a direct application of Eq. 12-47 or 12-48 is all that is 
necessary to obtain the required results. In all cases, the material obeys Hooke’s 
law. 

Deflection of an axially loaded bar {P = constant): 

P 2 L a dU PL 

u = UE hence - “ = F = Te 

Angular rotation of a circular shaft (7 = constant): 

r~L _ _ 8U _ TL 

u -‘iJG *-3f ” JG 
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Deflection, of a rectanonlar cantilever due to end load P: 


,, P 2 L 3 3 P 2 L 

U ~1Ei + lXd hen “' 


BU _ Pp_ 6PL 
dP ~ 3 El + 5AG 


EXAMPLE 12-10 

The bracket of Example 1-3 is shown schematically in Fig. 12-18. Verify the 
deflection of point B caused by applied force P — 3 kips using Castigliano’s second 
theorem with the result found in Example 2-2. Assume that each bar is of constant 
cross-sectional area, with Aab = Aj - 0.125 in 2 , and A B c - A 2 ~ 0.219 in 2 . As 
before, let E = 10.6 x 1G 3 ksi. 

Solution 

From Eq. 12-7, the elastic strain energy is 


£/=£/* = 


^ PlL k 

fti iAkE k 


P\L X P\L 2 
2A\E 1A 2 E 


(12-49a) 


By differentiating with respect to P, an expression for the vertical deflection A 
at B is determined. 


3[/*_P 1 £,0E, P 2 L i dP 2 
SP ~ AyE dP + A 2 E dP 


(12-49b) 


By statics, the forces in bars as functions of applied force P are 

V5 2V2 

Pab = Pi=—P and Pbc = Pi =- P 


Here A, = 0.125 in 2 , A 2 =■ 0.219 in 2 , L, = 3V5 in, and L, ~ 6V2 in. 
Subsituting the above quantities into Eq. 12-49b and carrying out the necessary 
operations, the deflection A for P = 3 kips is found. 

(VS PI3) x (3V5) /V5\ (-2V2P/3) x (6V2) / 2V2\ 

A = 0,125 x 10.6 x 10 3 ( 3 ) + 0.219 x 10.6 x 10 3 ( 3 ) 

= 0.002813P + 0.003249 P = 0.006062 P = 18.2 x 10" 3 in 


This more easily obtained result, except for a small discrepancy because of 
roundoff errors, is in agreement with that found by an entirely different method 
in Example 2-2. 12 

12 A solution of this problem by the virtual force method requires the use of 
Eq. 12-26. For a downward virtual unit force applied at B , p x = V5/3 and p 2 - 
-2V2/3, resulting in an identical expression for A. 
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EXAMPLE 12-11 

A linearly elastic prismatic beam is loaded as shown in Fig. 12-19. Using Castig- 
liano’s second theorem, find the deflection due to bending caused by applied force 


The expression for the internal strain energy in bending is given by Eq. 12-8. 

,Sinr<= aprnrHmii tn Pact-ioli-ann'c fhonrsm tVwa r-o-,._ j : . 

-», vw w^^uuuv J uiw l-.LJUilbU UbllbbllUll 13 <1 UCHVaUVB 

of this function, it is advantageous to differentiate the expression for U before 
integrating. In problems where M is a complex function, this scheme is particularly 
useful. For this purpose, the following relation becomes applicable: 



Proceeding on this basis, one has, from A to B: 


P dM x 

M — + ~ x and —— = - 


On substituting these relations 13 into Eq. 12-50 and observing the symmetry of 
the problem, 

f ul Px 2 PL 3 

A = 2 —— dx — h- 

Jo Atl A%E1 


The positive si CT o indicates t^at 


CVAh/lDI C 40 40 
kAnmi Lb j&.-1 

Using Castigliano's second theorem, determine the deflection and the angular 
rotation of the end of a uniformly loaded cantilever. Fig. 12-20(a). El is constant. 

_ 13 Note, again, that for a downward virtual unit force at the middle of the span, 
in = x/2. corresponding to dM/dP. 
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Solution 

No forces are applied at the end of the cantilever where the displacements are 
to be found. Therefore, in order to be able to apply Castigliano’s theorem, a 
fictitious force 14 must be added corresponding to the displacement sought. Thus, 
as shown in Fig. 12-20(b), in addition to the specified loading, force R A has been 
introduced. This permits determining duidR A , which with R A = 0, gives the ver¬ 
tical deflection of point A. Applying Eq. 12 50 in this manner, one has 


- + RaX and 


hfl (+x)dx 


w 0 L 4 

~m 


where the negative sign shows that the deflection is in the opposite direction to 
that assumed for force R A . If R A in the integration were not set equai to zero, 
the end deflection due to u> 0 and R A would be found. 

The angulai lotation of the beam at A can be found in an analogous manner. 
A fictitious moment M A is applied at the end. Fig. 12-2Q(c), and the calculations 
are made in the same manner as before: 


1 C L ( HVV 2 „ , W„L 

Eli o ( 2 ***) 1 1 dx ~ + 6 El 


where the sign indicates that the sense of the rotation of the end coincides with 
the assumed sense of the fictitious moment M A . 


EXAMPLE 12-13 

Using Castigliano’s second theorem, determine the horizontal deflection for the 
elastic frame shown in Fig. 12-21(a). Consider only the deflection caused by bend¬ 
ing. The flexural rigidity El of both members is equal and constant. 

14 Application of a fictitious force or a fictitious couple at A precisely corre¬ 
sponds, respectively, to the application of a virtual unit force or a virtual unit 
couple at A in the virtual force method. 
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Solution 


The strain energy function is a scalar. Therefore, the separate strain energies tor 
the different elements of an elastic system can be added algebraically. After the 
total strain energy is determined, its partial derivative with respect to a force 
gives the displacement of that force. For the problems at hand, Eq. 12-50 is ap¬ 
propriate. 

From A to B: 


M = +P.x and dM/dP = +.v 


From B to C 15 : 


A. 


§u 

dP 


± r 

El Jo 


and 


3M 

dP 


+ Px)(+x) dx 


L 

4 


1 

El 


PL 

4 


L 
+ 4 


13 PL 
192 El 





Note the free choice in location of the .v-coordinate axes and the sign convention 
for bending moments. If the elastic strain energy included the energy due to the 
axial force in member BC and the shear energy in member AB, the deflection 
caused by these effects would also be found. However, deflection A a due to 
bending is generally dominant. 

If the vertical deflection of point A were required, a fictitious vertical force F 
at A would have to be applied. Then, as in the preceding example, 8 U/dF, with 
F = 0, would give the desired result. In a similar manner, the rotation of any 
normal section for this beam may be obtained. 


*12-13. Statically Indeterminate Systems 

CaStigiimiG s second theorem can be generalized for statically indeter¬ 
minate linear elastic systems. The necessary modifications consist of ex¬ 
pressing the strain energy not only to be a function of n externally applied 
forces (and/or moments) P,, P 2 , P 3 , ... , P„, but also of p statically 
indeterminate redundant forces (and/or moments) Xu X 2 , . . . , X p . A 
possible system of such forces is shown in Fig. 12-22. The necessary 
number of selected supports for maintaining static equilibrium of the pri¬ 
mary section (Section 2-15) arc excluded from the enumeration of the - 
redundant forces. On this basis, strain energy U for an indeterminate 
system can be defined as 

U* = U = U{PuPi,Pi _ ,P„;XuX 2l . . . ,Xj, . . . , X p ) 

(12-51) 


Fig. 12-22 Statically 15 The reader should check the correspondence of the dM/dP terms with those 

indeterminate system. caused by a horizontal virtual unit force applied at A. 


Usin'* this function and Casti'riiano’s second theorem, n dis n !acements 
(and/or rotations) at the points of application of redundant forces (and/or 
couples.) Xj in the direction of these forces can be found. If these dis¬ 
placements are zero, 

^ = 0 0 =1,2, 3. p) (12-52) 


_ v/m//. '///////a x///////, 




These p equations are equal to the degree of statical indeterminancy of 
the system . 16 By solving these equations simultaneously, the magnitudes 
of the redundants are obtained. 

Castigliano’s first theorem can be used directly for the solution of stat¬ 
ically indeterminate problems. 

Several examples follow illustrating these procedures. 


EXAMPLE 12-14 


Using CaStigliaiiu's ScCOuu theorem, Vciify the uai fuiCcS found in Example 2- 
14 caused by applied force P. The planar system of three elastic bars is repeated 
in Fig. 12-23(a). The cross-sectional area A of each bar is the same, and their 
elastic modulus is E. 

Solution 

It is convenient to visualize the system to be cut at B and to designate the unknown 
force in bar BC by X. From statics, the forces in the inclined bars then have the 
magnitudes shown in Fig. 12-23(b). Hence, using Eq. 12-49a, with an appropriate 
change, the complementary strain energy is 


IP 

(a) 


P - x p - x 

2 cos a X 2 cos a 



Fig. 12-23 


■ x 2 L 
" 2AE 


(P ~ XfL 
2 x 2 2 A£ cos 3 a_ 


Since the deflection of the system at point B is zero, by applying Eq. 12-52, 


dU 

dX 


XL {P - X)L 

~rz. x 1 + - 7 -- 3 — x 

AE 2AE cos J a 


(- 1 ) = 0 


X = 


P 

1 + 2 cos 3 a 


This expression is identical to that given for F\ in Eq. 2-34. Here the procedure 
for obtaining the result is more direct. 


16 Italian mathematician L. F. Menabrea (1809-1896) proved that the total work 
for a problem solved in this manner is a minimum. His theorem is known as the 
principle o f least work. Castigliano employed this n rinci n ls in the solution of 
statically indeterminate problems. 
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EXAMPLE 12-15 


M I D « /,„3/£ 


Consider an elastic uniformly loaded beam clamped at one end and simply sup¬ 
ported at the other, as represented in Fig. 12-20(b). Determine the reaction at A. 
Use Eq. 12-52. 

Solution 

The solution is analogous to that of Example 12-12 except that R A must be treated 
as the unknown and not permitted to vanish. The key kinematic condition per 
Eq. 12-52 is 


- OIL 

dU 


dM _ j 
dM A 

c l m m 

= J 0 W^ dx = 

L M dM 


dM 

dR A 


1 r L l 

F/jo r* 


i -\ 

- 6 kx ) xdx - 


r L M aM . l r L I, 
-Jo EIBmJ X ~ El Jo ( A 


L + RaX --far 


(1) dx = 0 


A a = 3U/dR A - 0 

which states that no deflection occurs at A due to the applied lo.ad w 0 and R A . 


w 0 x~ 

M = --- V R a x 


and 


dM 

dR A 


+x 


dU 1 C L ( p 0 x z „ V , . w 0 L* 

- = — | { — + R aX \(+x) dx = - 

dR A El Jo \ 2 '• /' ' 8E7 


Therefore, R A - +3w 0 L!S, the result found in Example 10-5. 


Carrying out the indicated operations and simplifying, 

M a I2 + R a LI 2 = kL 3 i 30 
M a + R a L!2 « kL 3 !24 

Solving these two equations simultaneously, 

R a = 3kL 2 l2Q and M A = -kL 3 /30 (12-53) 

where the negative sign of M A shows that this end moment has a counterclockwise 
sense. 
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EXAMPLE 12-16 

Consider an elastic beam fixed at both ends and subjected to a uniformly in¬ 
creasing load to one end, as shown in Fig. 12-24. Determine the reactions at end 
A using Eq. 12-52. El for the beam is constant. 


EXAMPLE 12-17 

Rework Example 12-14 using Castigliano’s first theorem. See Fig. 12-25. 

Solution 


Solution 

This problem is statically indeterminate to the second degree. It is convenient to 
take reactions R A and M A as the redundant forces and to express M as a function 
of these forces as well as of the applied load. The kinematic conditions require 
that the vertical displacement and the rotation at A be zero. These two conditions 
can be fulfilled by applying Eq. 12-52 twice and setting deflection b A and rotation 
0,i at A equal to zero. This provides two simultaneous equations for determining 
R A and Ivl A . Proceeding in inis manner, 




rfmi 

r -* 

1 

Fiq. 12-24 

r a 

" M 

J 

— L - 

'/Jm i 


In applying Castigliano’s first theorem, the elastic strain energy in all three bars 
must be expressed in terms of the vertical elongation A i of the center bar. For 
small deflections, 


A 2 = Ai cos a 


and using F.q. 12-7 expressed as a function of displacement Aj. and noting that 
L a c — Ldc — L !cos ot, 



u= i; 

A k E k A; 

t AE Ai „ AE Ai cos 3 a 


*=i 

2 L k 

2L + ’ 1L 


dU 

AE A 

_ ae , 

and 


= — A 

i + 2 — cos 3 a A | = P 

d A, 

L 

L 

Hence, 



PL 1 


A j — 

AE 1 + 2 cos 3 a 


(12-54) 
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Then th; 


U bar using Eq. 2 10 is 


X = k A, 


AE 


A, 


P 

1 -l- 2 cos 3 a 


This result is in agreement with that found in Example 12-14. 

This type of solution is easily extended to any number of symmetrically inclined 
bars with A| remaining as the only unknown, regardless of the degree of inde¬ 
terminacy. 

If the inclined bars lack symmetry or the applied force forms an angle with the 
vertical, the problem is more complex. In such cases, the elongation in each bar 
is determined from two separate displacements at the load point. This procedure 
is analogous to that shown in Example 12-7 and illustrated in Fig. 12-12, Further 
discussion of this approach can be found in Section 13-5, where the displacement 
method of analysis is considered. 


**12-14. Elastic Energy for Buckling Loads 

Stability problems can be treated in a very general manner using the 
energy or the virtual work methods. As an introduction to such methods, 
the basic criteria for determining the stability of equilibrium are derived 
in this article for conservative linearly elastic systems using an energy 
method. 

To establish the stability criteria, a function TT, called the total potential 
of the system, must be formulated. This function is expressed as the sum 
of the internal energy U (strain energy) and the potential energy fl (omega) 
of the external forces that act on a system, i.e., 

n = £/ + n (12-55) 

Disregarding a possible additive constant. .0. = — W e . i.e,, the loss of 
potential energy during the application of the forces is equal to the work 
done on the system by the external forces. Hence, Eq. 12-55 can be 
rewritten as 


(12-56) 


As is known from classical mechanics, for equilibrium, total potential 
n must be stationary; 17 therefore, its variation SII must equal zero, i.e., 


bu = W - 8W* = 0 


(12-57) 


i7 In terms of the ordinary functions, this simply means that a condition exists 
wlleie the derivative of a funciiori with respect to an independent variable is zero 
and the function itself has a maximum, a minimum, a minimax, or a constant 
value. 


12-11. This condition can be used to determine the position of equilibrium. 
However, Eq. 12-57 cannot discern the type of equilibrium and thereby 
establish the condition for the stability of equilibrium. Only by examining 
the higher order terms in the expression for the change All in the total 
potential II can this be determined. Therefore, the more complete expres¬ 
sion for the increment in II as given by Taylor’s expansion must be ex¬ 
amined. Such an expression is 


m 



Fig. 12-26 Different 
equilibrium conditions. 


a n = on + — 6 2 n + ~ o 3 n + 


(12-58) 


Since for any type of equilibrium, 811 = 0, it is the first nonvanishing 
term of this expansion that determines the type of equilibrium. For linear 
elastic systems, the second term suffices. Thus, from Eq. 12-58, the sta¬ 
bility criteria are 


for stable equilibrium 

for unstable equilibrium (12-59) 

for neutral equilibrium associated with 
the critical load 


The meaning of these expressions may be clarified by making reference 
to Fig. 12-26, where the curve represents the potential function II. The 
origin of this function is shown below the curve, since the absolute value 
of II is arbitrary. Three different possible positions of equilibrium for the 
ball are shown in this figure.*® The first derivative of II at n oints of equi¬ 
librium is zero for all three cases; it is the second derivative that deter¬ 
mines the type of equilibrium. 

For simple functions of EE, the procedures for forming the derivatives, 
differentials, and variations are alike. If, however, the function of II is 
expressed by integrals, the problem becomes mathematically much more 
complicated, requiring the use of the calculus of variations or finite ele¬ 
ments. The treatment of such problems is beyond the scope of this text. 19 

EXAMPLE 12-18 

Using the energy method, verify the critical load found before for a rigid bar with 
a torsional spring at the base, Fig. ll-7(a). 

18 A point on a curve resulting from a combination, for example, of the curve 
to the left of position 1 with that of the curve to the right of position 2 defines a 
minimax. In stability analysis, such a point corresponds to the condition of un¬ 
stable equilibrium. 

19 H. L. Langhaar, Energy Methods in Applied Mechanics (New York: Wiley, 
1962). K. Wasllizu, Vuriulionul Me thuds in Elasticity urtd Plasticity, 2nd eu. (New 
York: Pergamon, 1975). J. S. Przemieniecki, “Discrete-Element Methods for Sta¬ 
bility Analysis of Complex Structures,” Aeron. J. 72(1968): 1077. 


b-ll .> U 

8 2 n < o 
8 2 n = o 

V_ ) 


E 


2Z3 
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Solution 

For a displaced position of the bar, the strain energy in the spring is k^fij. For 
the same displacement, force P lowers an amount L L cos 0 = L{1 - cos 0 ). 
Therefore, 


n = U - W, = i A'0 2 - PL( 1 - cos 6) 


If the study of the problem is confined to small (infinitesimal) displacements and 
cos 0 =- i — g 2 /2! + 0 4 / 4 ! + •••. the total "oter.tiaS II to a consistent order 
accuracy simplifies to 


__ ktf_ _ PLQ 2 
2 2 

Note especially that the » in the last term is due to the expansion of the cosine 
into the series. Full external force P acts on the bar as 0 is permitted to change. 

Having the expression for the total potential, one must solve two distinctly 
different problems. In the first problem, a position of equilibrium is found. For 
this purpose, Eq. 12-57 is applied: 

sn = 23 50 = (*e - PL 0 ) 86 = 0 or (k - PL)0 80 = 0 

At this point of the solution, k, P, and L must be considered constant, and 50 
cannot be zero. Therefore, an equilibrium position occurs at 0 = 0. 

In the second, distinctly different, phase of the solution, according to the last 



(k - PI)(S0 ) 2 + (k - PL)Q S 2 0 = 0 


For equilibrium at 0 = 0, the second term on the left side vanishes; whereas, 
since 5 2 0 cannot be zero, the first term yields P = k/L, which is the critical 
buckling load. 


Problems 

Sections 12-2 and 12-3 

12-1. A solid circular bar bent 90° at two points is built 
in at one end as shown in the figure. Application of 
force P at the free end causes an axial force, direct 
shear, bending, and torsion in the three bar segments. 


(a) Using Eq. 12-11, obtain the expression for the de¬ 
flection of the free end. Constants A, I, J, E, and G 
are given for the bar. (Hint: See Examples 2-10 and 
10 12.) (b) If L = 100 mm and the diameter d = 40 
mm, in percentage, what amount of deflection is due 
to each of the four causes enumerated earlier? Assume 



E/G — 2.5. (c) Repeat part (b) for L — 500 mm and 
d - 40 mm. Neglect the effect of local stress concen¬ 
trations on deflection. 


12-2. Using Eq. 12-11, determine the vertical deflec¬ 


tion, in mm, of the free end of the cantilever shown 


.* --- ui i — _hai j.>. 

Consider only flexural deformation. E = 200 GPa. 



Plan view 


70 I p 


-800— 

Side view 

Fig. PI2-2 


12-3. Using Eq. 12-11 and taking advantage of sym¬ 
metry, determine the flexural deflections at the load 
points due to the application of both forces P for the 
elastic beam shown in the figure. 




PI 

"I DI * 

/4 1 

“H Fig. P12-3 


40-4 n,:-~ -C- 1-1 t. J _ , 

•- —• '-'oiug 1 - 4 . ii-u auu inMiig auvamage ol sym¬ 
metry, determine the flexural deflections at the load 
points due to the application of both forces P for the 
elastic beam shown in the figure. The moment of in¬ 
ertia of the cross section in the middle half of the beam 


1/12 

M 


M4 1*1 


1 | _ 


Fig. W2-4 


12-5. A man weighing 180 lb jumps onto a diving 
board, as shown in the figure, from a height of 2 ft. 
What maximum bending stress will this cause in the 
buaui? The diving board is 2 x- i2 in cross section, 
and its E = 1.6 x 10 6 psi. Use Eq. 12 11 to determine 
the deflection characteristics of the board. 



Fig. P12-5 


Sections 12-5 ond 12-6 

All problems for these two sections should be solved 
using the virtual-force method. For planar problems, 
the following notation applies: Au and A H are, re¬ 
spectively, the vertical and the horizontal deflections, 
and 8 is the rotation of an element at a specified point. 
In each case, clearly indicate the direction and sense 
of the computed quantity. 

Trusses. Consider axial deformations only. 
12-6. In Example 12-1. determine A /; fn r n 0 jnt n Hn e 
to the enumerated three causes. 

12-7. For the planar mast and boom arrangement 
shown in the figure, (a) determine A^of load W caused 
by lengthening iud AB a distance of 0.5 in. (b) By how 
much must rod BC be shortened to bring weight VV to 
its original position? 
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12-8.-A pin-joined system of three bars, each having 
the same cross section A, is loaded as shown in the 
figure, (a) Determine A y and A# of joint B due to ap¬ 
plied force P. (b) If by means of a tnmhuckle the length 
of member AC is shortened by 0.5 in, what A y and A H 
take place at point Bl 



12-9. For the planar truss shown in the figure, deter¬ 



mine A v and A " of joint C due to applied force P = 
10 kN. For simplicity, assume AE = 1 for all members. 
12-10. For the truss in Problem 12-9, determine the 
relative deflection between joints B and E caused by 
applied force P = 10 kN. (Hint: Place equal and op¬ 
posite unit forces, one at »oint B and the other at ; oin‘ 
E , along a line joining them.) 

12-11. For the truss shown in the figure, determine Ay 
of joint B due to applied vertical force P — 9 k at B, 
For simplicity, assume L/AE is unity for all members. 
Beams. Consider flexural deformations 
only. 



12-12. A simply supported beam of length L and con¬ 
stant El supports a downward uniformly distributed 
load w D . Find the maximum Ay due to w 0 . 

*12-13. For the beam in Problem 12-3, find the max- 

12-14. For the beam in Problem 12-3, find Ay and/or 
0, as assigned, at the left force P due to both applied 
forces. 

12-15. A simply suppported beam of length L and con¬ 
stant El supports a downward uniformly distributed 
load w a . Determine Ay and/or 0, as assigned, due to 
w D at a distance L !3 from the left support. 

12-16 and 12-17. Determine A v and/or 0, as assigned, 
at the center of the span due to the applied loads shown 
in the figures. El is constant. 


Fig. H2-16 


rrm 

.Ai-r 







Fig. P12-17 


12-18. Find Ay and/or 0, as assigned, at the point of 
application of force P for the beam of variable cross 
•section shown in the figure. 


21 


“i 


*—1/3—*-j-*— LIZ —*-| 
Fig. P12-18 


12-19. For the cantilever shown in the figure, deter¬ 
mine (a) A v at the applied force, and (b) Ay at the tip. 
El is constant. 


find Ay and/or 0, as assigned, at the point of appli¬ 
cation of couple M 0 . El is constant. 



7P&77, 


Fig. PI2-21 


only. 


12*22. A planar bent bar of constant El has the di¬ 
mensions shown in the figure. Determine Ay, A*-, or 

O, as assigned, at the tip due to the application of force 

P. Comment on the virtual-force method in compari¬ 
son to the geometric approach based on the differential 
equations and superposition discussed in Chapter 10. 



i 


Fig. PI2-19 


12-20. Find the deflection at the point of application 
of force P. El is constant. 



Fig. P12-20 


12-23 through 12-30. For the planar frames shown in 
the figures, determine Ay, A*, or 0 for point A, as 
assigned, due to the applied loading. For all cases, as- 



'wM/77/. Fig. P12-23 
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sume El constant. ( Hint: For of solution, for each 
frame segment, locate the origin of x to obtain the sim¬ 
plest expressions for m(x) and M{x).) 

12-31 arid 12-32. For the planar frames shown in the 
figures, determine Ay, A w , or 0 for points A and B, 
as assigned, due to the applied loading. For both cases 
£7 is constant. 

Frames. Consider axial and flexural defor¬ 
mations. 


A 



Fig. P12-32 


12-33. For the aluminum alloy, planar structural sys¬ 
tem shown in the figure, determine the vertical de¬ 
flection of D due to the applied force of 12 k. For the 
rod, A — Q.5 in 2- for the beam A — 4 in 2 and 7 = 15 
in 4 . Let E ~ 10 x 10 3 ksi. 



rr, __Cl_•- _ J . . 

■ - *“ y*ccwumg piuuiuu, u was ueiciunneu 

that due to the applied force of 12 k, end D moves 1.57 
in up. If. without removing this force, it is necessary 
to return point D to its initial position to make a con¬ 
nection, what is the required change in the length of 
rod CF? This change in length can be accomplished 
by means of a turnbuckle. 

12-35. An inclined steel bar 2 m long, having a cross 
section of 4000 mm 2 and an 7 of 8.53 x 10 6 mm 4 , is 
supported as shown in the figure. The inclined steel 

hunnpr ItB inn_ 2 r>... 

wcj L. wujj occiiuu ui uuu imu , ucieiinme 
the downward deflection of point_C due to the appli¬ 
cation of the vertical force of 2V2 kN. Let E = 200 
GPa. 



Fig. P12-35 


12-36. A planar system consists of an inclined canti¬ 
lever and rods BC and CD, as shown in the figure. De¬ 
termine Ay and/or A*, as assigned, of joint C due to 
the application of force P = 300 N. The cross-sectional 
area of each rod is 10 mm 2 and that of the cantilever 
400 mm 2 . For the cantilever, 7 - 10 4 mm 4 . For each 
member, E = 200 GPa. 



Fig. P12-36 
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12-37. A planar structure consists of a moment-re¬ 
sisting frame ABC and a truss CDE with pinned joints. 
Determine A v and/or A » at C, as assigned, due to the 
horizontal force 8 k at D. For all members, El = 8U0 
k-fl 2 and EA = 500 k. Work the problem using the 
units of k and ft. 


b c D 8k 



Fig. P12-37 


12-38. For the data given in Problem 12-37, determine 
the rotation of member CD due to the applied force at 
D. ‘Him: ’A r * n l v e n ua! and o nri osite forces at C and D, 
generating a unit couple.) 

Curved Members. Neglect deformations 
due to direct shear. 

12-39. A U-shaped member of constant El has the di¬ 
mensions shown in the figure. Determine the deflec¬ 
tion of the applied forces away from each other due 
to flexure. 



Fig. P12-39 


12-40. In order to install a split ring used as a retainer 
on a machine shaft, it is necessary to open a gap of A 
by applying forces P, as shown in the figure. If El of 
the cross section of the ring is constant, determine the 
required magnitude of forces P. Consider only flexural 
effects. 

12-41. A bar having a circular cross section is bent into 
a semicircle and is built in at one end as shown in the 



Fig. P'12-40 


figure. Determine the deflection of the free end caused 
by the application of force P acting normal to the plane 
of the semicircle. Neglect the contribution of shear 
deformation. 

Reformations in Three-dimensions. Neglect 
deformations due to direct shear. 



P (down) 

Fig. PI2-41 


12-42. A solid bar of circular cross section is bent into 
the shape of a right angle and is built in at one end, 
as shown in the figure. Determine the three transla- 



Fig. P12-42 
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rions. A., A..., and A.. and the three rotations, 0 A> , ft, 
and 0 4T , of the free end due to applied force F. Con¬ 
stants E, G, I, and J for the bar are given. 

*12-43. A solid circular bar is bent into the shape 
shown in the figure for Problem 12-1 and is built in at 
one end. Determine the three translations \ jjrw-? 
A z , and the three rotations, 0^., 6 VZ , and 0 rj , of the 
free end due to applied force P. Constants A, 1. J, E, 
and G for the bar are given. 

Section 12-7 

12-44. A system of steel rods, each having a cross- 
sectional area of 0.20 in 2 , is arranged as shown in the 
figure. At 50°F, joint D is 0.10 in away from its support, 
(a) At what temperature can the connection be made 
without stressing any of the members? Lei E — 30 x 
10 6 psi, and a = 6.5 x 10 -6 /°F. (b) What stresses will 
develop in the members if after making the connec¬ 
tions at D, the temperature drops to - 10°F? 



Fig. PI 2-44 

12-45. Find the force in bar AC for the planar truss 
shown in the figure due to the 30-kN horizontal force 
at C. For member AC, let the relative L/AE = 0.50, 
and fur all other members, unity. 



12-46. (a) For the planar truss shown in the figure 
determine the axial forces in all members due to the 
18-kN vertical force at B. (b) By using at least two 
different virtual systems, find the vertical deflection 
at B caused by the applied force at B. Let the relative 
values of LI A he as follows: 1 for AB, 2 for DB, and 
3 for CB. Consider member BC to be redundant. 



Fig. P12-46 


12-47. For the planar truss shown in the figure, de¬ 
termine the reaction at A, treating it as redundant, due 
to the applied vertical force at B. For all members, 
L/A is unity. 



Fig. P12-47 


12-48. For the beam shown in the figure, (a) determine 
the reaction at A, treating it as redundant, (b) Deter¬ 
mine the moment at B, treating it as redundant. (Hint: 
Use the solution given to Problem 10-51.) 
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12-49. A uniformly loaded beam fixed at both ends 
has the reactions shown in the figure. By using a sim¬ 
ply supported beam with a unit load in the middle as 
a virtual system, determine the maximum deflection 
for the real beam. 


the applied forces, and plot the entire moment dia¬ 
gram. (b) Find the decrease in diameter AS caused by 
the applied forces. Consider only flexural deforma¬ 
tions. (Him: Take advantage of symmetry and con¬ 
sider the moment at A as redundant.) 


£ 


XT!.i m 


P 


Fig. P12-49 




} 


12-50. A small pipe expansion joint in a plane can be 
idealized as shown in the figure. Hinge support points 
A and B are immovable. Derive an expression for the 
horizontal abutment reactions R caused by the change 
in temperature 8 J in the pipe. The coefficient of ther¬ 
mal expansion for the pipe is a and its flexural rigidity 
is El. Consider flexural deformations only. 



12-51. A circular ring of a linearly elastic material is 
loaded by two equal and opposite forces P, as shown 
in the figure. For this ring, hoth A and / are constant, 
(a) Determine the largest bending moment caused by 



Section 12-8 

12-52. Using the virtual displacement method, (a) de¬ 
termine the forces in members BD and BC in Problem 
12-46 assuming that member BA is removed from the 
system, and (b) find the forces in all three members in 
the complete framing. 

12-53. For the elastic truss shown in the figure and 
using the virtual displacement method, (a) determine 
the forces in members AC. AD, and AE assuming that 
AB is inactive due to the applied force at A, and (b) 
find the forces in all four members in the complete 
framing. The relative values L/A are as follows: 0.40 
for AJB and AD 0.20 for AC and 0.80 for .AE. 



Section 12-12 

12-54. Using Castigliano’s second theorem, in Ex¬ 
ample 12-10, determine the horizontal deflection ofB 
due to the applied vertical force P = 3 k. 

The fuiiuwing problems are fur solution by 
Castigliano’s second theorem: 

12-55. Rework Problem 12-8. 

12-56. Rework Problem 12-19. 

12-57. Rework Problem 12-16. 

12-58. Rework Problem 12-17. 

12-59. Rework Problem 12-21. 

12-60. Rework Problem 12-24. 

12-61. Rework Problem 12-28. 

12-62. Rework Problem 12-29. 


12-63. Rework Problem 12-30. 

12-64. Rework Problem 12-31. 

12-65. Rework Problem 12-32. 

12-66. Rework Problem 12-33. 

12-67. Rework Problem 12-34. 

Section 12-13 

12-68. Using Eq. 12-52, delermine the forces in the 
elastic bar system shown in the figure due to applied 
force P. LlAE is the same for each bar. 



12-69. A two-span continuous beam is loaded with a 
uniformly distributed downward load iv D N/m. If the 
left span is L and the right one is 2L, what is the re¬ 
action at the middle support? Use Eq. 12-52 to obtain 
the solution. Draw shear and moment diagrams for this 
beam. 

12-70. Without taking advantage of symmetry and 
using Eq. 12-52-, determine the reaction components 
on the left for the beam in Problem 12-49 due to applied 
load w 0 . 

12-71. Assuming that in Example 12-I6endBissimnly 
supported, determine the reactions with the aid of Eq 
12-52. 


12-72. Rework Example 12-17 after assuming that the 
cross section of bar BC is twice as large as that of bar 
AC or DC. 


Section 12-14 


12-73. Using Eqs. 12-57 and 12-59 for neutral equilib¬ 
rium, determine the critical buckling load in Problem 
11 - 1 . 


■ — j l IUI lltUUOi C4UIIIUIIUUI, UC" 

termine the critical Euler buckling load P„ for an elas¬ 
tic column of constant El with pinned ends, as shown 
in Fig. 11-13. Assume that the deflected shape for a 
slightly bent column in a neighboring equilibrium po¬ 


stant. (Him: Axial shortening of a column due to lat¬ 
eral deflection v is given by 



and heuristically 20 the external work 8 W e = P A ir . By 
noting from Eq. 11-5 that M = -Pv, the expression 
for 8 V then follows from Eq. 12-8.) 

**12-75. Find an approximate solution to the preced¬ 
ing problem by assuming the deflected shape of the 
column to be a parabola, v = A(x 2 - xL), satisfying 
the kinematic boundary conditions. (Note: Energy so¬ 
lutions are not very sensitive to the assumed deflected 
shape provided one takes M •-= -Pv and not as M = 
EIv", where the second derivative of an assumed func¬ 
tion is used. Numerous approximate solutions of col¬ 
umn-buckling problems can be found in this manner.) 


(Berlm/Gottingen/Heidelberg: Springer 1980) 189- 
229. 






introduction 


The force and displacement methods for solving linearly elastic statically 
indeterminate problems previously encountered in this text are extended 
in Part A of this chapter to more complex cases. These two methods are 
particularly important in the matrix analysis of structures and in finite 
element formulations. They are directly applicable in satisfying elastic 
design criteria often based on the maximum allowable stress. Such a cri¬ 
terion is referred to as the limit state for the maximum stress. In other 
cases, the limit state may be the maximum allowable deflection, or the 
effeci of system stiffness on vibrations. Such cntena are serviceability 
limit states. 

If the strength of a member or members for emergency overloads is 
the only controlling parameter, the elastic maximum stress limit state may 


lead to an unduly conservative design. For ductile materials, where the 
fatigue problem does not arise, merely reaching the maximum stress at 
a point or a few points of a member does not necessarily exhaust the 
strength capacity of a system. The ultimate strength of such systems can 


plastic. A few such cases were encountered earlier. This approach is 


discussed in Part B of this chapter for beams and frames. 2 The plastic 


limit state is of considerable importance in understanding the ultimate 


behavior of ductile structures, especially as it applies to seismic design 


and other emergency overload situations. 


1 This chapter is optional. 

2 For further discussion of beams, frames, as well as plates and shells, see P. 
G. Hodge. Jr.. Plastic Analysis of Structures (New York: McGraw-Hill, 1959). 
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Part A ELASTIC METHODS of analysis 


*13-2. Two Basic Methods for Elastic Analysis 

Structural systems that experience only small deformations and are com¬ 
posed of linearly elastic materials are linear structural systems. The prin¬ 
ciple of superposition is applicable for such structures and forms the basis 
for two of the most effective methods for the analysis of indeterminate 
systems. 

In the first of these methods, a statically indeterminate system is re¬ 
duced initially Lo one that is determinate by removing redundant (super¬ 
fluous) reactions or internal forces for maintaining static equilibrium; see 
Fig. 2-42. Then these redundant forces are considered as externally ap 
plied, and their magnitudes are so adjusted as to satisfy the prescribed 
deformation conditions at their points of application. Once the redundant 
reactions are determined, the system is statically determinate and can be 
analyzed for strength or stiffness characteristics by the methods intro¬ 
duced earlier. This widely used method is commonly referred to as the 
force method, or the flexibility method; see Section 2-15. 

In the second method, referred to as the displacement method , or the 
stiffness method, the joint displacements of a structure are treated as the 
unknowns; see Sections 2-16 and 2-17. The system is first reduced to a 
series of members whose joints are imagined to be completely restrained 
fron any movement. The joints are then released to an extent sufficient 
to satisfy the force equilibrium conditions at each joint. This method is 
extremely well-suited for computer coding and, hence, is even more 
widely used in practice than the force method, especially for the analysis 
of large-scale structures. 

While some of the older classical methods continue to have some utility, 
the force and displacement methods are the two modem approaches to 
the solution of indeterminate structural systems. 

*13-3. Force Method 

The first step in the analysis of stmctural systems using the force method 
is the determination of the degree of statical indeterminacy, which is the 
same as the number of redundant reactions, as discussed in Sections 1- 
9 and 2-15. The redundant reactions 3 are temporarily removed to obtain 
a statically determinate structure, which is referred to as the released or 

3 In the analysis of beams and frames, the bending moments at the supports 
are often treated as redundants. In such cases, rotations of tangents at the supports 
are considered instead of deflections. 
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primary structure. Then, since this structure is artificially reduced to stat¬ 
ical determinacy, it is possible to find any desired displacement by the 
methods previously discussed. For example, the beam shown in Fig. 13- 
1(a) is indeterminate to the first degree. For this beam to remain in stable 
static equilibrium, only one of the vertical reactions can be removed. 
Removing the vertical reactions at b, Fig. 13*l(b), deflection A bP at b 
caused by applied forces P can be calculated. By reapplying the removed 
redundant reaction R b to the unloaded member, Fig. 13-l(c), deflection 
A bb at h due to R b can be found. Since the deflection at b of the given 
beam must be zero, by superposing the deflections and requiring that A bP 
+ A bb = 0, the magnitude of R b = X b can be determined. 

This procedure can be generalized to any number of redundant reac¬ 
tions. However, it is essential in such cases to recognize that the dis¬ 
placement of every point on the primary structure is affected by each 
reapplied redundant force. This also holds true for the rotation of ele¬ 
ments. As an example, consider the beam in Fig. 13-2(a). 

By removing any two of the redundant reactions such as R b and R c , 
the beam becomes determinate and the deflections at b and c can be 
computed, Fig. I3-2(b). These deflections are designated A b p and A cP , 
respectively, where the first letter of the subscript indicates the point 
where the deflection occurs, and the second, the cause of the deflection. 
By reapplying R b to the same beam, the deflections at b and c due to R b 
at b can be found, Fig. 13-2(c). These deflections are designated A bb and 
A~ b , respectively. Similarly, A bc and A cc , due to R c , can be established, 
Fig. 13-2(d). Superposing the deflections at each support and setting the 
sum equal to zero, since points b and c actually do not deflect, one obtains 
two equations: 




a — ‘— a P wt*'' y//////. 


Fig. 13-2 Superposition for a 
continuous beam. 


redundants. Then, since a linear structural system is being considered, 
the deflection at point b due to the redundants can be expressed as 


; f bb X b and A b 


and, similarly, at point c as 


f cb X b and A cc — f cc X c 


These can be rewritten in a more meaningful fonn using flexibility coef- 

™ . r r f _i £ Aaf.naA nc ttw=> c shown 

ficients Jbb, Jbc< Jcb, anu j cc , v*iuui u^imvu ~ 

in Figs. 13-l(e) and (f) due to unit forces applied in the direction of the 


where X b and X c are the redundant quantities. Using this notation, Eq. 
13-1 becomes 

A b — fbbXb + f b cX c 4- A bP = 0 (13-4) 

A c = fcbXb + fccX c + A cP = 0 




where the only unknown quantities are X b and X c \ simultaneous solution 
Oj. tuese equations constitutes me solution Oi tuC prouicm. 

Generalizing the above results for'determining the unknown forces for 
systems with n redundants, using superposition, the following compati¬ 
bility equations 4 can be formed: 

A a - f aa X a 4- JabXb + ••• + f an X„ 4- A aP 

Ab = fbaXa 4- fbbXb 4- 4- fbnX„ + A bP (13-5) 

A„ — fnaXb 4“ fnbX b + * * * 4- f „ n X„ + A , tP 

4 Sometimes these expressions are referred to as the Maxweli-Mohr equations. 
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When the redundant supports are immovable, the left column of the 
equation is zero. Alternatively, such deflections can be prescribed. 5 6 The 
terms for deflections in the right column can be calculated for the primary 
structure. The flexibility coefficients 0 fy are for the whole primary sys¬ 
tem. All quantities in these equations represent either deflections or un¬ 


couples. 

For the force method, it is customary to express Eq. 13-5 in matrix 
form as 

Ff aa f ab .... f gn l Ca o - 

I fZ hl -■ fZ I J£l _ JaI - ~Cr[ 


Because the square matrix is made up of ihe flexibility coefficients, this 
method is often called the flexibility method of structural analysis. 

It should be clearly understood that the previous equations are appli¬ 
cable only to linearly elastic systems that undergo small displacements. 
It should be noted further that the matrix exhibited by Eq. 13-6 is a system 
or global flexibility matrix. Such matrices can be readily constructed di¬ 
rectly only for the simpler problems. For treatment of more complex 
problems, the reader is referred to previously cited texts on finite elements 
or structural matrix analysis in Sections 2-10 and 12-9. 

Before proceeding with examples, it is shown next that the matrix of 
the flexibility coefficients fy is symmetric, i.e., fy - fji. 


*13-4, Flexibility Coefficients Reci n rocit v 

According to the definition for flexibility coefficients, for linearly elastic 
systems, the displacement A,- at i due to forces P { at i and Pj at j patterned 
aftpr 1^-5 can be sx n resssd as 

A/ = fuP t + fijPj (13-5a) 

Similarly, the deflection at j is 

A; - fjiPr + fjjPj (13-5b) 

where f 0 , fj,-, and fjj are the flexibility coefficients of a given system. 

If the strain energy of the system due to the application of these forces 
is U, according to Castigliano’s second theorem, Eq. 12-47, the same 
qualities are also given as 

5 If an elastic support is provided at an ith point, the flexibility coefficient at 
the support is increased by adding the flexibility of such a support. 

6 The flexibility coefficients are also called the deflection influence coefficients. 
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By taking partial derivatives of A,- with respect to Pj in Eq. 13-5a and 
the preceding equation, the following equality is obtained: 


aA_ d 2 u 

dPj ~ hj ~ BPj dP; 
and, s.milarly, — = fy, = — 

However, since the order of differentiation is immaterial, 



As illustrated in Fig. 13-3, this relation states that the displacement at any 
point i due to a unit force at any point j is equal to the displacement of 
j due to a unit force at i, provided the directions of the forces and de¬ 
flections in each of the two cases coincide. It can be noted that this re¬ 
lationship holds true for several cases considered earlier in applications 
of virtual force equations in Section 12-G. For example, in calculating 
flexibility coefficients, using Eq. 12-26, by setting F,- equal to unit force 
pi, its role with pj is interchangahle. This is also true in the use of Eqs. 
12-27 and 12-28. 

The derived relationship is often called Maxwell’s theorem of reciprocal 
displacements.' 

EXAMPLE 13-1 

For the simply supported elastic beam shown in Fig. 13-4, show that the rotation 
of the tangent to the elastic curve at the support i, caused by applying a unit force 
at j, is equal to the deflection at j caused by applying a unit couple at i. 

7 This relationship was discovered by James Clerk Maxwell in 1864. The more 
general case was demonstrated by E. Betti in 1872. 
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Fig. 13-4 




Solution 

The deflection of the beam due to a concentrated force P at j is given by Eq. JO- 
27, applicable for 0 s x s a. The derivative of this equation with respect to x 
gives the slope for the elastic curve. The slope of this function at x = 0 gives the 
rotation 0, v , defining f,j, when the applied force P = —l. 


Pb 


(L 2 x - b 2 x - x 3 ) and 


Pb 


(Lr - b 2 - 3x 2 ) 


»'(0) = 0(0) = - (L 2 

tLlL 


b 2 ) = 


Pab 


{a + 2b) 


ab t 

6EIL K 


The equation for an elastic curve for a beam subjected to an end moment is 
derived next. By proceeding as before, the deflection at j is found. Assuming that 
a counterclockwise moment M 0 is applied at i, 


M = —M c + M 0 xSL and EIv" — M - 
Elv' = -M Q x + M 0 x z l2L + C 3 


-Mo + MaXlL 


Hence, Elv — —M 0 x 2 l 2 + M 0 x 3 l6L + C^x + C 4 

From y(0) = 0. C 4 = 0, and from v(L) = 0, C\ = M„L/3, and 
M a x 


Elv -■ 

6EIL 

Therefore, for v(a) and M a — !. 


(-3Lx + .t 2 + 2 L 2 ) 


(13-9) 


fji = TET? I -3 La + a 2 + 2L 2 ) 


This result is identical to that given by Eq. 13-8. 


-{a + 2b) (13-10) 
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EXAMPLE 13-2 

A two-span continuous elastic beam on simple supports carries a uniformly dis¬ 
tributed load, as shown in Fig. 13-5. Determine the reactions and plot shear and 
moment diagrams. El for the beam is constant. 


Solution 

Reaction R b at b is removed to make the beam statically determinate. The de¬ 
flection at b for the primary structure using Eq. 10-22 is 


The deflection at b due to a concentrated force is given by Eq. 10-30. Therefore, 
by setting P = 1, the flexibility coefficient is 


fbb '■ 


1 x (2 L) 3 


L 3 
' 6 El 


48 El 

By using Eq. (13-5) and assuming that the supports are immovable, 

^ b fbbXb "F &bP = 0 Slid — Pb ~ — ^bP^fbb ~ 5w a E!4 

From statics, R a — R c - 3w 0 L/S and the sheai and moment diagrams are as 
in Fiss. 13-5(dl and (el. respectively. The elastic curve i« «hm«m in r?in 
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Fig. 13-6 


EXAMPLE 13-3 

A two-span continuous beam is clamped at one end and simply supported at two 
other points; see Fig. 13-6(a). Determine the reactions caused by the application 
of a uniformly distributed load ir 0 . El for the beam is cunstaiit. 

Solution 

This beam is statically indeterminate lu the secund degree. Therefore, two re- 
dundants must be removed to n roceed. A convenient choice is to remove and 


R b , resulting in a simply supported beam, Fig. I3-6(b). Using the results found 
in Example 10-3, and summarized in Table 11 of the Appendix, 


One set of flexibility coefficients is determined by applying a unit force at b, 
Fig. 13-6(c), and determining the rotation at a and the deflection at b using the 
equations in Table 11. This process is repeated by applying a unit moment at a , 
Fig. 13-6(d), and Finding the rotation at a and the deflection at b. Thus, 


( 2 Lf _ 

16 El 4 El an 


= olt = EL 

Ub 48 El 6EI 
L[(2L) 2 - L z ] = 
6EI(2L ) ~ 4 El 


Note that as to be expected, f ab = f ba . 

Forming two equations for compatibility of displacements at a and b using Eq. 
13-5, 


A a = 0Q — A aP + faaXa + fab^b ~ 0 
A b ~ A bP + fbaX a + fbbXb = 0 



The positive signs of these quantities indicate agreement with the assumed di¬ 
rection of unit forces. 

EXAMPLE 13-4 

Consider the planar elastic pin-ended bar system shown in Fig. I3-7(a). Determine 
the bar forces caused by the application of inclined force P = 10V5 kN at joint 
e. Ail bars can resist either tensiie or compressive forces. For simplicity in cal¬ 
culations, let LIEA for each member be unity. 
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Solution 

This problem is statically indeterminate to the second degree, and, in this solution, 
bars ae and ce are assumed to be redundant. Therefore, the bar system with the 
bars cut at a and c, shown in Fig. 13-7(b), is the primary system. The bar forces 
for this condition are shown on the diagram in parentheses. In this primary system, 
the possible displacements that may develop at a and c are noted and must be 
removed to restore the required compatibility conditions. Therefore, the behavior 
of the unloaded primary system due to the application of unit axial forces is 
studied first, as shown in Figs. 13-7(c) and (d). Again, the axial bar forces for 
each case are shown directly on the figures. Note that when the force in bar ae 
is unity, the force in bar ce is zero. Fig. I3~7(c), cuuveisely, when the force in 
the bar ce is unity, the force in bar ae is zero. 

Calculations for the required deflections and flexibility coefficients are carried 
out in tabular form using the virtual force method and following the solution 
pattern of Example 12-5. 


Bar 

F, kN 

p a or p a 

Pc or p c 

PaF 

p b F 

PaPa 

PcPc 

PaPc or 

PcPa 

ae 

0 

+1 

0 

0 

0 

+ i 

0 

0 

be 

+ 17.89 

-0.447 

-0.60 

-8.00 

-10.73 

+0.20 

+ 0.36 

1 0.268 

ce 

0 

0 

+ 1 

0 

0 

0 

+ 1 

0 

de 

-13.42 

+ 0.894 

-0.80 

-12.00 

+ 10.73 

+0.80 

+ 0.64 

-0.716 




Sum: 

-20.00 

0 

+ 2.00 

+ 2.00 

-0.448 


Since for each bar, L/AE = 1, the relative deflections and flexibility coefficients 
according to Eq. 12-26 are 

A aP = -20 A . r = 0 f aa = f cc = 2 
and f nr = = -0.448 

Therefore, for bar forces F ac = X a and F cc = X c , the required conditions of 
compatibility at a and c, using Eq. i3-5 gives 

A. = f aa X a + f ac X c + A aP = 7X a - 0.mX t - 20 - 0 

and 

A, - f ca X a + f cc X c + - -0.448X* + 2X C + 0 = 0 

By solving these two equations simultaneously, 

F ae = Xa = +10.52 kN and F ce = X b = +2.36 kN 
Using superposition, the forces in the other two bars are 
Fbe = 17.89 + 10.52 x ( — 0.447) + 2.36 x ( — 0.600) = + 11.77 kN 
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F de = -13.42 + 10.52 x 0.894 + 2.36 x (-0.800) - -5.90 kN 

Computer solutions arc commonly used for problems with a high degree of 
indeterminacy. 


*13-5. Introduction to the Displacement Method 

In the force method discussed in Section 13-3, the redundant forces were 
assumed to be the unknowns. In the displacement method, on the other 
hand, the displacement—both linear and/or angular—of the joints or 
nodal points are taken as the unknowns. The first step in applying this 
method is to prevent these joint displacements, which are called kinematic 
indeterminants or degrees of freedom. The suppression of these degrees 
of freedom results in a modified system that is composed of a series of 
members each of whose end points are restrained from translations and 
rotations. Calculation of reactions at these artificially restrained ends due 
to externally applied loads can be carried out using any of the previously 
described methods. The results of such calculations are usually available 
for a large variety of loading conditions and a few are given in Table 12 

nf thfl A nnanHiv In onolwpic hu tVtic matK a/ 1 nAimtornlAnl/nri^ft iv,a 

Ill uuurn ■J.lltUJ' JIJ UWHO IIIWIIVU, WUiUWVlUWAYHJl, 1I1U- 

ments and upward reactions acting on either end of a member are taken 
as positive. This beam sign convention differs from that used previously 
in this text, and is necessary for a consistent formulation of the super¬ 
position equations. 

Sometimes this sign convention is referred to as '‘analyst’s” to distin¬ 
guish it from “designer’s”, used previously throughout. The designer’s 
sign convention conveniently differentiates between tensile and com¬ 
pressive regions in flexural members. 

The procedure for applying a displacement method for a beam with one 
degree of kinematic indeterminancy is illustrated in Fig. 13-8(a). First, 



(0 


Fig. 13-8 
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fhf» cimiwt at h ic r»ctrair>»H Wo the .i_ . 

*■**'*• --1-1'-'* * * * B . «- Ul-l, t'l'JM.Wll LU limL 

of a fixed-end beam. Both the vertical reactions and end moments in such 
a beam can be found by methods discussed previously. Moment M bP is 
an example of such a reactive force at an end, where the first letter of 
the subscript designates the location and the second identifies the cause. 
Such end moments and reactions are referred to as fixed-end actions at 
beam ends. For general use, fixed-end actions are identified here by a 
letter A with two subscripts. For the above case, A bP s M b p. Subscript 
P refers to any kind of applied lateral load. 

Next, moment M bb at b. Fig. 13-8(c), is determined as a function of the 
applied rotation 0 fc . In this notation, the first letter of the subscript iden¬ 
tifies the location of the fixed-end force (moment) and the second iden¬ 
tifies the location of the applied displacement. Two basic cases for end 
moments and reactions caused either by applied end rotation or displace¬ 
ment are given in Table 12 in the Appendix. 

Finally, an equation for static equilibrium is written. In this case, since 
the beam is simply supported at b, total moment M b must be zero. For 
general use, such force quantities are identified as P b , i.e,, M b = P b . 
Therefore, assuming that the system is linearly elastic and undergoes 
small dislacements, for equilibrium at joint b, 

M b - M bP + M bb = 0 . (13-lla) 

or in generalized notation, 

Pb = A bP + A bb - 0 (13-1 lb) 


EXAMPLE 13-5 

Using a displacement method, determine the reactions for a uniformly loaded 
beam fixed at one end and simply supported at the other, Fig. l3-9(a). El is 
constant. 



Since joint rotation at b is the only kinematic unknown at the supports. Fig. 13- 
9(a), this beam is kinematically indetei urinate to the first degree. Using Table 12 
in the Appendix, the fixed-end actions due to the applied load. Fig. 13-9(b), and 
the end moments and reactions due to Q b , Fig. 13-9(c), are 


M aP = A aP - w 0 L 2 / 12 

and 

M bP — A bp — —w 0 L 111 

M ab = Aab = 2EIQ b /L 

and 

M bb = A bb - 4EIB b /L 

R ab = 6E70 fe /L 2 

and 

R bb = -6 ElH b /L 2 


For moment equilibrium at the end b, using Eq. 13-lla, 

wJL 2 AEI 

M b = P b — M b p + M bb —-jy + ~j— 6^ — 0 

Hence, 0t = w 0 L 2 l4$EI 

Using this in the superposition equations, 






w 0 L 2 

2EI 

w 0 L 2 

M a -- 

= M aP 

+ 

M ab 

12 

+ —e t 

= __ 




Rab = 

w„L 

6 El 

5 w a L 

R« = 

~ RaP 

4- 

— + 

~ 9t “ 

8 




R bb - 

u > 0 L 

6EI 

3 w 0 L 

R b - 

~ RbP 

+ 

. __ 

T 0i = 

8 


The sign of M a is opposite from that of the designer’s beam sign convention. 


EXAMPLE 13-6 

Three elastic pin-jointed bars are symmetrically arranged in a plane to form the 
system shown in Fig. 13-10(a). The cross-sectional area A of each bar is the same, 
and the elastic modulus is E. Verify the bar forces found in Examples 2-14, 12- 
23, and 12-17 caused by applied force P. 

Solution 

Because of symmetry, this system has only one degree of kinematic freedom and 
joint c can only displace in the vertical direction. In this solution, first, the joint 
is restrained from displacement, Fig. 13-10(b). Here all of the fixed-end actions 
are zero, and A c p = P c p = O. 8 

Force P cc for the system is determined next as a function of deflection Aj for 
bar be. As in Example 12-17, for geometric compatibility at joint c, A 2 — 

8 If an axial force were applied somewhere between b and c, P cP would not be 
zero. For exam n ie, if a downward force P ; were applied at a distance L. b J.A above 
c, per Eq. 2-39, the fixed-end downward force at c would be R cP = 3 P : I4. 
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A. cos a.. Hence, usin° E n . 2-12 the bar forces F andF.inr-_ 1 _ L _ J - 

(or dc), respectively, are 


A AE A 

- a ’ = t a 


and 


Fz = k z A i cos a 


AE 

Li cos a 


A j cos a 


lKETTL 



(d) 


Then for vertical force equilibrium at joint c. 

Pc = P c p + F\ 4 - 2F 2 cos a = P 

Substituting the values of P cP , F u and F 2 into the above equation, and solving 
for A i, one finds 


i» Y 2 

uXLm —'-l— 1 —i!L 



A| AE{\ 4- 2 cos 3 a) 

P 1 

By substituting this value of Aj into the relations for the bar forces, the results 
c in Example 2-23 are verified. 

if in this example there were no symmetry about the vertical axis (either due 
to lack of symmetry in the structure itself or due to application of force P at an 
angle), a horizontal displacement would-also have developed at the joint. Two 
force equilibrium equations, one in the horizontal direction and the other in the 
vertical direction, must then be set up and solved simultaneously for the horizontal 
and vertical displacements. Such cases are illustrated in Figs. 12-1 i and 12-12, 
and are also considered in the next section. 

It should be noted that by adding additional bars to the system, as shown in 
Fig. 13-11, does not increase the kinematic indeterminacy, and it remains at two. 
In the force method, on the other hand, the number of statical redundants in¬ 
creases, as woes t..e number of simultaneous equations for uctcnuniiug icdun- 
dants. However, this does not imply that the displacement method always in¬ 
volves the solution of fewer equations compared to the force method. Consider, 
for example, the case of a propped cantilever with an overhang; see Fig. 13-12. 
This beam is statically indeterminate only to the first degree, but kinematically 
indeterminate to the third degree (rotations at b and c, and a vertical deflection 
at c); hence, only one equation is needed for solution by the force method, hut 
three simultaneous equations are required using the displacement method. 


*13-6. Further Remarks on the Displacement Method 

The displacement method is extended to problems with several degrees 
ox kinematic indeterminancy in this section. For this purpose, consider 
the beam shown in Fig. 13-13(a), where the guided supporL al c allows 
for vertical displacement but no rotation of the beam. The other degree 
of freedom of this beam is the rotation of its tangent at support b. This 
beam is thus kinematically indeterminate to the second degree. Upon 
restraining these two degrees of freedom, one obtains a system consisting 


■O 


Fig. 13-13 


of two fixed-end beams, ab and be. Fig. 12-I3(b). The effect of the ex¬ 
ternally applied loads on these two fixed-end beams is to produce a set 
of reactive forces at the supports. The fixed-end action (moment) A b p at 
b is the sum of the fixed-end moments in beams bo. and be at b caused 
by the applied loads. Similarly, the fixed-end action A cP is the vertical 
reaction at c restraining vertical displacement. Since the support is ca¬ 
pable of developing a moment at c, it does not enter the problem at this 
level. 

Next the support at b is rotated through an angle 0*, giving rise to the 
fixed-end actions (moments) A bb and A cb at points b and c, respectively, 
as shown in Fig. 13-13(c). Similarly, A 6c and A cc are caused by the vertical 
displacement A c at c, Fig. 13-13(d). 

Since no external moment M b is applied at b, nor a vertical reaction 
P c at c, the resultant forces M b = P b and P c at these points are equal to 
zero. These two forces may be found by superposing three separate anal¬ 
yses, shown in Figs. 13-13(b)-(d), leading to two simultaneous equilibrium 


Pb = A bP + A bb + A bc = 0 (13-12) 

Pc ~ A c p 4* A cb 4" A cc = 0 

These equations can be rewritten in more meaningful form using stiffness 
coefficients k bb , k bc , and k cc , defined as the fixed-end actions shown in 
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Figs. 13-13(e) and (f) due to the unit displacements (linear or angular) 
corresponding to the kinematic indeterminants. Then for a linear system; 
the moments at b and the vertical reactions at c, caused by displacements 
A b ~ 06 and A c , are 

Abb-kbb^b and A bc = k bc A c (13-13) 

A cb — k cb A b and A cc = k cc A c (13-14) 

By substituting these relations into Eq. 13-12, 

P b « k M A b + kbc A c + A bP = 0 (13-15) 

Pc — k c b Ab + k cc A c + A cP ~ 0 

These equations can be solved simultaneously for unknowns A* and A c . 

By extending this approach to systems having n degrees of kinematic 
indctcrminancy, the force equilibrium equations for determining the un¬ 
known nodal displacements A; are 

Pa ~ k uu A u + k u b Ab ■+■ ■■■ + k an A„ + A a p 

Pb = kbc, A ( , + k b b Ab + ■■■ + k bn A„ + Abp (13-16) 

Pn ~ k m , A u ■+■ k„b Ab + "■ + k n „ A„ + A n p 

where terms P a , Pb, ■ ■ ■ , P n correspond to the external forces applied 
at the nodal points. In the absence of such forces, these terms are zero. 
The stiffness coefficients k,-j are associated either with a displacement or 
a rotation. The fixed-end actions A n p, Abp. .... A n p are caused by the 
externally applied loads. 

In matrix form, Eq. 13-16 for the displacement method can be written 
as 

k aa k ab k aa f A 11 {P a ~Aj 1 

kbti kbb kbn _ J F& AbP i VT) 

k„ a k nb - k nn ^ LJ [p„ - A n p\ 

Because the square matrix consists entirely of stiffness coefficients, the 
displacement method is often referred to as the stiffness method. For 
general procedures for constructing the stiffness matrix, the reader is 
referred to previously cited texts on finite elements or structural matrix 
analysis in Sections 2-10 and 12-9. In this text, only the simpler problems 
are considered. 

Before proceeding with examples, it will be shown that the stiffness 
matrix is symmetric, i.e., k n - k n , and that it is related to the flexibility 
matrix. 
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A. = (P. + P 2 )f . and A, = (P. + p 2 )f . + P 2 f_ 

where force P , + P 2 acts on spring ab. 

Similarly, the equilibrium equations for each nodal point b and c, using spring 
stiffnesses, aie 

F, = /c, A, - A 2 (A 3 - A|) and P-, = A?(A? - A,) 

where the stretch of spring i>c is A 2 - A]. 

Recasting these equations into matrix form gives 


{t} [/! f, + /,] {£} 


Next it can be noted that the individual spring flexibilities can be replaced by 
the reciprocals of the spring constants. Then the flexibility matrix, expressed in 
terms of spring constants, is multiplied by the stiffness matrix using the rules of 
matrix multiplication, giving 



This shows that a product of a flexibility matrix by a stiffness matrix leads to an 
identity matrix. All diagonal elements of this unit matrix are unity, and all others 
are zeru. 

This result means that a flexibility matrix is an inverse of a stiffness matrix or 
vice versa. For these symmetric matrices, this can be symbolically written as 


[fi = Ik]"' or [k] = [fT 1 (13-21) 


For problems with single degrees of static and kinematic indeterminacy, these 
expressions degenerate into simple reciprocals of these quantities. 


EXAMPLE 13-8 

tinuous beam of constant El loaded as shown in Fig. 13-15(a), and determine the 
moments at a and b. 


Solution 

At supports b and c, the beam is free to rotate, making the system kinematically 
indeterminate to the second degree. By temporarily restraining these supports 
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against rotations, a system of two fixed-cud beams is obtained, Fig. 13-15(b). The 
fixed-end actions for these beams can be obtained with the aid of Table 12 in the 
Appendix. In the following, the first letter of the subscript outside the brackets 
identifying a beam designates the end where the fixed-end action applies. 

For beam ab: 

[A aP ] ab = + PL/8 and [A bP ] bo - - PL/8 
For beam be: 

[-■‘WJfcc — + w 0 {2L) 1 !\2 = + \v 0 L 2 ! 3 and [A cP ] ct , = - x >v 0 L 2 /j 

For joint b: 

A or - [Aop\t,u + [Abp}bL- — - PL/8 + w a L 2 !3 

The stiffness coefficients can be calculated by subjecting the temporarily fixed 
ends b and c, to unit rotations one at a time, Figs. 13-15(c) and (d). Again, using 
formulas in Table 12 of the Appendix and by noting that the two adjoining spans 
contribute to the stiffness of the i- oint at b one has 



Similarly, for the member ab, due to a unit rotation at b. 



2E/ ~| = 2£7 

L ab L 


and k t 
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Since there are no externally annHpH fore 
rium at these joints, Eqs. 13-15 become 


„ 6 El El PL w a L- 

^ “ IT a ‘ + T A ' ~ T + T~ ’ 

„ EI „ 2 El wJL 1 „ 

P ‘ = T ^ + = 0 


By solving these two equations simultaneously, 


and A ' = e '“II W,{-h\ w ° L 


By substituting these displacement values into the member superposition equa¬ 
tions, the end moments in ail members are found. 

M a t, — [A aP ] ab + k llb Q b — ^ PL — — w 0 L 2 

3 4 

M ba = \Abp\ba + k ba ti b = ~ gg PL — “ W 0 L 2 

3 4 

M bc — \.Abp\bc + k bc d b + k cb Q c ~ + ~ PL + —- w 0 L z 

oo 11 

Mcb — \Acp\cb + k cb Q b + k cc Q c — 0 


Note that with the analyst’s beam sign convention employed in this solution, M ba 
+ = 0 , since they are of opposite sign. 


EXAMPLE 13-9 

Rework Example 13-4 using the displacement method of analysis: see Fis. 13- 
16(a). 


Solution 

In this problem, since nodal point e can move horizontally and vertically, the 
system has two degrees of freedom. As noted in Example 13-4, this system is 
also statically iudeterininaLe to Lhe second degree. Each additional bar emanating 
from e would increase the statical indeterminancy by one, however, the kinematic 
degree of indeterminacy would remain at two. 

The horizontal and vertical positive displacements, Ai and A 2 , shown in Figs. 
13-16(b) and (c). respectively, are the unknowns. For displacement A t , if end e 
of bar ie is constrained to move only horizontally, as in the upper diagram of Fig. 
13-16(d), the bar elongates by Ai sin a,-. This would develop a bar axial force 
P\ = k‘ A 1 sin a,-, where the bar spring constant k‘ = AiE t IL t . This bar force, 
P\, can be resolved, respectively, into horizontal and vertical components P'u 
= P\ sin a, and P\i = P\ cos a,-. Therefore, 
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P‘n = (^~ 5m 2 Ai = k\i A, 

p \2 — S ^ n a i C0S ) A i — k '12 A 


(13-22a) 


where Ar' n and ifc' !2 are bar stiffnesses for a horizontal displacement A ( . 

By the same reasoning, if end e of bar ie is constrained to move A 2 in the 
vertical direction only, as shown in the lower diagram of Fig. 13-16(d), the re¬ 
spective horizontal and vertical force components for the bar are 


P 22 = cos 2 a/'j A 2 = k '22 A 2 

P 21 = cos a,- sin A 2 = k 2 \ A 2 



where k '22 and k ‘22 are bar vertical and horizontal stiffnesses, respectively, for 
vertical displacement A 2 . 
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To Solve this prublcm, tm.5& enUatlunS mliSt be applied tO cath of the foul bars 
and summed to obtain the horizontal and vertical stiffnesses of the system. This 
is carried out in the table. 


Bar 

a,-, degrees 

sin a,- 

cos a 

sin 2 a,- 

cos 2 a,- 

sin a,- cos rv. 

ae 

90. 

1 . 

0 . 

1 . 

0 . 

0 . 

be 

26.565 

0.4472 

0.8944 

0.200 

0.800 

0.400 

ce 

-26.565 

-0.4472 

0.8944 

0.200 

0.800 

-0.400 

de 

-63.435 

-0.8944 

0.4472 

0.800 

0.200 

-0.400 




Sum: 

2.200 

1.800 

-0.400 


The relative bar stiffness A;Ej/Lj for each bar is unity. Therefore, from the table, 
the system’s horizontal stiffness k t] = 2 Mi = 2 sin 2 a, = 2.2, and, similarly, 
kn = 2 cos 2 Ct; = 1.8, and kn = /t 21 — 2 s ' n “r cos a,- = —0.4. 

Writing these results in matrix form, 


'Mi /c,2~| /Ail _ f-Pil nr f 2.2 -0.4] fA,] r20l 

K, K, 1 Ao I IP, I ° -0.4 1,8 1 A-. i I 10 ( 


The solution for this matrix equation gives A] = 10.536 and A 2 = 7.895. There¬ 
fore, again, since for each bar, AiE-.lL, = 1, 


l'i — U) Sill U/ T Li 2 Sill <J-2 


Using this equation, F ae = +10.53 kN, F be - +11.77 kN,P ce = +2.35 kN, and 
Fdt = -5.88 kN. These results agree with those found in Example 13-4 by the 
force method. 

Application of the displacement method to a similar piobleiu with more bars 
would only be slightly more complex. 


Part B PLASTIC LIMIT ANALYSIS 


*13-8. Plastic Limit Analysis of Beams 

Procedures for determining ultimate loads for axially loaded bar systems 
of elastic-ideally plastic material are given in Examples 2-18 and 2-23. 
These ultimate loads are the plastic limit states. In the process of obtaining 
these loads, the entire range of elastic-plastic system behavior under an 
increasing load is considered. As can be seen from Fig. 2-54(e) or 2-59(c), 
there are three distinct regions of response. At first, these systems re¬ 
spond in a linearly elastic manner. Then a part of the structural system 


yields as the remainder continues to deform elastically. This is the ran^e 
of contained plastic flow. Finally, a structure continues to yield at no 
further increase in applied load. At this stage of behavior of ideally plastic 
structures, the deformations become unbounded. This condition is the 
plastic limit state. In this analytical idealization, the effects of strain hard¬ 
ening and changes in structure geometry are neglected. 

As is shown in the previous examples, a direct calculation of the plastic 
limit state for ideally plastic materials is both possible and rather simple. 
From the practical point of view, such calculations provide an insight into 
the collapse mode of ductile structures. However, such direct solutions 
for plastic limit load do not provide complete information on inelastic 
behavior. If at a service or working load some prior yielding had occurred, 
the deflections and distribution of forces remain unknown. Only step-by- 
step computer solutions, or solutions for simple cases, as in Examples 2- 
18 and 2-23, can provide complete history offeree and deflection distri¬ 
butions. 

The same general behavior is exhibited by elastic-ideally plastic beams 
and frames, and here the objective is to develop simplified procedures 
for determining directly the plastic limit states for such members. By 
bypassing the elastic, and the elastic-plastic stages of loading, and de¬ 
termining the plastic limit loads, the procedure becomes relatively simple. 
Some previously established results are reexamined for background. 

Typical moment-curvature relationships, normalized with respect to 
M yp , for elastic-perfectly plastic beams are shown in Fig.-13-17 for three 
different cross sections. Basic results for a rectangular beam were estab¬ 
lished in Example 10-14 (see Fig. 10-25). Results for the other two cases 
can be found using the same procedure. Curves normalized with respect 



Fig. 13-17 Moment-curvature 
relations for circular, 
icciangular, and I cross 
sections. = k, the 

shape factor. 
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Fig. 13-18 Moment-curvature 
idealizations for plastic 
analyses of beams of 
different cross sections. 



to M p are shown in Fig. 13-18. The behavior of an idealized cross section 
with large flanges and a negligibly thin web is added in this diagram. 

In both diagrams, as the cross sections plastify, a rapid ascent of the 
curves toward their respective asymptotes occurs. This means that shortly 
after reaching the elastic capacity of a beam, a rather constant moment, 
very near to M p , is both achieved and maintained. This is particularly 
true for the important case of an I beam. As can be noted from Fig. 13- 
18, for this cross section, the elastic-plastic behavior is essentially con¬ 
fined to the range between B' and C; for the remainder, the moment is 
essentially M p . The influence of the elastic core next to the beam neutral 
axis is more pronounced for members with rectangular or round cross 
rgQijgrjg whose shape factors k are larger than those for an I beam, Fig. 
13-17. Nevertheless, in the plastic limit analysis of members subjected to 
bending, it is generally assumed that an abrupt transition from elastic to 
ideally plastic behavior occurs at M p . Therefore, member behavior be¬ 
tween M yp and M p is considered to be elastic. It is further assumed that 
when M p is reached, a plastic hinge is formed in the member. In contrast 
to a friclionless hinge permitting free rotation, the plastic hinge allows 
large rotations to occur at a constant plastic moment M p . 

In a plastic limit analysis of beams, the elastic displacements in relation' 
to the plastic ones are small and can be neglected. Detailed analyses have 
shown 10 that it is sufficiently accurate to consider beams rigid-plastic, 
with plasticity confined to plastic hinges at points. In reality, plastic hinges 
extend along short lengths of beams and depend on loading conditions. 

10 See, for example. L. S. Beedle. Plastic Design of Steel Frames (New York: 
Wiley, 1966) or S. J. Moy, Plastic Methods for Steel and Concrete Structures 
(New York: Wiley, 1981). 


The approximate theory discussed here is applicable to beams as well 
as columns subjected to moderate axial forces. When a cross section lacks 
biaxial symmetry, the positive and negative moments differ in their mag¬ 
nitudes and should be accounted for in the analysis. A method for de¬ 
termining the reduced plastic capacity of members in the presence of axial 
forces is discussed in Section 6-13. 

By inserting a plastic hinge at a plastic limit load into a statically de¬ 
terminate beam, a kinematic mechanism permitting an unbounded dis¬ 
placement of the system can be formed. This is commonly referred to as 
the collapse mechanism For each degree of static indeterminancy of a 
beam, an additional plastic hinge must be added to form a collapse mech¬ 
anism. The insertion of plastic hinges must be such as to obtain a kine¬ 
matically admissible (plausible) collapse mechanism. The use of kine¬ 
matically admissible collapse mechanisms is illustrated in the examples 
to follow. 

In plastic limit design, it is necessary to multiply working loads by a 
load factor larger than unity to obtain design factored loads. This is anal¬ 
ogous to the use of a factor of safety in elastic analyses. This issue is 
discussed in Section 1-li. 

There arc two common methods of plastic limit analysis. One is based 
on conventional statics and the other on virtual work. In either method 
the bending moments anywhere along a member cannot exceed the plastic 
moment M p , and the conditions of equilibrium must always be satisfied. 
The procedure for forming kinematically admissible mechanisms, some¬ 
what similar to continuity conditions in elastic analysis, is illustrated in 
the following examples. 


EXAMPLE 13-10 

A concentrated foice P is applied at the middle of a simply supported prismatic 
beam, as shown in Fig. 13-!9(a). If the beam is of a ductile material what is the 
plastic limit load P ul[ ? Obtain the solution using (a) the equilibrium method and 
( b) the virtual work method. Consider only flexural behavior, i.e., neglect the 
effect of shear forces. Neglect beam weight. 

Solution 

(a) The shape of the moment diagram is the same regardless of the load magnitude. 
For any value of P, the maximum moment M = PL/4, and if M s M yp , the beam 
behaves elastically. When the moment is at M yp , the force at yield 

Py P = 4 Myp/L 

When M yp is exceeded, contained yielding of the beam commences and con¬ 
tinues until the plastic moment M p is reached, Fig. 13-19(c). 

11 In seismic analyses, the plastic hinges dissipate energy. Therefore, it is pref¬ 
erable to call such mechanisms energy dissipating mechanisms. 


El 
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Fig. 13-19 

The curvature diagram prior to reaching M p at the middle of the beam resembles 
that shown in Fig. 13-19(d). Since the elastic curvature can at most be M yp IEI, 
it is exceeded as shown above line ab. At M p , the fully plastic part of the beam 
near the middie is shown in black in Fig. 1349(a). This region is considerably 
narrower for I beams than for the rectangular cross section implied in this figure 
because most of the bending moment is carried in the flanges. The curvature at 
the middle of the beam becomes very large as it rapidly approaches M p and con¬ 
tinues to grow without bound (see Fig. 13-18). By setting the plastic moment M p 
equal to PLlA with P = /V, one obtains the result sought: 

p = am ir 

•* uu •'•■‘r"—• 

Note that consideration of the actual plastic region indicated in Fig. 13-19(a) is 
unnecessary in this calculation. A comparison of this result with P yp shows that 

P ult “ Pyp — k Pyp 

where the difference between the two forces depends only on the shape factor 
k. 

( b ) An admissible virtual kinematic mechanism assuming a rigid-plastic beam is 
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shown in Fig. 1349(c). The external virtual work is P ul . S A, where from geometry 
S A = L S0/2. The internal virtual work is caused by rotating M p through an angle 
of 2 80. Hence, per Eq. 12-19, equating the previous expressions for work. 

Pmt SA = P ull L 80/2 = M p (2 80) 

On solving the last two expressions for as before. 


Pmt = 4 M P !L 


EXAMPLE 13-11 

A prismatic beam of ductile material, fixed aL one end and simpiy supported at 
the other, carries a concentrated force in the middle, as shown in Fig. 13 20(a). 
Determine the plastic limit load P ph using (a) the equilibrium method and (fr) the 
virtual displacement method. Compare the result with that of an elastic solution. 
Neglect beam weight. 

Solution 

(a) The results of an elastic analysis are shown in Fig. 13-20(b). The same results 
are replotted in Fig. 13-20(c) from horizontal baseline AB. In both diagrams, the 
colored portions of the diagrams represent the net result. Note that the auxiliary 


p 



<d) 
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ordinates PL/4 have precisely the value of the maximum moment in a simple beam 
with a concentrated force in the middle. 

By setting the maximum elastic moment equal to M yp , one obtains force P yp 
at impending yield: 


p ^ Lom yp 

' yp ~ 3 L 

When the load is increased above P yp , the moment at the built-in end increases 
and can reach but cannot exceed M p . This is also true of the moment at the middle 
of the span. These limiting conditions are shown in Fig. 13-20(d). At the plastic 
limit load, it is necessary to have a kinematically admissible mechanism. With 
the two plastic hinges and a roller on the right, this condition is satisfied, Fig. 
13-20(e). 

From the geometric construction in Fig. 13-20(d), in the middle of the span, 
M p + M p l2 = PuiiL/4. Hence, 


P ult = 6 M p /L 


v,oinptuuig i 


"" 8 M„ y ‘ 


;kPy, 


The increase in P ult over P yp is due to two causes; the shape factor k and the 
equalization of the maximum moments. (Compare the moment diagrams in Figs. 
13-20(c) and (d)). 

(6) For the virtual displacement shown in Fig. 13-20(e), the external virtual work 
at plastic limit load is P u j t SA. The interna! virtual work takes place in the. plastic 
hinges at the left support and in the middle of the span. Equating these expressions 
of work per Eq. 12-19, 

p u | t 8 A = P ult L 86/2 = Mp 69 + M p (2 86) 


giving, as before, 


Puit = 6 M P !L 



Fig. 13-21 


An admissible mechanism is shown in Fig. 13-21(b). By equating the external 
and the internal virtual work per Eq. 12-19, and identifying the plastic limit loads 
for this case as Pi and 2Pi, one has 


EXAMPLE 13-12 

A prismatic beam of ductile material is loaded as shown in Fig. 13-21(a). Using 
the virtual displacement method, determine the plastic limit loads. Neglect the 
weight of the beam. 

Solution 

In this case, several kinematic displacement mechanisms are possible, and the 
solution is found by a trial-and-error process. The correct mechanism is one where 
the assumed virtual displacement generates a compatible moment diagram. 


(2 PM 80/4) = M p 86 + M p 2 SO + M p 80 

where the three terms on the right apply, respectively, to the plastic hinges at A, 
B, and C. The solution of this equation gives 

Pi = 8 M p /L and 2P i = 16 M p /L 

By applying the forces to the beam and assuming hinges B and C rigid, Fig. 
13-21(c), the resulting bending moment diagram is as shown in Fig. 13-21(d). This 
diagram shows that with P : and 2P it the moments at B and C are greater than 
M p . This is an upper bound solution that asserts that a load found on the basis 


Hr 
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of an assumed admissible kinematic mechanism is always greater than or at best 
equal to the plastic limit load. 1 " 

By reducing P { and IP, by a ratio of 2/7, the conditions for the plastic moment 
capacity of the member and that of equilibrium are satisfied. Since such a solution 
occurs prior to the full development of a kinematic mechanism, it gives the lower 
bound 13 for the applied loads. 

Based on this reasoning, the obtained results with the assumed mechanism have 
the following lower and upper bounds: 


2 

- x 
7 


1 6M P 

■ -- < P, 

7 L 


< 8 


Mn 

L 


A similar relation applies for 2P ( . These bounds are rather far apart, and alter¬ 
native mechanisms, shown in Figs. 13-21(e) and (g), are tried. 

By following the earlier procedure, the results for the mechanism in Fig. 13- 
21(e) give Pi ~ 3.SMJL and 2 P-> = 1MJL. The moment diagram corresponding 
to these forces is shown in Fig. 13-21(f). These results establish better bounds 
for the solution, which are 


~ x 3.5 ^ = 2.8 ^ < P 2 < 3.5 ^ 

By carrying out a solution for the mechanism in Fig. 13-2(g), it can be shown 
that Pj = 3M P /L and 2 P 3 = 6 M P IL. The moment diagram for these forces in Fig. 
13-21(h) confirms the correct choice of the mechanism, since the moments at A 
and C are each equal to M p . Therefore, the solution is “exact.” 

The mechanism in Fig. 13-21(b) is not a good choice for this problem. However, 
even this solution, as can be seen from Fig. l3-2l(c), indicates that the plastic 
hinges within the span should be at C. By taking advantage of such observations, 
the exact result couid have been obtained more quickly. 

This problem can be easily solved by the equilibrium method. For such a so¬ 
lution, assuming the beam simply supported, the moment diagram is prepared 
first. Then an inclined line, as shown in Fig. 13-20(d) is drawn such that equal 
moments M p develop at A and C. 


EXAMPLE 13-13 



(d) 



Solution 

(a) In this-'problem, two plastic hinges are required to create a collapse mecha¬ 
nism. One of ihese hinges is al Lhe buiii-in end. The iocalion of the hinge associated 
with the maximum positive moment is not known, since the moment varies grad¬ 
ually and there is no distinct peak. However, one can assume an admissible mech¬ 
anism, such as shown in Fig. 13-22(c), which is compatible with the moment 
diagram of Fig. 13-22(b). 

For purposes of analysis, the beam with the assumed plastic hinges is separated 
into two parts, as shown in Figs. 13-22(d) and (e), Then, by noting that no shear 
is possible at C, since it is the point of maximum moment for a continuous func¬ 
tion, one can write two equations of static equilibrium: 


A prismatic beam of ductile material, fixed at one end and simply supported at 
the other, carries a uniformly distributed load, as shown in Fig. 13-22(a). Find 
the plastic limit load )v u!t using (a) the equilibrium method and (b) the virtual 
force method. 


= 0 C + M p - w ult b 2 / 2 = 0 
2^ = 00+ 2 M p - w uIl (L - b) 2 I2 = 0 


12 For proof, see any of the cited references on plastic analysis, and H. J. 
Greenberg and W. Prager, “Limit Design of Beams and Frames,” 'l'rans. ASCE 
117 (1952):447 <158. 

13 Proof and formal statement of the lower bound theorem can be found in the 
previously cited references. 


(V2 


nccus solution of these equations locates the plastic 
1)1,. Either one of these equations yields the limit load 


= 2Mp = 2 M p 

b 2 [(V2 - 1)L] 2 


■K.s 
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Fig. 13-23 


Solution 

By applying Eq. 12-19, i.e., equating the external and the internal virtual work, 

, (L 88 1 \ _ . _ 

n'uit^ y~2~2) = iWpl ‘ 0D " r z ^ 

where L 50/2 is the maximum deflection at C, and the factor of \ reduces this to 
an average deflection for the distributed load. Solution of the last equation gives 
an upper bound for the plastic limit load m>„i, for the assumed mechanism, and 

w u a = YlMpiL 2 

By assuming the plastic hinge C rigid and applying the above load to the beam, 
Fi°. 13-23<'c 1 the resultin' 1 moment dia°ram is as shown in Fi°. 13-23^d\ Since 
in this diagram, the maximum positive bending moment exceeds M p , the applied 
load in Fig. 13-23(c) must be'reduced by a factor of 24/25 to obtain the lower- 
bound solution. Therefore, the lower-bound solution for the plastic limit load is 
— 11 

Summarizing, the bounds for this solution are 


11.52 


Mp 

L 2 


< w ull < 12 


Mp 

L 2 


By taking the plastic hinge at the point of the maximum positive moment in Fig. 
13-23(d) and repeating the calculations, nearly an exact plastic limit load is found. 


EXAMPLE 13-15 

A prismatic uniformly loaded beam is fixed at both ends, as shown in Fig. 13- 
24(a). (a) Determine the plastic limit load using the equilibrium method, and com 
pare the results with elastic analysis, (b) Verify the plastic limit load using the 
virtual work method. 
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Fig. 13-24 


Solution 

According to the analysis in Example 10-23, Fig. 10-37(c), the maximum bending 
moments occur at the built-in ends and are equal to w 0 I^i\2. The maximum pos¬ 
itive moment develops at the middie of the span and is w 0 Tr!2A. Therefore, at 
yield, based on the maximum moment, 

M yp - w yp L 2 l 12 or w yp = \2M yp lL 2 

By increasing the load, plastic hinges develop at the supports. The collapse mech¬ 
anism is not formed, however, until a plastic hinge also develops in the middle 
of the span, Fig. 13-24(c). 

The maximum moment for a simply supported uniformly loaded beam is 
w 0 L 2 I$. Therefore, as can be seen from Fig. 13-24(b), to obtain the limit load 
in a clamped beam, this quantity must be equated to 2 M p , with w„ = h> u u. Hence, 

WpuTrt 8 = 2 M P or w ult = 1 6MJT. 2 

Comparing this resuit with w yp , one has 

4 M p 4 , 

»’uit — lv yp — ^ * lv yp 

As in Example 13-11, the increase of w U |, over Wyp depends on shape factor k and 
the equalization of the maximum moments. 

(b) Because of symmetry, the precise location of the plastic hinges is as shown 
in Fig. 13-24(c). By writing a virtual work equation, Eq. 12-19, one has 

(L 30 1\ 

W ul J. [-~Y~21 = + 2 50 + 


and M’ui, — 1G MpILr as before. 
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The procedures discussed in the preceding section, and illustrated by 
examples, can be extended to the simpler cases for plastic limit analysis 
of continuous beams and frames. Usually, the kinematic mechanisms in 
continuous beams, associated with a collapse mode, occur locally in only 
one beam. For the two-span continuous beam shown in Fig. 13-25(a), the 
piastic moment at the middie support is limited to (M p ) m - m of the smaller 
beam. Then, whether the kinematic mechanism would develop in the right 
or the left span depends on the relative beam sizes as well as the mag¬ 
nitudes of the applied loads. The solution in either case follows the pro¬ 
cedure discussed in Example 13-11, 13-12, or 13-13. 

The beams, restrained at both ends, usually develop the kinematic 
mechanisms shown in Fig. 13-25(d) for the two left spans in Fig. 13-25(c). 
The solution of such problems resembles that of Example 13-15, except 
that the end moments for each span are not necessarily equal. For ex- 


determined by the large beam, whereas that on the right depends on the 
plastic moment of the center span beam. 


Plastic limit analysis of frames may become rather complex as the num¬ 
ber of members, joints, and different loading conditions increases. For 


analysis of such problems, the reader is referred to the previously cited 
texts. As a reasonably simple illustration of the plastic limit state frame 
analysis, an example follows. 


EXAMPLE 13-16 

Consider a rigid jointed planar frame of ductile material fixed at A and pinned at 
E, and loaded as shown in Fig. 13-26(a). All members are of the same size and 
can develop full M p , i.e., the effect of the axial forces on M p can be neglected. 
Determine the plastic limit loads. 

Solution 

The solution to this problem is obtained by assuming diffeient kinematically ad¬ 
missible mechanisms and searching for the one that satisfies both equilibrium and 
plastic member capacity. 
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Fig. 13-26 


A virtual work solution for an assumed mechanism provides an upper bound 
for the plastic limit loads. With these loads, a static analysis is then performed 
on members or parts of the frame separated at plastic hinges. Since the moment 
at each plastic hinge is M p , a complete moment diagram can be constructed for 
the frame. The lower bound solution is obtained by reducing the upper-bound 
loads by a factor such that nowhere is M p exceeded. 

The virtual work equation for the admissible kinematic (.beam) mechanism in 
Fig. 13-26(b) is 

Pia 50 = M D (58 + 50/2) and P, = mjla 

Applying P, and P 2 i 2 to the frame and separating it at joints B and D, where the 
moments are M p , the moment diagram for the frame is found (not shown). This 
solution, using the designer’s sign convention, such as shown in Fig. 5-27(b), 
gives the following moments at critical points A. B. C, and D: 

M a = -2M p M b = —M p Me - M p and M D — ~M P 


Problems 


Since M,\ is twice as large as M pi the upper hound solution found before must 
be reduced by a factor of 2 in order to obtain the lower bound solution. On this 
basis, for the assumed mechanism, the bounds for the solution are 

3 M p „ 3 M p 

~7T L <Pl<~ 

i.U U 

By proceeding in the same manner using the (sway) mechanism for the frame 
shown in Fig. 13-26(c), 

P? 4 M n 

— la 50 = M p (50 + 50 + 2 59) and P, = — £ 

2 a 

For this upper bound solution, the moments at the critical points are 

M A = -M p M b = M p M c = 3 M p and M D = -M p 

Since M c is three times greater than M p , the upper bound solution for the assumed 
mechanism must be ieduced by a factor of 3 to obtain the lowei bound solution. 
Hence, for this case, 

Mr < p , < Mr 

3 a ~ a 

This solution is no better than the first. However, it is possible to combine the 
previous two mechanisms, such as to eliminate the plastic hinge at 5, leading to 
better results. For a proper combination of these mechanisms, the internal plastic 
work in hinges can be reduced. Such a mechanism is shown in Fig. 13-26(d). The 
virtual work equation for this case is 

P 3 ( 3 50 88 \ 5M d 

-V 2a 50 + P 3 a 50 = M p ( 50 + — + — + 2 80 ) and P 3 = -~ 

z V ^ 

The moment diagram corresponding to P 3 is shown in Fig. 13-26(e), where M A 
= -M p , M c = M p , and M D = -M p . 

The last solution satisfies the three basic conditions of plastic limit analysis, 
consisting uf uie requirements of an admissible mechanism, equilibrium, and ail 
moments being at most M p . Therefore, this is an exact solution. 


PROBLEMS 

Sections 13-3 and 13*4 

13-1. Show that for a linearly elastic simply supported 
beam, the angle of rotation 0/,- of the elastic curve at 
j due to a couple acting at i, see the figure, is equal to 
the angle of rotation at i due to the same couple at 
j. (Hint: Use the results in Example 13-1, and deter¬ 
mine 0 tf by the moment area or singularity functions.) 
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13 - 2 . For the planar elastic structure shown in the fig¬ 
ure, (a) determine the reactions, and (b) draw the final 
moment diagram. Both members have the same con¬ 
stant El. {Hint: Use the virtual-force method for find¬ 
ing deflections.) 



Fig. PI3-2 


13 - 3 . A 10 x 12 in (actual size) rectangular wooden 
beam is braced by a 1-in round steel rod and an 8 x 8 
in (actual size) wooden post, as shown in the figure. 
Determine the force that would develop in the post by 
applying a concentrated force P = 10 k at the center 
of the span. For wuud, £ u . = 1500 ksi and steel, E s , 
= 30 x 10 3 ksi. For purposes of calculation, consider 
post bd to be 5 ft long. 



Fig. P13-3 


13 - 4 . Using the force method, rework Example 13-3. 
Consider the reactions at b and c as redundants. {Hint: 
Use the solution given in Problem 10-51.) 

13 - 5 . For a planar structure consisting of rod ab and 
frame bcde, as shown in the figure, (a) determine the 
reactions, and (b) plot the bending moment diagram 
for the frame. All members are of the same material. 
El for the frame is constant and AF. for the rod is 
IE/5. Assume the force in the bar as redundant. Work 
in k-ft units. 



Fig. P13-5 


13 - 6 . Assuming elastic behavior and using the force 
method, rework Problem 2-64. 

13 - 7 . Using the force method, rework Problem 12-53. 
Consider the forces in 4 R and AS) as redundants 
13 - 8 . For the planar system of six elastic bars shown 
in the figure, determine the forces in the vertical bars 
due to applied force P = 30 kN. The bars are pinned 
at the ends. The cross-sectional area A of each bar is 
100 mm 2 and E = 200 GPa. {Hint: Take advantage of 
symmetry and use Eq. 2-34.) 



Fig. P13-8 


13 - 9 . The planar pin-ended bar system of Example 13-4 
is augmented by adding member fe, as shown in the 
figure, (a) Assuming members ae, ce, and fe as re¬ 
dundants, determine the numerical values for a 3 x 3 
square matrix of the flexibility coefficients and set-up 
the corresponding column vectors as in Eq. 13-6. (b) 
If assigned, find the forces in all bar members. 
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Fig. P13-9 


13 - 10 . Rework Example 13-4 after assuming that L/AE 
= 1 for members ae and be , and L/AE = 2 for members 
ce and de. 

13 - 11 . For the planar structure shown in the figure, de¬ 
termine the reactions at the support, and, if assigned, 
plot the moment diagram. Neglect axial and shear de¬ 
formations, and assume El fur the members is con¬ 
stant. {Hint: Use the virtual-force method for findin 0 
deflections.) 


P 



Pin. W3-11 


Sections 13-5 and 13-6 

13 - 12 . Rework Example 13-8 assuming that end c is 
fixed. 


13-13. Using the displacement method, determine the 
rotation of the elastic curve at b and the moments at 
a, b , and c for the continuous beam shown in the fig¬ 
ure. El is constant. 



Fig. P13-13 


simply supported. 

13 - 15 . Determine the deflection and rotation at the end 
of the cantilever shown in the figure due to applied 
force P. Use the displacement method. {Hint: Both 
equations of equilibrium pertain to end b\ one requhes 
that M b — 0 and the other that R b - -P.) 


\P 



Fig. PI 3-15 


13 - 16 . Let the following conditions apply for the con¬ 
tinuous beam ac shown in Fig. 13-13(a): (a) Both spans 
are of equal length L, (b) span ab is loaded with a 
uniformly distributed downward load w a , (c) span be 
is loaded with a concentrated downward force P in the 
middle of the span, and (d) El is constant. The bound¬ 
ary conditions remain as shown. Determine the rota¬ 
tion at b and the vertical displacement at c due to the 
applied loads. Calculate the moments at a, b, and c. 
13 - 17 . A propped cantilever of constant El is loaded 
with a concentrated force P - 100 N.as shown in the 
figure. (a) Using the force method, determine the re¬ 
action at b. Then calculate the rotation of the elastic 
curve at b and c and the deflection at c. {Hint: For 
rotations and deflection, use the moment-area 
method.) (b) Using the displacement method, deter¬ 
mine the rotations at b and c, and the deflection at c. 
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Fig. P13-17 

Then calculate the moments at a and b , and the re¬ 
action at b. {Hint: The three external forces applied 
at h and r are Mb — 0, M c — 0, and R c = — 100 N,) 
13 - 18 . Rework Example 13-9 assuming that LIAE = 1 
for members ae and be and LIAE = 2 for members ce 
and de. 

13-19.„Using the displacement method, find the bar 
forces for the pin-ended bar system given in Problem 
H-9. 

Section 13-8 

13 - 20 . Rework Example 13-12 after removing the con¬ 
centrated force P at C. 

13 - 21 . A ductile prismatic beam is simply supported 
at one end and fixed at the other, as shown in the 
figure, (a) Determine the position x where the smallest 
concentrated force P would cause a collapse mecha¬ 
nism. (b) Find the ultimate moments for the critical 
position of applied force P. 



13 - 22 . A ductile prismatic beam is fixed at both ends. 
For a concentrated force P placed at the third point of 
the span, as shown in the figure, determine the plastic 
limit load Demonstrate that the result satisfies 
both the upper and lowei bound criteria. 



Fig. Pi 3-22 I 


13 - 23 . A T beam fixed at both ends is loaded by a 
uniformly distributed load w including its own weight, 
(a) What load wj can this beam carry when the stress 
in the middle just reaches yield and plastic moment 
point hinges develop at the built in ends? The yield 
strength of the material is 50 ksi. (b) What is the mid¬ 
span deflection due to ivj? Let E = 30 x 10 3 ksi. (c) 
What is the plastic limit load w u k? 



Beam section 


Fig. P13-23 

13 - 24 . A prismatic beam of ductile material, fixed at 
one end and simply supported at the other, carries a 
uniformly increasing load, as shown in the figure. De¬ 
termine the plastic limit load W ult using the virtual- 
force method and assuming that one of the elastic 
hinges forms in the middle of the span. Check the re¬ 
sult using the equilibrium method. 



13 - 25 . A prismaLic beam of ductile material is partially 
loaded, as shown in the figure, (a) Determine the upper 
and lower bound solutions by assuming a plastic hinge 
in the middle of the span. Let M P - 1000 in-lb. (b) If 
assigned, refine the solution by placing the plastic 
hinge at the point of maximum positive moment found 
for the lower bound solution in part (a). 


Fig. P13-25 | 
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Section 13-9 

13 - 26 . Using limit analysis, calculate the value of P 
that would cause flexural collapse of the two-span 
beam shown. The beam has a rectangular cross section 
120 mm wide and 300 mm deep. The yield stress is 15 
MPa. Neglect the weight of the beam. 


13-29. For the structure shown in the figure, assume 
that at collapse, plastic hinges form at A, B, and C. 
Based on this assumption, establish the upper and 
lower bound on load iv u i t . The plastic moment for beam 
AC is 150 and that for column DE is 50. Assume that 
all quantities are given in a consistent system of units. 



Fig. PI3-26 

13 - 27 . Using limit analysis, select a steel W section 
for the loading condition shown in the figure. Let o\. p 
= 40 ksi, the shape factor be 1.10, and the load factor 
be 2. The beam size is the same throughout. 


w 0 N/m 



Fig. P13-29 


12 k 27 k 

10 k/fi I | 



Fig. P13-27 


13 - 28 . Determine the ultimate plastic moment for the 
governing factored load for the prismatic continuous 
beam of ductile material shown in the figure. 


P = 2w a L P = w a L 



Fig. P13-28 


13 - 30 . Rework Example 13-16 assuming that the hor¬ 
izontal force at B is P and column DE is fixed at E. 
The vertical force P remains at C. 

13 - 31 . A portal frame pinned at A and F carries three 
concentrated forces P, each as shown in the figure. If 
M p of all members is the same throughout, obtain'the 
collapse value of P. Substantiate your results by ap- 
nivjno both the miner and lower bound theorems. 



Fig. P13-31 
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Table 1A. Typical Physical Properties of and Allowable Stresses for Some Common Materials 
(In U.S. Customary System of Units)_ 1 _ 
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Table 2. Useful ProDerties of Areas 
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is 24 in deep and weighs 100 Ib/ft. 










Table 4. American Wide-Flange Steel Beams, W Shapes, Properties for Designing 

_ Flange _ We j, _ Axis X-X 

Designation" Area Depth Width Thickness Thickness _ I _5 = He 














Table 7. Steel Angles with Unequal Legs, Properties for Designing 
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Table 8. Standard Steel Pipe 


Dimensions _ Properries 


Nom. 

Diam. 

Outside 

Diam. 

Inside 

Diam. 

Thick¬ 

ness 

Weight 
per Fool 

/ 

A 


in 

in 

in 

in 

lb 

in* 

in 2 

in 

s 

0.405 

0.269 

0.068 

0.24 

0.001 

0.072 

0.12 


0.540 

0.364 

0.088 

0.42 

0.003 

0.125 

0.16 

j} 

0.675 

0.493 

0.091 

0.57 

0.007 

0.167 

0.21 

2 

0.840 

0.622 

0.109 

U.S3 

071717 

07250 

0726 

a 

1.050 

0.824 

0.113 

1.13 

0.037 

0.333 

0.33 

1 

1.315 

1.049 

0.133 

1.68 

0.087 

0.494 

0.42 

u 

1.660 

1.380 

0.140 

2.27 

0.195 

0.669 

0.54 

n 

1.900 

1.610 

0.145 

2.72 

0.310 

0.799 

0.62 

2 

L. 3/j 

2.067 

0.154 

3.65 

0.066 

i.U/ 

0.79 

?,i 

2.875 

2.469 

0.203 

5.79 ' 

1.53 

1.70 

0.95 

3 

3.500 

3.068 

0.216 

7.58 

3.02 

2.23 

1.16 

3A 

4.000 

3.548 

0.226 

! 9.11 

4.79 

2.68 

1.34 

4 

4.5U0 

4.026 

0.237 

10.79 

7.23 

3.17 

1.51 

5 

5.563 

5.047 

0.258 

14.62 

15.2 

4.30 

1.88 

6 

6.625 

6.065 

0.280 

18.97 

28.1 

5.58 

2.25 

8 

8.625 

7.981 

0.322 

28.55 

72.5 

8.40 

2.94 

10 

10.750 

10.020 

0.365 

40.48 

161. 

11.9 

3.67 

n 

12./iU 

12.UUU 

U.J/3 

4975b 

2/y. 

14.6 

4738 


Table 9. Plastic Section Moduli Around the X-X Axis; j iP = 36 ksi 


Plastic Modulus Z, 
Shape in 3 

Shape 

Plastic Modulus Z, 

• 3 

W 36 x 

730 

943 

w ? 4 

y 

84 

224 

W 33 x 

221 

855 

W 24 

X 

76 

200 

W 36 x 

194 

767 

W 24 

X 

68 

177 

W 36 x 

182 

718 

W 21 

X 

68 

160 

W 36 x 

170 

668 

W 24 

X 

62 

153 

W 36 x 

160 

624 

W 24 

X 

53 

144 

W 36 x 

150 

581 

W 21 

X 

57 

129 

W 33 x 

141 

514 

W 18 

X 

55 

112 

W 36 x 

135 

509 

W 21 

X 

44 

93.4 

W 33 x 

130 

467 

W 18 

X 

40 

78.4 

W 33 x 

118 

415 

W 16 

X 

40 

72.9 

W 30 x 

116 

378 

W 18 

X 

35 

66.5 

W 30 x 

108 

346 

W 16 

X 

31 

54.0 

W 30 x 

99 

312 

W 14 

X 

26 

40.2 

W 27 x 

94 

278 

W 14 

x 

22 

33.2 

W 24 x 

94 

254 

W 8 

x 

24 

23.2 

W 27 x 

84 

244 

W 8 

X 

18 

17.0 
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Table 10. Properties of Structural Lumber (Abridged List). Sectional Properties of American 
Standard Dressed (S4S)* Sizes. 


Nominal 

Size 

Stuudui d 
Dressed 
Size 

Area of 
Section 

Moment 
of Inertia 

Section 

Modulus 

Weight 
per Foot 

tb 

Nominal 

Size 

Standard 

Dressed 

Size 

Area of 
Section 

Moment 
of Inertia 

Section 

Modulus 

Weight 
per Foot 

lb 

in 

in x in 

in 2 

in ' 1 

in' 

in 

in X in 

in- 

in* 

i„3 

2x4 

1) x 3) 

5.25 

5.36 

3.06 

1.46 

10 x 10 

9) x 91 

90.3 

679 

143 

25.1 

6 

5) 

8.25 

20.8 

7.56 

2.29 

12 

ID 

109 

1204 

209 

30.3 

8 

7) 

10.9 

47.6 

13.1 

3.02 

14 

133 

128 

1948 

289 

35.6 

10 

9) 

13.9 

98.9 

21.4 

3.85 

16 

15) 

147 

2948 

380 

40.9 

12 

II) 

16.9 

178 

31.6 

4.69 

18 

17) 

166 

4243 

485 

46.1 

14 

13) 

19.9 

291 

43.9 

5.52 

20 

194 

185 

5870 

602 

51.4 







22 

2D 

204 




3x4 


8.75 

8.93 


2.43 

24 

73) 

223 

10274 

874 


6 












8- 

7i 

18.1 

79.4 

21.9 

5.04 

12 x 12 

!D x 1!) 

132 

1458 

253 

36.7 

10 

9) 

23.1 

165 

35.7 

6.42 

14 

13) 

155 

2358 

349 

43.1 

12 

11) 

28.1 

297 

52.7 

7.81 

16 

15) 

178 

3569 

460 

49.5 

14 

13) 

33.1 

485 

73.2 

9.20 

18 

17) 

201 

5136 

587 

55.9 

16 

15) 

38.1 

739 

96.9 

10.6 

20 

19) 

224 

7106 

729 

62.3 







•>i 







3) x 34 

12.3 

12.5 

7.15 

3.40 

24 

23) 

270 

12437 



6 


19.3 


17.6 








8 

7) 

25.4 

111 

30.7 

7.05 

14 x 14 

13) x 13) 

182 

2768 

410 

50.6 

10 

9) 

32.4 

231 

49.9 

8.94 

(6 

15) 

209 

4189 

541 

58.1 

12 

ID 

39.4 

415 

73.8 

10.9 

18 

17) 

236 

6029 

689 

65.6 

14 

13) 

46.4 

678 

102 

12.9 

20 

193 

263 

8342 

856 

73.1 

16 

15) 

53.4 

1034 

136 

14.8 

22 

21) 

290 

1118! 

1040 

80.6 







24 

23) 

317 




6x6 


30.3 

76.3 

27.7 








8 

74 

41.3 

193 

51.6 

11.4 

16 x 16 

15) x 15) 

240 

4810 

621 

66.7 

10 

9) 

52.3 

393 

82.7 

14.5 

18 

17) 

271 

6923 

791 

75.3 

12 

114 

63.3 

697 

121 

17.5 

20 

19) 

302 

9578 

982 

83.9 

14 

134 

74.3 

1128 

167 

20.6 

22 

21) 

333 

12837 

1194 

92.5 

16 

154 

85.3 

1707 

220 

23.6 

24 

23) 

364 

16763 

1427 

101 

18 

174 

96.3 

2456 

281 

’6.7 















306 

7816 

893 

85 0 

8x8 

74 x 74 

56.3 

264 

70.3 

15.6 

20 

19) 

34! 

10813 

1109 

94.8 

10 

94 

71.3 

536 

113 

19.8 

22 

21) 

376 

14493 

1348 

105 

12 

111 

86.3 

951 

165 

23.9 

24 

23) 

41! 

18926 

1611 

114 

14 

134 

101.3 

1538 

■>28 

28.0 







16 

154 

116.3 

2V1 

300 

32.0 




12049 

1236 

(06 

'w 

i~' 

... - 


sx7 

jC i 



419 

ifiisn 

1 SO? 

116 

20 

194 

146.3 

4634 

475 

40.6 

24 

23) 

458 

21089 

1795 

127 







24 x 24 

23) x 23) 

552 

25415 

2163 

153 


* Surfaced four sides. AH properties and weights given are for dressed sizes only. The weights given 
are based on an assumed average weight of 40 lb per cubic foot. Based on a table compiled by the 
National Forest Products Association. 
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Table 11. Deflections and Slopes of Elastic Curves for Variously Loaded Beams 
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Tahle 12. Fixeri-F.nrl Actions of Prismatic Reams* 



* For all the cases tabulated, the positive senses of the end moments and reactions arc the same 
as those shown in the first diagram for uniformly distributed loading. The special sign convention 
used here is that adopted for the displacement method in Section 13-5. 
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Chapter 1 

1-3. CTe/Te at 0° and 180°: I/O; 
at 45°: 0.5/0.5; at 90°: 0/0. 

1-5. ±ff] at 0° and 180°; ±<S\!2 
at 45° and 135°. 

1-7. 17.7 ksi, 2.34 ksi, 6.43 ksi. 

1-9. 12.1 ksi, 18.2 ksi. 

1-11. 21.3 MPa; 30 mm, 35 mm. 

1-13. o- max = 25 MPa, cr min = 

10 MPa. 

1-15. 2.11 kPa. 

1 . 17 . - 109 "si, - 198 ^si, - 119 
psi. 

1-19. (a) 30 MPa, (b) 40.9 MPa, 
(c) 71.6 MPa, (d) 113 
MPa. 

1-21. 6.5 in. 

1-23. 2.83 ksi. 

1-25. 4.81 ksi, 5.97 ksi. 

1-27. uas ~ <t bc = 100.3 MPa 

1-29. 73.6 psi. Ill psi, 902.1 
psi, 184 psi. 

1-31. 10 k, 4.08 ksi. 

1-33. (a) 2.22 MPa, (b) 0.707 m. 

1-35. 10.7 in. 

1-37. 16.4 mm. 

1-39. 13.2 kg. 

1-41. A A b = 5300 mm 2 , A B c = 
7950 unir, A BE = 3640 
mm 2 . 

1-43. 0.123 in. 

1-45. 27 mm. 

i- 47 < g. — 14 5 }.^Pa_ 

1-49. 0.909 in 2 vs 0.864 in 2 . 


1-51. 38.9 k. 

1-53. 8.57 in, 18.2 in. 


Chapter 2 

2-1. 29.3 x 10 6 psi. 

2-3. (a) 10 mm, (b) 1.67 

kN/mm. 

2-5. 50 kN/mm. 

2-7. 18.75 kN/mm. 

2-9. (a) 0.0289 in, (b) 8.57 in 

2-11. 9.20 mm. 

2-13. 0.0363 in. 

2-15. A d = 3.7 mm. 

2-17, 597 ft, 

2-19. (a) 0 ". 122 in, (b) 0.028 in. 
2-21. 7.64 x 10 3 yg IE. 

2-23. 10 5 y/E mm. 

2-25. - 4Pal9AE. 

2-27. 0.00375 in, 0.100 in. Tty a 
graphic soiotion as in Pig. 
2-24(c). Use large scale. 
2-29. (a) 4 kN/mm, (b) 4 mm. 
2-31. 2 mm 

2-33. 0.165 in, 0.0714 in. Try a 
graphic solution as in Fig. 
2-29(b). 

2-35. 29.3 kN. 

2-37. 9.9 kN. 

2-39. (a) 28.7 ksi, (b) 0.0367 in, 
(c) 0.565 in, (d) 0.448 in. 

2-43. 4 mm. 


2-45. 194 MPa, 129 MPa, 228 

MPa (lower rod). 

2-47. Ri_ = 1.2P. 

2-49. (a) - 120 kN, -70 kN. 

2-51. (a) 5 k. -25 k. 

2-53. (a) 1250 N (middle wire) 
2-55. 0.2274 P 0.6062,° 

2-59. 1/3 k. 

2-61. = 0.65P. 

2-63. 4.8 kN. 

2-65. Ri_ = - 4 P. 

2-67. Pl[{alb) n + 1]. 

2-69. (a) 480 k, (b) 1100 k. 

2-71. 83.3 N, 333 N, 583 N. 
2-73. 37.8° C. 

2-75. Py p = 376 kN, P uil = 518 
kN ai 5 mm. 

2-77. 7yw 2 L 3 /3gE. 


Chapter 3 

3-1. 51.2 N/ram. 

3-3. (a) - 3.50 p.m, (b) 147 kN. 

3-5. 0.325, 0.25. 

3-7. 444 psi. 

3-9. (a) 0.20 in, use 0.25 plate, 

(b) 0.212 in. 

3-11. 14. 

3-13. 0.080 in, 0.025 in. 

3-15. 70.7 MPa. 

3-17. 25.9 MPa. 

3-23. (a) o> = 20(1 - 0.05/r-), 

(b) 180 MPa, (c) 91.7 p.m, 
41.0 ^m. 


p-i 



P-2 Answers to Odd-numbered Problems 


3-7.5. 

fat 1 n ( = _ i>;n mdo 


a v net* iiibft. 


1 m | max = - 60 MPa, 


0, - 0.8 k, 2.4 k-ft. 


Cb) 90 MPA, (c) 30.3 (un, 

5-9. 

- 416 lb, 139 lb, 832 Ib-ft. 


- 26.3 p.m. 

5-11. 

-PI 2, -PI2, -PR, 0, V2 

3-27. 

(a) 12 in, (b) 7.80 in. 


P/2, - PR/2. 

3-29. 

Add term (1 - v 2 )ya rr/gE 

5-13. 

34 k,-12 k, 30 k-ft. 


10 u-q. 3-J8. 

5-15. 

- 7.2 k, 9.6 k -24 k-ft; 

3.15 k, - 12.6 k, 30 k-ft. 

Chapter 4 

5-17. 

5-19. 

- 3 k, - 3 k, 6 k-ft. 

6.75 kN, - 3 kN, 3 kN-m. 

4-1. 

17.9 MPa- 

5-21. 

3 P, -2 PL. 

4-3. 

1:0.375. 

5-23. 

- w«r. - w«T. 2 /2. 

4-5. 

2 in. 

5-25. 

±P/2, | M | max = Pail. 

4-7. 

3.71 in, 5.35 in, 3.72°. 

5-27. 

2x,lx-{x- 3) 3 /12. 

4-9. 

0.310 in. 

5-29. 

M a + w u Lx/2 - w u x 2 /2. 

4-11. 

(a) 0, 40.4 MPa, 8.1 MPa, 

5-31. 

M a + R a x ■ kLx 2 /2 + 


-16.2 MPa, (b) 8.6°. 


fa 3 / 3 . 

4-13. 

(a) — 21 ami, 

5-33. 

mk\}) = - rrti^sin h + 1 


(b) strength. 


- cos 0). 

4-15. 

(a) 0.75°. 

5-35. 

(a) F, - F(L - x), Fa; F, 

4-17. 

(a) 0.264°, Cb) 17 x 1U"° 


- F(a - z), 0, (b) F + w(a 


raH/IH-ln 


, T 1 (C 1 ..... 1 

4-19. 

kLVeia. 


wL/2)L, (F + wa/2)a. 

4-21. 

720 IJG. 

5-37. 

M = - fa-712 + kL 3 xll 

4-23. 

0.837 T. 


- kL A /4. 

4-25. 

29.4 k-in, 10.6 k-in, 5.88 

5-39. 

M = - (/rL 2 /4ir 2 ) sin 2 


x 10 3 rad. 


ttx/L. 

4-27. 

(a) 62.4 lb-in, (b) = 

5-41. 

■ MJL, - M\x/L. 


0.302 rad. 

5-43. 

2P, - P(2a + b). 

4-29. 

(a) l 0 I/3, (b) | <t |„„ = 

5-45. 

| V |„„ = 10 k, 48 k-ft. 


2( n L 3 2/9V3/G. 

5-47. 

v max = 2P/3, ±Pa/ 3. 

4-33. 

3toL/& and - loL/S. 

5-49. 

1 7| m „ = 600 kN, - 2.8 

4-35. 

fa) 186 k-in. fh) 736 hn. 


MM.m 

4-37. 

573 MPa. 

5-51. 

| y | m „ = 1.98 k, 10.5 

4-39. 

1°, 26 MPa. 


k-ft. 

4-41. 

(a) 85 MPa, (b) 89 x 10 -6 

5-53. 

! V|raox = 3 kN, ±2 


rad. 


kN-m. 

4-43. 

3 R/t, t 2 n>R 2 . 

5-55. 

±4 k, 10 k-ft. 

4-45. 

470 x 10 3 mm 4 . 

5-57. 

+ 6 k, - 24 k-ft. 

4-47. 

11.1 psi, 0.691/G rad/in. 

5-59. 

±2 q 0 a, 2.5 q 0 a 2 . 

4-49. 

(a) 33 and 67%, Cb) 5.3 x 

5-61. 

l.5q 0 a, 0.625qoa 2 . 


10 6 rad/mm. 

5-63. 

- 700 lb, 625 lb-ft. 

Chapter 5 

5-67. 

5-69. 

- 10 k, 50 k-ft. 

R A = 35 k, R b = 20 k. 

Only the largest values of P, V, 
and M are given in many 

5-71. 

5-73. 

50 N, - 10 N-m. 

- 68 kN, ±24 kN, 60 
kN-m. 



5-75. 

| V I™. = 2/73, 4/>n/3. 

5-1. 

R Ay - 5.11 k. 

5-77. 

100 kN, 400 kN-m. 

5-3. 

6 k, 24 k, 6 k. 

5-79. 

2 k, 70 k- in. 

5-5. 

0, 0, 18 k-ft; 0, - 4.5 k, 

5-81. 

1 VL* = 160 N, 3.2 


9 k-ft. 


N-m. 

5-7. 

4 k -78k - 15 7 k-fr 

e si 

— onn-* _ a /„ 


4k, - 0.8 k, - 15.2 k-ft; 


- 10)73. 


+ 16gia (x — 3a)'/9. 

5- 87. M = -It + 8 (x - 4) 1 

- - 4)72 + (x - 

12)72. 

Chapter 6 

6- 1. 367 kN-m. 

6-3. 1010 k-ft. 

6-5. AO OK. 

6-7. 10.6 k/ft. 

6-9. 231 k-in. 

6-11. (a) 142 kN, (b) 8.90 kN. 

6-13. 704 kN, 71.0 mm below 
NA. 

6-15. 59.4 kN. 29 unu below 
NA. 

6-17. V2. 

6-19. Negative, - 22.5 ksi. 

6-21. 26.9 k. 

6-23. 119 MPa, - 96.8 MPa. 

6-25. 15 mm. 



6-29. NA at 40 mm, 469 MPa. 

6-31. 40.3 MPa. 

6-33. 633 k-in. 

6-35. 122 k-ft. 

6-39. 1.7. 

6-41. 1.12. 

6-43. 1.80. 

MPa, ±33.2 MPa. 

6-47. 102 kN. 

6-49. (a) 54 kN-m, (b) 108 
kN-m. 

6-51. ± 12 MPa, NA through C 

and D. 

6-53. 126 MPa. 

6-55. ±24.6 MPa, ±9.57 MPa, 
28 mm. 

6-57. 282 MPa. 

6-59. 15.6 mm. 

6-61. - 18 ksi. 

6-63. - 174 psi. 

6-65. 150 kN, 5 kN. 

6-67. 420 N. 

6-69. 16.0 ksi, - 5.34 ksi. 

6-71. From - 50 to 100 mm. 

6-73. Rl 4. 

6-75. 27.6 ft. 

6-77. (a) 40.5 kN, e = 25 mm, 
Co) 0.667 jiin/m, 1.33 
(xm/m. 


6-79. 282 MPa. 

6-81. 67r/24, - b 2 h 2 !ll. 

6-83. h = 560 ■ 10 3 mm' 1 , J y = 
-290 • 10 3 mm 4 , 7 yz = 300 • 
10 3 mm 4 , / 2 - = 753.9757 • 
10 3 mm 4 , ly = 96.0243 • 

iq3 __.4 q _ T? ggg?° 


Chapter 7 

7-1. 35.2 Ib/in, 105 lb. 

7-3. Use (a), 2.44 in. 

7-5. (a) 1.6 in, (b) 8 in. 

7-7. 3.4 in, 9.08 in. 

7-9. 10.2 kN. 

7-13. 0, 7.06 MPa, 11.3 or 33.9 
MPa, 35.3 MPa, 27.3 
MPa, 0. 

7-15. 132 MPa, 139 MPa. 

7-17. 0, 78.7 kPa, 125 kPa, 140 
kPa, 125 kPa. 

7-19. 51.1 k, 197 k-in. 

7-21. 144 kN. 

7-23. 637 kPa. 

7-25. 4.44 MPa, 2.22 MPa. 

7-27. 10 kN 240 kN 250 

kN -+ea, 20 kN f. 70 kN .1.. 

7-29. (a) 254 psi, (b) 31 psi. 

7-31. (a) 1.82 x 10 6 mm 4 , 

(b) 5.49 MPa, 7.69 MPa, 
18.7 MPa. 

7-33. Angles 2.5 MPa, plate 
48.2 MPa. 

7-35. (a) 83.0 kN/m, 194 kN/m. 

415 kN/m. 

7-37. 5.30 mm. 

fa - sin a cos a). 

7-43. e = aR/sin a. 

7-45. 0, - 154 kPa; - 700 kPa, 

- 50 kPa. 

7-47. 0, -195 kPa; - 1500 kPa, 

- 120 kPa. 

7-49. 151 N/mm, 1.24 kN. 


Chapter 8 

8-1. PJA\ PylA + My/I ; P } !A, 
VQ/It; My/I, Tr/J; TriJ. 

8-3. 39.8 MPa, 14.3 MPa; 10.2 

MPa, - 14.3 MPa. 

8-5. - 12.1 ksi, 5.24 ksi; - 5.91 

8-7. - 2 psi, 3 psi. 
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8-9. 225 kPa. not nermissihle. 

8-11. 45 MPa, 5 MPa; 5 MPa, 

- 5 MPa. 

8-13. 22.9 ksi, 6.99 ksi. 

8-15. 10 ksi on 0 = 26.6°, 0. 

8-17. (a) 18.3 ksi, - 38.3 ksi on 0 

- 22.5°, (b) ±28.3 ksi, 

- 10 ksi. 

8-19. (a) 17 MPa, - 47 MPa on 0 
= - 19.3°, (b) ±32 MPa, 

- 15 MPa. 

8-21. (a) 16.1 ksi on 0 = -28.2°, 

- 56.1 ksi, (b) ±36.1 ksi, 

- 20 ksi. 

8-23. (a) ± 10 MPa at. 45°, 

(b) 10 MPa, 0. 

8-25. (a) 6 ksi on 0 = 116.6°, - 4 

ksi '’b' 1 5 ksi I ksi. 

8-27. (a)’l00 psi on 6 = 26.6°, 

0, (b) ±50 psi, 50 psi. 

8-29. (a) - 9.5 MPa on 0 = 

50.6°, - 60.5 MPa. 

(b) ±25.5 MPa, - 35 MPa. 

8-31. (a) 28 ksi on 28.2°, - 8 ksi, 
Cb) x 18 ksi, 10 ksi. 

8-33. - 15 ksi, 8.66 ksi. 

8-35. 45 MPa, 5 MPa. 

8-37. 5 p, p. 

8-39. 51.6° or 14.8°. 

8-41. (a) 7 MPa, 0, (b) 4.48 
MPa, 2.52 MPa, - 3.36 
MPa. 

8-43. (a) 18, - 120, - 1872, 

(b) 19.1646 MPa, 9.3181 
MPa, - 10.4827 MPa, (c) 
(-0.47,0.20, 0.86). 

8-45. 18.3 ksi, 0, - 38.3 ksi. 

8-49. 0, - 1000 jun/m; - 26.6°. 
8-51. 1128 p.m/m, - 128 p.m/m; 

4.58°; (0. 0, 1). 

8-53. ±5.76 ksi; 75.7°. 

8-55. 81.9 MPa, 11.4 MPa; 

4.57°. 

/ 6 0 0 \ 

8-57. 0 6 0 + 

\0 0 6 / 



8-59. 2t 0 , V3t 0 . 

8-61. rT..Jn - v + v 2 ) m . n.J( 1 
-v). 


Chapter 9 

9-1. - 7.5 MPa, 13.0 MPa. 

9-3. 10.0 ksi, 5.06 ksi; 10 ksi, 5 

ksi, 47.7 psi. 

9-5. 97.7 MPa, 33.8 MPa. 

9-7. 9.90 ksi, 4.81 ksi. 0.22 ksi. 

9-9. 1.2 MPa, 45.2 kN-m. 

9-11. - 1.6 MPa, - 167 MPa; 
0.168 MPa, -83.5 MPa- 
±5 MPa. 

9-13. - 2.5 ksi, 0;-2.81 ksi, 0.51 

9-15. 764 lb. 

9-17. 0.272 ksi, - 4.93 ksi. 

9-19. 14.1 k-in, 18.8 k-in. 

9-21. - 40 ksi. 

9-23. (b) 241 psi, - 41 psi; 14! 
psi, 100 psi. 

9-25. (a) 17 MPa, - 6.2 MPa, 

Cb) - 32 MPa, -6.5 MPa. 

9-27. - 212 psU - 167 psi. 

9-29. - 16.4 MPa, 0.01 MPa. 

9-31. 56.3°. 

9-33. 88.9 mm outside diameter. 

9-35. 3 x 4 in. 

9-37. 1600 lb, 2 ft. 

9-39. Rectangular secrinn. 7,13 
N/mm. 

9-41. W12 x 30. 

9-43. S10 x 25.4. 

9-45. S18 x 54.7 
9-47. d = do(x/L) m . 

9-49. (a) 44 + 6 = 50 in, (b) 73 
+ 6 = 79 in from center. 
9-51. 161 mm. 

9-53. 6.8 in. 

9-55. 600 !b. 

9-57. 2 in. 


Chapter 10 

10 - 1 . 800 mm, 200 MPa. 

10-3. 483 ft. 

10-5. - kx. 

10-7. EIj - M\{x 2 - 2Lx + 
Lr)/2. 

10-9. EIv = - P{. t 3 - ILrx + 

2L : )ib for origin at P. 

10-11. EIv = - W(x s - 5 L*x + 
4Z. 5 )/60L 2 . 

10-13. EIv - - k(L/-n) 4 x sin 
■irx/L. 

10-15. EIv = M 0 (x 3 /L - Lx)/ 6 
for origin on the right. 
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Answers to Odd-numbered Problems 


10-17. 

EIv = P<4x 3 - 3/ 2 xV48 

10-75. 

4.1. 

11-7. 

5.08 k. 


for 0^x^L/2. 

10-77. 

(a) F = 1 lWi 2 ff yp /12L. 

11-9. 

10.4 k. 

10-19. 

EIv = F(x 3 /6 4 a 2 x/I - 

10-79. 

5.74 mm, 0.00137 rad. 

11-13. 

2.5 in. 


aLxl 2) for O^.vsra; EIv 

10-81. 

1.15 mm, 0.00094 rad. 

11-15. 

2 in. 


= Pa(x 2 /2 - Lx/2 + 

10-83. 

| y A = 19 wca 4 /8EI, 

11-17. 

For rigid bar buckling, . 


a 2 /6) for a<x<L-a. 


[0 A - llu- 0 a 3 /6E/. 


~ TT 2 I c L 3 l48I b a 2 . 

10-21. 

EIv = F(.v 3 /12 - L.v 2 /16) 

10-85. 

jy A = M,a 2 /4E/, | 0 A | 

11-21. 

tan kL = \{a + L). 


for 0<x</./2. 


= M,a//12£/. 

11-23. 

53.3 k. 

10-23. 

EIv = - >v 0 (x 4 /24 

10-87. 

| y A | = M,a 2 /6E/, 0. 

11-25. 

(a) 9.16 ft, (b) 548 mm. 


- 3L.v 3 /48 + L 2 xl 48). 

10-89. 

| w A | = Fa 3 /12£/, | 0 A | 


(c) 30.1 ft. 

10-25. 

E/v - JkL/ir 2 ) [(L 3 /ti) 


- 13Per/28£7. 

11-27. 

(a) | cf | = - 2.5e 2 


sin ttx/L - x : /2 

10-91. 

3 mm. 


+ 30^ - 40, 


+ 3Lx 2 /2 - L 2 x). 

10-93. 

| v \ = H> 0 .v(.v 3 - Sax 2 

11-29. 

34.3 ksi, 30.4 ksi. 

10-27. 

EIv = - kx 5 /m 


+ 64a y )/24 EL 

11-45. 

51.5. 


+ W 3 .r 2 /48 - kE 5 /80. 

10-95. 


11-47. 

1109 k vs 1070 k. 

10-29. 

£/y = F(5x 3 /3 - L 2 .v)/32 


2V2 M,d 2 /9E/. 

11-49. 

(a) 126, (b). 134. 


. for 0<x<£/2; E/y = 

10-97. 

j U Imax = Mia 2 l6EI. 

11-51. 

/VF.J,ow = 1.47. 


- I.r]/32 for L/2&x<L. 
(a) v = 5(3x 2 /2 L 2 

- x 3 /2L 3 ). 

E-Jv = P(v 3 - 5I 2 .v/4)/ 

12 for 0<\<L/2; £ A /y 
= P[(L-x) 2 - 7E 2 (E - 
.v)/12]/12 for I/2<x<I. 
(a) £/u = Wn(L 3 x-Lx 3 )f 
6; (b) u max = w 0 L 4 /9V3, 
v(Ll2) = u’qLv 16. 

W18 x 50. 

(a) S18 x 70, (b) S24, 

(c) 14.2 ksi, 6.14 ksi. 

EIv = wo(10ax 3 - 
95a 3 .v - 4(.t - a> 4 )/96. 
Pb\b - 3a).t 3 

EIv - ——-rrs— 

6(a + b ) 3 

_ Pab 2 x z _ P 
2(a + y) 2 6 v 

- a ) 3 

E/y = - fcv 5 /120 + 
ka 2 .v 3 /l8 - 4\ka 4 x/m + 
ka(x-a) 4 /24 


| y Imax = 0.078 in. 
j v A | - 832/E/, | 0 A | - 
224/E/. 

I y c | = 64/3 El, | 0c | = 
8/3E/. 

h'A [ = 18/E/, | fl A i = 

5/E/. 

5.64 ft. 

7 P/8. 

/? L = 93.36 kN. 

(a) 25 k-ft, (b) W16 x 
26, (c) 0.036 in, 0.207 
in. 

(a) R a = 0.382F. 
M B /M A = 2/5, { 0 A | = 


10-119. (a) - 240/7 k-ft, 

(b) 208/E/. 

10-121. End moments: -±M\14. 
10-123. M a = - WI/15, r a = 
3M10. 

10-125. ±6E/A/I 2 . 

10-127. M a = - 5FI/33, M B = 
- IP LI66. 

10-129. M a = - 14.33 k-ft, M B 


10-53. 

-0.391 in. 


= - 8. 

67 k-ft. 

10-55. 

- kaJlSEI. 

Chapter 11 


10-57. 

10-59. 

10-61. 

13FL 3 /192E7. 

6.48 kN. 

8.13 lb. 

11-1. 

11 - 3 . 

11-5. 

3kl2. 

Ida and 
" Pa - 

3 kla. 
k k 

10-65. 

531 N in middle bar. 


Pa 

Pa - k 

10-67. 

47.1 N. 




10-69. 

96.8° F. 


Pa 

Pa 

10-71. 

0.0437 in, 0.121 in, 


0 

0 . 0 


0.0462 in, 0.653 in; p = 


k 

0 . 0 


0°, 69.2°, 86.2°, 90°. 




10-73. 

1.28 in, (3 = 78.8°. 


Pa 

Pa . Pa - 


11-3J. 144 K. 

11-55. 117 k. 

11-57. 116 k, 14.7 k. 

11-59. 742 lb. 

11-63. 121 k. 

11- 65. (a) F cr = 733 lb at LJr 

= 102.3, (b) strength 
governs below LJr = 
102.3. 

Chapter 12 

12- 1. (a) A = PLIAE + 20 PLI 

9GA + 2PL 3 /3EI + 
PL?!GJ\ (b) 0.5, 2.8, 

33.6, 63.3; (c) 0.02, 0.1, 

34.7, 65.1. 

12-3. PL 3 /48EI. 

12-5. 8.54 ksi. 

12-7. - 0.348 in. 

12-9. 120, 160(2 + V2). 

12 - 11 . 11 , 2 . 

12-13. 11PE-V384E/. 

12-15. 0 = 13 w 0 L 3 /648EI. 
12-17. 518/E/. 

12-19. (a) PL 3 12EI, 

(b) 5PLJ6EI. 

12-21. A v = MqLi{3L] 

+ 2LJI6EI. 

12-23. A h = IPaJEI. 

12-27. A h = 80F/3E/. 0 = 
5PIEI. 

12-29. 0 = 66PIEI. 

12-31. A ah =J.91Pa i !EL 0a - 
Pa 2 (V2 + 3)/2£/, 0 B = 
3Pa 2 /2EI. 

12-33. 1.57 in. 
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12-35. 0.604 mm. 

12-37. 0.0587 ft. 

12-39. E/A = P[2L 3 /3 + R(-nL 2 
■ + i tR 2 /2 + 4LR)]. 

12-41. A = -rrPfl 3 (l/£/ 

+ 3IGJ)I2. 

12-43. A x = - PL UEI, A y — 
2P£ 3 /3£/ + PLJGJ, A* 
= 0. 

12-45. 33.6 k. 

12-47. 18.75 k. 

12-49. u- a E 4 /384£/. 

12-51. (a) PRI tt, (b) A = 
PR\2hr - l/2)/E/. 

12-53. (a) E ac = 10.3 k, Fad = 
- 7.98 k, F ae = - 6.52 k; 
(b) Pab = 6.41 k, F AC = 
1 36 k F - — - 5 3^ k 
Eae = - 3J1 k. 

12-55. A v = 1.34FE/AE, A h = 
0.482FE/AE. 

12-57. 0 = wn/. 3 /384E/. 


12-59. See answer for 12-21. 
12-61. EI0 = 0.33 6PL Z IEI. 
12-63. Ah = 25w§a 4 iEI._ 

12-65. E/9 a - w 0 n 3 l(V2l 3 
+ 1 / 2 ). 

12-67. 0.628 in. 

33w 0 L/16. 

12-71. R a = 9kI 2 /40, M A = 

- UkL 3 im. 

12-73. 3 kL!2.. 

12- 75. For = 10 EI/L 2 . 

Chapter 13 

13.1. (2L 2 + 3a 2 - 6 Ld)i6L. 

13.3. 9.01 k. 

13- 5. R 3 = 3 k. 

13-7. See answer for 12-53(0). 
13-9. f 2 0.89 -0.80 

0.89 2 -0.45 

-0.80 -0.45 2 


13-11. Fdv = 2.29F, Fdx = 
-0.714F. 

13-13. Mab = woL 2 / 60, M bc - 

w 0 /. 2 /12, M eb = 

3woA 2 /20. 

13-15. 0 b = - PL 2 /2EI, A b = 

- PL 2 !3EI. 

13-17. F b ="25ON,£/0 b = 

- 25L 2 , E/0 C = - 75E 2 , 
E/A c = - 58.33I 3 . 

13-19. F ae = 8.96 kN, F ba = 
11.68 kN, F ce = 3.67 _ 
kN, Fde = -4.17 kN, t f e 
= 4.17 kN. 

13-21. (a) 0.41L, (b) 0.172FL. 
13-23. (a) wi = 3.90 k/in, 

(b) 0.055 in. 

13-25, 11 75 < w ui . < 15 Ib/in. 

13-27. W 14 x 26. 

13-29. 4.92 < F u h < 5. 

13-31. Plastic hinges at C and 
E. 





Abbreviations and symbols, inside 
front cover 
Allowable stress, 
definition of, 34 
design (ASD), 35 , 470 , 608 
tables of, A-i, A-2 
Angle-of-twist, 
of circular members, 189 
of noncircular solid bars, 208 
of thin-walled tubular 
members, 215, 

Angle sections, properties for 
designing, A-9, A-10 
Anistropy, 147 
Answers to odd-numbered 
problems, A-15 
Area-moment method (see 

Moment-area method ) 

Areas, 

moments of inertia of, 285, 340 
second moment of, 285 
useful properties of, A-4 
Axes, 

neutral, 284 
principal, 319, 341 
Axial force, 15, 235 
Axial force diagrams, 74, 240 
Axial loads (also see Columns), 
definition of, 16, 235 
deformation due to, 71, 94 
stresses due to, 12, 16, 87 


Beam-columns, 596, 600 
Beams, 

bending moments in, 237 
bending stresses in, 283 
calculation of reactions for. 
230, 267 


center of twist (see Shear 
center) 

built-in (see fixed-end) 
cantilever, 229 
continuous, 229 
fixed-end, 228 
overhanging, 229 
planar, 224 
prismatic, 297 
restrained, 229 
simple, 228 
simpiy supported, 228 
uniform strength (see 
Constant strength) 
composite cross section of, 
288, 301 

constant strength. 480 
curvature, 282, 337 
curved, 306 

definitions of, 224, A-13 
deflection of, (see Defection) 
design of, (see Design) 
elastic curve for, 261, 499 
elastic section modulus of, 293 
elastic strain energy in, 299, 
531 

flexure formula for, 283, 339 
inelastic bending of, 311 
deflection for, 534 
lateral stability of, 623 
limit analysis of, 534, 708 
maximum bending stresses in, 
286, 321 

moment-curvature relations 
for, 283, 337, 499 
moment diagrams for, 241, 252 
neutral axis in, 284, 320 
of two or more materials. 288. 
301 


of variable cross-section, 298, 
480 

plastic analysis of, 314, 708 
plastic section modulus of 315 
A-ll 

radius of curvature of, 282, 499 
reinforced concrete 304 1 1 g 
section moduli of, 294, A-6, A- 
8 , A-9, A-10, A-12 
shear in, 236 
shear stress in, 357, 367 
statically indeterminate, 23, 
506, 517, 524, 686 
supports for, 225, 506 
unsymmetrical bending of, 319, 
336 

waipage of, 373 
Bearing stress, 21 
Bending, 

of beams, 281, 336 
with axial loads, 
elastic, 324 
inelastic, 333 
deflecliuns due to, 498 
inelastic, 311 
pure, 280 

unsymmetrical, 319, 336 

stresses due to 280, 339 
Bending moment, 

and elastic curve, relation 
hetween, 285, 501 
and shear, relation between, 

250 

definition of, 237 
diagrams for, 240 
diagrams by integration of 
shear, 252 

sign convention for, 238 
Biaxial stress, 10 





Bifurcation point. 580 
Body forces, 8 
Boundary conditions, 
for bars in torsion, 198 
for beams in bending, 505 
for beam-columns, 601, 602 
foi columns, 584, 586, 602 
Buckling of columns, 
energy method for, 670 
Euler load, 583, 585 
generalized Euler formula, 590 
Bulk modulus, 152 


Cantilever, 229 
Castigliano’s theorem, 
first,'666 
second, 665 

for statically indeterminate 
systems, 670 

Center of twist (see Shear center) 
Centroids of areas, 284, 338 
Centroids and moments of inertia 
of areas, A-4 

Channel sections, properties for 
designing, A-8 
Circumferential stress, 154 
Coefficient of thermal expansion, 
84 

Collapse mechanism, plastic, 711 
Columns, 574 
critical load, 584 
critical stiess, 588 
design of, 605 

double-modulus theory for, 591 
eccentrically loaded, 582 
effective length for, 587 
Euler formula for, 585 
formulas for concentrically 
loaded, 608 

formulas for eccentrically 
loaded,616 

intermediate length, 592 
long, 589 

secant formula for, 582 
short, 592 

slenderness ratio of, 589 
tangent-modulus formula for, 
591 

Compatibility equations, 100, 145, 
641, 659, 689 

Complementary strain energy, 92, 
661 

Concentrated moment, effort on 
moment diagrams, 258 


Stress) 

Connections, 
bolted, 47 
riveted, 47 
welded, 50 

Conservation of energy, 
principle of, 94, 215, 637 
displacements by, 95 , 215 , 638 
Constant strength beams, 480 
Consistent deformations, methud 
of, (see Force method) 
Constitutive relations, 68, 139, 
146 

Continuous beams, 
analysis of, 517, 556, 687 
definition of, 23, 229 
Conventions for supports, 
diagrammatic, 225 
Conversion factors for U.S. 

customary to SI units, 
inside back cover 
Couplings, shaft, 201 
Creep, 33, 71 
Critical section, 22, 470 
Curvature, radius of, 282, 499 
Curvature-area method, 536 
Curved bars, 
deflection of, 650 
stresses in, 308 
Cylindrical pressure vessels, 
thick-walled, 159 
thin-walied. 152 


d’Alembert’s principle, 38 

of axially loaded bars, 74, 94 
of beams, 

by Castigliano’s theorem, 
665 

by integration, 499, 507 
dummy-load method, 644 
due to impact, 531 
due to shear, 531 
governing differential 
equations for beams, 
501, 505 

moment-area method for, 
537 

by singularity functions, 523 
strain energy method for, 
531 


method for, 507, 514 


unsymmetrical bending, 529 
by virtual force method for, 
647 

of frameworks, 644 
of helical springs, 391 
Deflection of beams, A-13 
Deformation, 
of axially loaded bars, 71 
thermal, 84 

Degrees of freedom, 106, 195, 697 
Design, 

of axially loaded members, 34, 
73, 470 
of beams, 
non-prismatic, 480 
prismatic, 472, 475 
of columns, 605 
concentrically loaded, 608 
aluminum alloys, 610 

wood, 611 

eccentrically loaded, 616 
allowable stress method, 
616 

interaction method, 617 
of complex members, 482 
of connections, 47 
of circular torsional members, 
185 

deterministic, 31, 34 
probabilistic 31 38 
load and resistance factor 
(LRFD), 45, 608 
coefficient of variation, 40 
normal distribution, 42 
probability density function, 
40 

probability of failure, 43 
sample mean, 40 
sample variance, 40 
stanuaru ueviation, 40 
of torsion members, 185, 471 
Deviation, tangential, 540 
Diagrams for beams, 
axial-force, 240 
bending moment, 240, 252 
shear, 240, 250 
Differential equation, 
for axially loaded bars, 125 
for beam deflection, 501, 504, 
505, 

nf fnr koo™ 


Index 


IN-3 


for element equilibrium, 11 
for torsion in circular 
members, 197 
Dilatation, 152 
Dirac delta function, 265 
Displacement method, 106, 108, 
195, 697, 700 
Doublet or dipole, 265 
Dynamic loads, 96, 199, 533 


Effective column length, 587 
Eigenvalue, 426, 581 
Elastic curve, 261, 499, 337, 503 
Elastic design for strength, 470 
Elastic energy methods, 634, 661 

Elastic modulus, 66 
Elastic strain energy, 
for axially loaded bars, 636 
for column buckling, 674 
in bending, 299, 636 
complementary. 665 
for multiaxial stress, 635 
for shear, 141. 636 
in torsion, 200, 215, 637 
for uniaxiai stress, 91 
Elastic stress analysis, 461 
Elasticity, 
definition of, 67 
modulus of, 66 
Endurance limit, 32 
Energy dissipating mechanism, 

711 

Equilibrium, 
differential equations of 

element equilibrium, 11 
equations of statics, 22, 640 
stability of, 574, 

Euler formula, 585 
limitations of, 588 
Generalized, 590 

F 

Factor of safety, 34 
Factors of stress-concentration, 
for helical springs, 391 
in bending of fiat bars, 297 
in tension or compression of 
fiat bars, 89 

in torsion of circular shafts. 

188 

Failure, theories of (see Yield and 
fracture criteria ) 


Fatigue, 32 

Fiber stress, definition of, 34 
Finite element method, 87, 373, 
467 

Fixed-end actions of beams, 
definition of, 698 
table, A-14 

Flange, definition of, 299 
Flexibility, 75, 191 
Flexibility coefficients, 
definition of, 688 

Flexibility method, 102, 194, 690 
Flexural rigidity, 509 
Flexure formula, 

for curved beams, 308 
for straight beams, 285 
generalized, 339 
Force method, 100, 194, 687 
Fracture criteria, 441 
Frameworks, deflection of, 79, 85, 
105, 687 

Free-body, definition of, 3 
G 

Gage length, 60 
Gages, 62, 438 
General state of stress, 7 
principal stress, 424 

H 

Helical springs, 389 
Hinge, plastic, 710 
Hooke’s law, 

for isotropic materials, 146, 148 
for shear stress and strain, 130 
for uniaxial stress, 66 
generalized, 146, 148 
Hoop stress, 154 
Horsepower and torque relation, 


I 

Identity matrix, 704 
I-shape steel beams, 
crippling in, 478 
"remerties for designin' 7 A-5, 

shearing stresses in, 376, 381, 
385, 478 

Impact, 

deflection due to, 96, 199, 531 
racior, 98, 533 
loading, 96 


Indeterminate members (see 

Statically indeterminate 
systems) 

Index, 1-1 
Inelastic behavior, 
of beams, 311 

of circular torsion members, 
202 

Inelastic deflection, 
of beams, 534 
of torsion members, 204 

moment of, 285, 340 
principal, 342 
product of, 340, 342 
Inflection, point of, 262 
Interaction curve, 335 
Interaction formula for columns, 
617 

Internal forces, 4. 176, 234, 284 
Internal strain energy, 94, 200, 
299, 635 
Invariant, 
of strain, 436 
of stress, 408, 426 
Isotropy, definition of, 146 

K 

Kern, 332 

Kinematic indeterminanev, 106, 
195, 697 

L 

Lame problem, 160 
Lap joint, 48 

Lateral stability of beams 623 
Limit analysis and design, 708 
Line of zero stress or strain, 326 
Load and resistance factor design 
(LRFD), 45, 608 
Load factor, 35 
Loads, 

concentrated. 87 
dead, 45 
distributed, 227 
factored, 45 
impact, 96, 199 
live, 45 

Localized stress (see Factors of 
stress-concentration) 

Longitudinal stress in cylinder, 
154 

Lower bound suiutious, 716 
Luders lines, 20 











IN-4 Index 


designing, A-!3 
M 

Margin of safely, 35 
Materials, 

anisotropic, 66, 147, 
brittle, 65 
ductile, 65, 67 
homogeneous, 67 
isotropic, 146' 

mechanical properties, A-2, A- 
3 

orthotropic, 147 
Matrix structural analysis, 36, 

657, 661, 703 

Maximum distortion energy 
theory, 444 

Maximum normal stress theory, 
449 

Maximum shear stress theory, 442 
Maxwell’s theorem of reciprocal 
displacements, 691 
Members of composite materials, 
288, 301 

Membrane analogy for torsion, 

209 

Method of sections, 
definition of, 3 

for axially loaded members, 14, 
16 

for beams, 234 
for torsion members, 175 
Middle-third rule, 329 
Mises’ yield condition, 448 
Modulus, 

of elasticity, 66 
of resilience, 93 
of rigidity, 141 
of rupture in bending, 314 
of rupture in torsion. 204 
shear, 141 
tangent, 70 
Mohr’s circle, 
for strain, 435 
for stress, 414, 417, 426 
Moment (see Bending moment) 
Moment diagrams for beams, 240, 
252 

Moment-area method, 
general. 537 

for indeterminate beams. 551 
theorems, 538 


beams, 499 

Moment of inertia of areas, 
definition, 285, 289 
parallel-axis theorem for, 291, 
340 
polar, 179 

principal axes for, 341 
table of, A-4 through A-12 
Moving bodies, forces caused by, 
90, 199, 531 

N 

Natural strain, 61 
Necking, 65 
Neutral axis, 284 
Neutral surface, 284 
Normal stress, 
combined with shear stress, 
403 

definition of, 5 

in axially loaded members, 14, 
17 

in bending, 286, 336 

O 

Octahedral shear stress theory, 
448 

P 

Parallel-axis theorem, 291, 340 
Pipe, standard steel, A-ll 
Plane strain, 149 
Plane stress, 149, 467 
Plastic hinge, 710 
Plastic limit analysis, 
of beams, 315, 534 
collapse mechanisms in, 711 
of continuous beams and 
frames, 721 

of torsional members, 206 
Plastic moment, 315, 535, 710 
Photoelastic method of stress 
analysis, 469 
Point of inflection, 262 
Poisson’s ratio, 82 
Poiar moment of inertia, 179 
Potential, total, 674 
Pressure vessels, thin-walled, 152 
Principal axes, of inertia, 319, 341 
Principal shear stress, 410 
Princina! stress circles 428 
Primary system, 101, 688, 696 


Principal stress, 409, 424 
Probabilistic basis for structural 
design, 38 

Properties, for designing, 
of angles, A-9, A-10 
of channels (C), A-8 
of standard (S) steel beams, A- 
5 

of pipe, standard, A-li 
plastic section modulii for 

wide-flange steel beams 
A-ll 

of rectangular lumber, A-12 
of wide-flange (WF) steel 
beams, A-6 
Proportional limit, 66 

R 

Radius, 

of curvature, 282, 499 
of gyration, 590 
Ramberg-Osgood formula, 69 
Reactions, calculation of, 230, 

514. 687 

Reciprocity of flexibility 
coefficients, 690 

Redundant reactions, 23, 551. 672 
Reinforced concrete beams, 304, 
318 

Relation among E, G, and v, 150 
Relation between shear and 

bending moment, 250 
Relation between curvature and 
bending moment, 285, 
336. 501 
Relaxation, 71 
Repeated loading, 32 
Residual stress, 19, 205, 316 
Resilience, modulus of, 93 
Restrained beams, 551 
Rigidity, flexural, 509 
Rigidity, modulus of, 141 
Rosettes, strain, 438 
Rupture, modulus of, 204, 314 

S 

Safety index, 44 

Sandheap analogy for torsion, 210 
St. Venant’s principle, 15, 74, 86, 
181, 467 

St. Venant torsion, 207 
Secant formula for columns, 592 


Section modulus, 
elastic, 294 
plastic, 315 

tables, A-5 through A-12 
Shaft coupling, 201 
Shape factor, 709 
Shear center, 382 
Shear deflection of beams, 531 
Shear diagrams (see Shear forces 
in beams) 

Shear flow, 361 
Shear forces In beams, 
definition of, 236 
diagrams for, 240 
diagrams by integration of 
load, 250 

sign convention for, 237 
Shear modulus of elasticity, 141 
Shear strain, 140, 144 
Shear stress, 
definition of, 6 
due to axial force, 14, 20 
in beam flanges, 380 
in beams, 357, 367 
in circular shafts, 179 
in non-circular shafts, 207 
in rivets and bolts, 21, 48 
in thin-walled tubular 
members, 213 
maximum, 410 

on perpendicular planes, 9, 16, 
369, 410 
principal, 410 
superposition of, 386 
SI units, facing inside back cover 
Sign convention, 
for moment in beams, 238 
for shear in beams, 237 
for stress, 7, 405 
Simple beams, definition of, 228 
Singularity functions, 263, 523 
Skew bending (see 

IJnsymmetrical bending) 
Slenderness ratio, 589 
S-N diagrams, 32 
Spherical pressure vessels, 155 
Spring constant, 75 
torsional, 191, 209, 215 
Springs, helical, 389 
Stability of equilibrium, 
columns, 574, 674 
criteria for, 578 
Euier load, 583, 585 
Statical moment of area, 362 


Statically indeterminate beams, 
analysis by, 

Castigliano’s method, 670 
displacement method, 697 
force method, 687 
flexibility method, 687 
integration of differential 
equations, 507, 514 
moment-area, 551. 
singularity function 
solutions, 523 
stiffness method, 702 
superposition, 527 
three-moment equation, 559 
definition of, 23 

Statically indeterminate systems, 
analysis by. 

displacement method, 106, 
697 

energy methods, 670 
force method, 100, 687 
flexibility method, 102, 690 
stiffness method, 108, 702 
virtual work methods, 650, 
653 

axially loaded, 99 
in names, ?y, lv»5, 651, 653 
nonlinear problems, 112, 708, 
713, 721 
in torsion, 194 
Steel shapes, properties for 

designing, A-5 through 
A-ll 

Stiffness, 

definition of, 75 
torsional, 191, 209, 215 
coefficients, 702 
reciprocity of, 703 
Stiffness matrix, 110, 702 
Strain, 

definition of, 61, 143 
cXtenSiOnai, 61 
irrotational, 145 
maximum, 436 
Mohr’s circle for, 435 
natural, 61 
plane, 146, 149 
principal, 433, 436 
pure, 145 
shear, 140, 144 
tensor, 145 
thermal, 84 

transformations of, 430 
true, 61 
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Strain energy (see Elastic strain 
energy) 

Strain hardening, 69 
Strain rosettes, 438 
Strength, ultimate, 32 
Stress, 

allowable, 1, 32, 608, 610, 612, 
A-2, A-3 
bearing, 21 
biaxial, 10 
circumferential, 154 
cuiiceriLraLion factor, 
definition of, 86 
for axially loaded members, 
89 

in bending, 297 
in springs, 391 
in torsion for circular bars, 
187 

definition of, 4 
engineering, 65 
fiber, 34 
flexure, 283, 286 
hoop, 154 
impact, 96 
in curved bars, 306 
maximum and minimum 
normal, 15, 16 
Mohr’s circle of, 414 
normal, 5, 22 
plane, 9, 149 
principal, 409, 424 
residual, 19, 205, 316 
shear, 19, 22 
state of, 7, 405 
tangential, 160 

tensor, 7, 446 
three-dimensional, 10, 424 
torsional, 179, 208, 214 
transformation of, 403, 407, 
424 

triaxial, 10, 424 
true, 65 

two-dimensional, 407 
uniaxial, 10 
Stress-strain, 
diagram, 62 
idealization, 67, 69 
relationships, 62 
for shear, 139 
Stress trajectories, 470 
Stretching, 143 

Suddenly applied loads, 98, 199. 
531 
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Index 


Superposition, 
of deflection, 113. 525 
of strain, 333 
of stress, 113, 319, 324 
of shear stresses, 386 
principle of, 102 
statically indeterminate 

problems solved by, 
101, 195, 319, 325, 386, 
525 

Supports 

diagrammatic conventions for, 
225 

fixed, 226 
simple, 226 


Tables, index of, A-l 
Tangential deviation, 540 
Tangent modulus, 70, 59 
Temnerature or thermal strain 84 
Tensile test, 31 
Tensor, 

deviatoric stress, 446 
dilatational stress, 446 
distortional stress, 446 
spherical stress, 446 
strain, 145 
stress, 7, 446 
zero-rank (order), 8 
Theories of failure, 441 
Thermal stresses 120 
Thick-walled cylinders, 159 
Thin-walled cylinders, 152 
Thrust, 235 
Torque. internal 176 
Torsion, 

circular members: 
angle-of-twist due to, 189, 

205 

assumptions of theory, 177 
elastic energy in, 200 
elastic torsion formula, 179 
inelastic. 202 


statically indeterminate 
problems, 194 

noncircircular solid bars, 207 
thin-walled tubular members, 
213 

Torsional snrin# constant, 191, 
209, 215 

Torsional stiffness, 191 
Toughness, 93 
Trajectories, stress. 470 
Transformation, 
of moments of inertia, 341 
of strain, 430 ' 
in two dimensions, 430 
of stress, 403 
for general state of stress, 
424. 426 

in two dimensions, 407 
Transformed cross-sectional area, 
302 

Tresca yield condition, 444 
Triaxial stress, 10 
True strain, 61 
True stress, 65 

U 

Ultimate strength, 31 
Uniaxial stress, 10 
Uniform strength beams (see 
Constant strength 
beams ) 

Uniform stress, conditions for, 
(see St. Venant’s 
principle ) 

Unit-dummy load, 644 
Unit impulse (or step function), 
265 

Unsymmetrical bending of beams, 
319 

Upper bound solution, 715 


Variable cross-section, beams of, 
480 


Vertical shear (see Shear) 

Virtual displacement method, 640 

658 

for static equilibrium, 642, 653, 

659 

for deflections, 642 
for conditions of compatibility, 
642, 659 

for elastic systems, 644 
for trusses, 644 
for beams and frames, 645 
for indeterminate systems, 650 
Virtual work, 
for discrete systems, 657 
external, 640, 641 
internal, 640, 641, 642 
principle, 638 

von Mises yield condition, 448 


Warpage of beams, 373 
Warpage of thin-walled open 
sections, 211 
Web, definition of, 299 
Welded joints (connections), 50 
Wide flange (WF) steel beams, 

properties for designing, 
A-6 

Wood, (see Lumber) 

Work, (also see Virtual work) 
external, 637 
internal, 638 
principle of least, 671 
Working stress, 36, 607 

Y 

Yield and fracture criteria, 441 
Yield condition, 

Tresca, 444 
von Mises, 444 
Yield strength and point, 67 
Young’s modulus, 66 
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BASE SI UNITS 


Ouantity 

Unit (Symbol) 


length 

meter (m) 


mass 

kilogram (kg) 


force* 

newton (N)* 


time 

second (s) 


* Derived unit (kg-m/s 2 ) 


RECOMMENDED MULTIPLE AND SUBMULTIPLE UNITS 


Multiplication Factor 

Prefix 

SJ Symbol 

1 000 000 000 

giga 

G 

1 000 000 

mega 

M 

1 000 

kilo 

k 

0.001 

milli 

m 

0.000 001 

micro 

M* 

0.000 000 001 

nano 

n 


SOME RULES FOR SI STYLE AND USAGE* 

A dot is to be used to separate units that are multiplied together. Thus, 
for example, a newton-meter is written N-m and must not be confused 
with mN which stands for millinewtons. 

Use of prefixes is to be avoided in the denominator of compound units, 
except for kg since kg is a base SI unit. 

For numbers ha vine four nr morp Hioifc Himtc chmiU —1- A 

... — a ---■* - “8‘“l OIJC/UIU us, [J1GUCU 111 

groups of three, separated by spaces instead of commas, counting both 
to the left and to the right of the decimal point. Thus, for example, write 
37 638.246 15 instead of 37,638.24615 as written in the U.S. Customary 
system of units. 


To Convert 

To 

Multiply By 

inches (in) 

millimeters (mm) 

25.400 

inches (in) 

meters (m) 

0.025 400 

foot (ft) 

meters (m) 

0.304 800 

square inches (in 2 ) 

square meters (m 2 ) 

0.00U 645 

cubic feet (ft 3 ) 

cubic meters (m 3 ) 

0.028 317 

cycles per second (cps) 

hertz (Hz) 

1.0 

acceleration of oravit v 

meters/second 2 (m/s 2 ) 

9 81 

standard 



pound-mass (lb) 

kilogram (kg) 

0.453 592 

pound-force (lbf) 

newtons (N) 

4.448 222 

kilopound-force (kip) 

kilonewtons (kN) 

4.448 222 

pound-force per square 

newtons/meter 2 

47.880 

foot (psf) 

(N/m 2 — Pa) 


pound-force per square 

kiSone w tons/'meter 2 

6.894 757 

inch (psi) 

(kN/m 2 = kPa) 


kilopound-force per 

meganewtons/meter 2 

6.894 757 

square inch (ksi) 

(MN/'m 2 — N/mm 2 



= MPa) 


newtons per square meter 

pascals (Pa) 

1.0 

(N/m 2 ) 



inch-pound force (in.-lbf) 

newton-meter (N-m) 

0.112 985 

foot-pound force (ft-lbf) 

newton-meter (N-m) 

1.355 818 

horsepower (hp ■= 550 

newton-meter per second 

745.700 

ft-lbf/si 

(N-m/s) 



* For further details see Standard for Metric Practice, E38Q-86, ASTM, Phii- 
adelphia, PA, and Recommended Practice for the Use of Metric (SI) Unitsln 
Building Design and Construction, NBS Technical Note 938, U.S. Department 
of Commerce, Washington, D.C. 


Gravitational acceleration U.S. units: g = 32.174Q ft/sec 2 


1 kgf - 9.81 N 


in SI units: g = 9.806 65 m/s 2 
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Egor P Popov 


d volume presents a comprehensive treatment of the 
;hanics of solids. Traditional topics are supplemented by 
;everal newly-emerging disciplines, such as the 
is for structural analysis, and matrix methods. In addition 
jrage, the author has included a variety of advanced, 
rhich make the book useful for later cours°s or future 


le: 

pussion of elastic and inelastic behavior of members and 
ibiies, based on anaiyticai idealizations of stress-strain 

[s of statically indeterminate systems, as well as elastic 

jare repeated for use throughout 

e methods for Mohr’s circles are developed, leaving the 

ledure to the user 

?ross-referenced throughout 

jtrations developed specifically for this book 

brked-out examples and problems 

i 

Sh.D. Stanford University, is Professor Emeritus of Civil 
fie University of California, Berkeley. He is the recipient of 
Ins and awards, including the 1979 Distinguished 
of the Mechanics Division of the American Society for 
|cation. Dr. Popov is also author of Mechanics of 
d Edition, and Introduction to Mechanics of Solids. 



























